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Abstract—In the paper, we propose algorithms for solving terminal stabilization and time-
optimization problems for discrete-time linear dynamical systems with convex sets of geometric
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1. INTRODUCTION

The present study is motivated by the results obtained in [1, 2] on applications of V.F. Kro-
tov’s method of sequentional global improvements to problems of terminal stabilization and time-
optimization for discrete-time linear systems. An analysis of these results shows that one of the
possible implementations of Krotov method in the case under consideration leads to an algorithm
widely known as block coordinate descent. With that, a natural desire arises to present an ap-
proach to solving the mentioned problems, based on the use of results on the convergence of block
coordinate descent. In this regard, we intend to formulate the most significant known results and
derive some new meaningful consequences from them. Ultimately, we plan to obtain a transparent
justification for the convergence of the algorithms from [1, 2] and propose potentially more efficient
numerical methods for solving these problems.

It should be noted that Krotov method, in general, differs significantly from the block coordinate
descent method in its design, applicability, and results, although they share many similarities. For
example, the formulation of Krotov method involves an unspecified function (the Krotov function),
which can be selected from a fairly wide class of admissible functions. Obtaining identical algorith-
mic implementations for these methods is largely due to the fact that Krotov method is used here
with a very specific choice of the Krotov function. The stages of constructing such a function are
described in detail in [1, 2].

One of the advantages of the block coordinate descent method is its widespread popularity.
There is an extensive list of works devoted to various theoretical and computational aspects of its
application to various problems (see, for example, a list of more than two dozen relevant applications
of the method in [5]). It is also known that the block coordinate descent can be a very effective
computational tool for the problems with explicit block-composition structure. At the same time, it
is practically never used to solve terminal stabilization and time-optimization problems for discrete-
time linear systems, although it is precisely in the theory of optimal control of discrete systems
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that the domain of admissible values of variables is decomposed into a product of a finite number of
sets of geometric constraints (blocks) by the very problem statement. In fact, specialized methods
are rarely used in studying these problems at all.

Among recent works related to the study of original methods for solving time-optimization
problem for a linear discrete system, we should specially mention [6]. In [6], a numerical approach to
time-optimization problem is developed, based on support functions of sets of geometric constraints
on the control. A distinctive feature is that it presupposes the solution of a series of non-convex and
non-smooth optimization problems, while the original problem, generally speaking, decomposes into
a sequence of convex problems with a smooth objective function. Nevertheless, almost all of these
problems can be replaced by equivalent convex problems. However, a difficulty remains associated
with the need to use support functions of sets of geometric constraints in the structure of the
objective function to be optimized. Moreover, after determining the optimal time, the problem
of constructing an optimal process remains. In [6], it is shown that an optimal process can be
constructed using the solution of the last of the mentioned optimization problems. At the same
time, such a construction is not always trivial and, in the non-strictly convex case, requires the use
of certain additional constructions and algorithms. Note that some of the ideas behind this method
for solving time-optimization problem appeared earlier in [7].

The methods in [1, 2], also discussed here, propose solving only low-dimensional convex problems
in which the objective is quite simple. Moreover, the construction of an optimal process is carried
out simultaneously with the calculation of the optimal time.

2. STATEMENT OF THE PROBLEMS

Consider a linear nonstationary discrete-time system

x(k + 1) = A(k)x(k) +B(k)u(k), k = 0, 1, . . . , (1)

where x(k) ∈ R
n is the state of the system, u(k) ∈ U(k) is the control, U(k) are convex compact

sets in R
m containing the origin, A(k) ∈ R

n×n and B(k) ∈ R
n×m are arbitrary given matrices. The

initial condition for the system is fixed:

x(0) = x0 ∈ R
n. (2)

First, let us discuss the formulation of terminal stabilization problem for system (1) with initial
condition (2). Let us fix some value N > 0 of the discrete time at which the controllable process
terminates. Consider the problem

‖x(N)‖ → min
u∈UN

, (3)

where UN := {k 7→ u(k) : {0, . . . , N − 1} → R
m | u(k) ∈ U(k)}, and x(N) ∈ R

n is determined by
the system (1)–(2) for each u ∈ UN . Here and below, ‖ · ‖ denotes the Euclidean norm in R

n.

In explicit form, the resulting problem (1)–(3) can be rewritten as follows:

JN (u) :=

∥

∥

∥

∥

∥

AN (0)x0 +
N−1
∑

k=0

AN (k + 1)B(k)u(k)

∥

∥

∥

∥

∥

→ min
u∈UN

, (4)

where AN (k) := A(N − 1) . . . A(k) for 0 6 k 6 N − 1, AN (N) := I, I is the identity matrix of
dimensions n×n. Since the elements of the set UN are naturally identified with the corresponding
vectors in the Euclidean space RmN , UN itself can be represented as the Cartesian product U(0) . . .×
U(N − 1) of the initially given convex and compact sets U(k) ⊂ R

m.

Problem (4) has a solution, since for any N > 0 the function JN is continuous on the compact
set UN in R

mN .
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Now let us consider time-optimization problem. In this problem, we need to calculate the mini-
mum number of steps Nmin required to transfer the system (1) from the given initial state x0 to the
origin, and construct an optimal process {x(k), u(k− 1)}Nmin

k=1 satisfying the condition x(Nmin) = 0.
The number Nmin is usually called the optimal time of system (1) with initial condition (2).

In general, time-optimization problem may have no solution. For example, let n = m = 1 and
the system (1)–(2) have the form

x(k + 1) = x(k) + u(k), x(0) = x0 ∈ R, u(k) ∈ U(k) = [−1/2k; 1/2k].

For this system, time-optimization problem is solvable precisely when |x0| < 2.

In the paper, we will assume that time-optimization problem for the system (1)–(2) is solvable
and that the corresponding finite value Nmin exists. Excluding the trivial case x0 = 0, we will also
assume that Nmin > 0.

Since, by hypothesis, we have 0 ∈ U(k) for all k = 0, 1, . . . , the optimal value JN in problem (4) is
zero if and only if N > Nmin. Accordingly, under the assumption 0 < Nmin <∞, time-optimization
problem can be formulated as follows:

N → min, N ∈

{

M > 0

∣

∣

∣

∣

JM := min
u∈UM

JM (u) = 0

}

. (5)

3. BLOCK COORDINATE DESCENT

The problems (4) and (5) are related to the minimization of the function JN on the set UN

in R
mN . The function JN : RmN → R+ and the set UN ⊂ R

mN have a number of useful properties.
In particular, u 7→ JN (u)2 is a convex and smooth function on R

mN , and the set UN is compact and
convex. Moreover, UN can be decomposed into a Cartesian product of sets U(0)× . . .×U(N − 1),
where all U(k) are also convex and compact.

Note that the dimension of the set UN can be significantly higher than the dimension of each of
the sets U(k). Moreover, it is the sets U(k) that are part of the original problem statement, while
UN is an artificial construction. For these reasons, minimization on sets U(k) can be significantly
simpler rather than minimization on the entire set UN . A suitable minimization algorithm that
takes these features into account is the block coordinate descent method, for which the theoretical
foundations of convergence were laid in [3]. We present its general formulation below.

3.1. Formulation of the Method

Let K1, . . . ,Kν be nonempty compact sets in finite-dimensional Euclidean spaces V1, . . . , Vν
respectively. Let a continuous function f : V → R be defined on the Cartesian product V :=
V1 × . . .× Vν . Consider the problem

f(v) = f(v1, . . . , vν) → min
v∈K

, K := K1 × . . .×Kν . (6)

Fix an arbitrary point v(0) = (v
(0)
1 , . . . , v

(0)
ν ) ∈ K and write the following iterative procedure.

Suppose that for some l > 0 the point v(l) ∈ K is given. Then we define a point v(l+1) ∈ K by the
rule

v
(l+1)
i ∈ Arg min

µ∈Ki

f(v
(l+1)
1 , . . . , v

(l+1)
i−1 , µ, v

(l)
i+1, . . . , v

(l)
ν ), i = 1, . . . , ν. (7)

In the case V1 = . . . = Vν = R, rule (7) defines a step of the classical numerical Gauss–Seidel
method (or coordinate descent method) for solving the problem of conditional finite-dimensional
optimization of a function f depending on ν scalar variables. In the general case, the resulting
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algorithm is usually called the block coordinate descent method or the generalized (nonlinear)
Gauss-Seidel method [4, 5].

By construction, it is clear that for any choice of v(0) ∈ K,

f(v(l+1)) 6 f(v(l)), l = 0, 1, 2, . . . .

However, under the assumptions made, there can be no convergence of the sequence of num-
bers f(v(l)) to the minimum value in the problem (6). Moreover, as was shown in [3], even the
convexity conditions for all sets Ki and the function f itself are insufficient. Especially, it is im-
possible to speak of any reasonable convergence of the sequence of elements v(l) to a solution in
problem (6). At the same time, a number of known results guarantee this convergence in one form
or another under additional assumptions.

3.2. Convergence

The main known result on the convergence of the method (7) is the following.

Theorem 1. Let all compact sets Ki in problem (6) be convex, and let the continuous function f
be convex on the set K = K1 × . . .×Kν. Assume, moreover, that the following conditions hold:

(i) function f is continuously differentiable on the set K;

(ii) function µ 7→ f(v1, . . . , vi−1, µ, vi+1, . . . , vν) has a unique minimum on the set Ki for each i
and arbitrary values vj ∈ Kj , j 6= i.

Then the following is true. If the point v is a limit point for the sequence {v(l)} constructed according

to the rule (7) from an arbitrary initial point v(0) ∈ K, then

f(v) = min
v∈K

f(v).

Remark 1. In the statement of Theorem 1 and throughout the text, a limit point for a se-
quence {v(l)} with elements in a finite-dimensional Euclidean space V is understood to be a limit
point of the set {v(l)} ⊂ V , i.e., any point v ∈ V for which there exists a subsequence of {v(l)}
converging to it.

The validity of Theorem 1 follows from [4, Proposition 2.7.1] and [4, Proposition 2.1.2]. Note
that in [3], the assertion of Theorem 1 is obtained under somewhat different assumptions. Specif-
ically, condition (i) of Theorem 1 is weakened in [3] to local continuous differentiability of f in a
neighborhood of every fixed point of the method (7), and condition (ii) is strengthened to the strict
convexity of all functions µ 7→ f(v1, . . . , vi−1, µ, vi+1, . . . , vν).

As will be shown below, condition (ii) of Theorem 1 can be weakened, but apparently cannot
be abandoned completely. The importance of condition (i) in its local version is demonstrated by
the following simple example from [3].

Example 1. On the set K = [0; 1]2 ⊂ R
2, consider the function

f(v1, v2) =

{

v1 − 2v2, v2 6 v1,
v2 − 2v1, v1 < v2.

In this example, the sets Ki = [0; 1] ⊂ R are convex and the function f(v1, v2) = |v1 − v2| −
min{v1, v2} is convex on K, with Argmin06µ61 f(v1, µ) = {v1} and Argmin06µ61 f(µ, v2) = {v2},
however, condition (i) of Theorem 1 is not satisfied in any neighborhood of any of the fixed points

of the method (7) defined by the equality v1 = v2, and for any initial point v(0) = (v
(0)
1 , v

(0)
2 ), we

have v(l) = (v
(0)
2 , v

(0)
2 ) and f(v(l)) = −v

(0)
2 for l > 1. Consequently, the assertion of Theorem 1 also

fails for v
(0)
2 6= 1 = −minv∈K f(v). The example is complete.
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In the context of applications of the above results to solving problems in the previous section,
we will need the following minor generalization of Theorem 1, which weakens condition (ii).

Corollary 1. Let all compact sets Ki in problem (6) be convex, and let the continuous function f
have the form

f(v) = g(Λ1v1 + λ1, . . . ,Λνvν + λν),

where Λi is a linear operator from the finite-dimensional Euclidean space Vi to a finite-dimensional

Euclidean space V ′
i , λi ∈ V ′

i , i = 1, . . . , ν, g : V ′
1×. . .×V

′
ν → R. Let function g satisfy the conditions

of Theorem 1 on the set

ΛK + λ := (Λ1K1 + λ1)× . . .× (ΛνKν + λν).

Then the following is true. If the point v is a limit point for the sequence {v(l)} constructed according

to the rule (7) from an arbitrary initial point v(0) ∈ K, then

f(v) = min
v∈K

f(v).

Proof. Consider the point z(0) = Λv(0)+λ, where Λv+λ := (Λ1v1+λ1, . . . ,Λνvν+λν) ∈ ΛK+λ
for v ∈ K. Every sequence {v(l)} ⊂ K constructed according to the rule (7) from the point v(0) ∈ K
generates a sequence {z(l)} = {Λv(l) + λ} ⊂ ΛK + λ satisfying the rule

z
(l+1)
i = arg min

µ∈ΛKi+λi

g(z
(l+1)
1 , . . . , z

(l+1)
i−1 , µ, z

(l)
i+1, . . . , z

(l)
ν ), i = 1, . . . , ν, l > 0.

Since the sets ΛiKi+λi are nonempty, compact and convex, and the function g on ΛK+λ satisfies
the conditions of Theorem 1, we have

g(z) = min
z∈ΛK+λ

g(z)

for every limit point z of the sequence {z(l)}. Now setting z = Λv + λ and using the continuity of
finite-dimensional linear operators Λi, we obtain the desired result. Corollary 1 is proved.

We demonstrate the result of Corollary 1 with the following important example.

Example 2. Consider the square of the values of JN from the problem (4). Let ν = N , vi =
u(i− 1), Ki = U(i− 1). We obtain the function

f(v) =

∥

∥

∥

∥

∥

Aν(0)x0 +
ν
∑

i=1

Aν(i)B(i− 1)vi

∥

∥

∥

∥

∥

2

.

Here Aν(i) and B(i) are known matrices, x0 is a known vector. Let Λi = Aν(i)B(i − 1), λ1 =
Aν(0)x0, λ2 = . . . = λν = 0. Then the function f and the sets Ki satisfy the conditions of
Corollary 1. However, they may not satisfy the conditions of Theorem 1. Indeed, if any of the ma-
trices Aν(i) is singular, then the minimum in the problem f(v1, . . . , vi−1, µ, vi+1, . . . , vν) → minµ∈Ki

may not be unique. At the same time, a function g of the form

g(z) =

∥

∥

∥

∥

∥

ν
∑

i=1

zi

∥

∥

∥

∥

∥

2

is continuously differentiable on R
nν , and each of the functions

µ 7→ g(z1, . . . , zi−1, µ, zi+1, . . . , zν) =

∥

∥

∥

∥

∥

∥

µ+
∑

j 6=i

zj

∥

∥

∥

∥

∥

∥

2

is strictly convex on ΛiKi + λi for any fixed values zj ∈ ΛjKj + λj , j 6= i, where i = 1, . . . , ν. There-
fore, g satisfies the conditions of Theorem 1. Consequently, for f(v) = g(Λv + λ), the assertion of
Corollary 1 holds. The example is complete.
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Note that the smoothness of the function g(z) from Example 2 is not so important. In particular,
it can be verified directly that for the function

f(v) =

∥

∥

∥

∥

∥

ν
∑

i=1

vi

∥

∥

∥

∥

∥

,

where the Euclidean norm can be replaced by any norm in the space R
n, and an arbitrary set of

nonempty convex compact sets Ki ⊂ R
n, the block coordinate descent method for the problem

f(v) → minv∈K , K = K1 × . . . × Kν , converges in the same sense as specified in Theorem 1 and
Corollary 1, despite the fact that condition (i) of Theorem 1 may not be satisfied even locally in a
neighborhood of the solution. We will not dwell on this in detail here.

For convenience, introducing the notation

f := min
v∈K

f(v), K := Argmin
v∈K

f(v), dist(µ,K) := min
v∈K

‖µ − v‖,

we obtain the following results.

Corollary 2. Under the conditions of Corollary 1, for any sequence {v(l)} constructed according

to the rule (7) from an arbitrary initial point v(0) ∈ K, the following convergence holds:

f(v(l)) → f , dist(v(l),K) → 0, l → ∞.

Proof. Suppose that f(v(l)) 6→ f . Then there exists a subsequence {v(lm)} with the property
|f(v(lm)) − f | > δ > 0 for some δ > 0. Passing to a subsequence again if needed, we have {v(lm)}
converges to some v ∈ K. Then, by Corollary 1, we obtain f(v) = f . But by the continuity of f
on K and the assumption made, we have |f(v)− f | > δ > 0 — a contradiction. Similar arguments
yield the convergence of dist(v(l),K) → 0. Corollary 2 is proved.

Corollary 3. Let the assumptions of Corollary 1 be satisfied. Then a necessary and sufficient

condition for the optimality of a point v in problem (6) is the relation

vi ∈ Arg min
µ∈Ki

f(v1, . . . , vi−1, µ, vi+1, . . . , vν), i = 1, . . . , ν.

Proof. The necessity of the condition is obvious. Assume that it holds. Then, for v(0) = v, the
sequence of points v(l) ≡ v satisfies the rule (7). By Corollary 2, this means that f(v) = f , as
required. Corollary 3 is proved.

To conclude this subsection, we briefly discuss the convergence of the sequence {v(l)}, constructed
according to the rule (7), to a single point v ∈ K. The classical result on the presence of such
convergence under the conditions of Theorem 1 was obtained in [8] for the case V1 = . . . = Vν = R

and Ki = [ai; bi]. It is also noted there that it naturally generalizes to the case where the sets Ki are
closed parallelepipeds in R

ni . However, in the general situation, verifying this kind of convergence
remains an open question.

The following example shows that in a one-dimensional problem of the form (4), the method (7)
converges to a single solution in one iteration.

Example 3. Consider the problem

|λ1v1 + . . . + λνvν + γ| → min, vi ∈ [ai; bi].

Let the numbers v
(0)
i ∈ [ai; bi] be given. Then for all i such that λi 6= 0, the numbers v

(1)
i are

determined according to (7) from the conditions

v
(1)
i = arg min

µ∈[ai;bi]
|λiµ+ σi|, σi = λ1v

(1)
1 + . . .+ λi−1v

(1)
i−1 + λi+1v

(0)
i+1 + . . .+ λνv

(0)
ν + γ.
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For i = 1, . . . , ν in the case λi 6= 0 we put

v
(1)
i =











max{λiai, λibi}/λi, σi < −max{λiai, λibi},
min{λiai, λibi}/λi, σi > −min{λiai, λibi},
−σi/λi otherwise.

For the remaining i, we choose v
(1)
i ∈ [ai; bi] arbitrarily. It is directly verified that the points v

(1)
i

constructed step by step in this way satisfy the rule (7) and provide a minimum in the problem.
The example is complete.

3.3. Stopping Rules

The usual stopping rule for the classical coordinate descent method is the condition

f(v(l))− f(v(l+1)) < ε (8)

for a pre-selected small value ε > 0. If the convergence of the sequence {v(l)} is proven, one can also
apply the alternative condition ‖v(l+1) − v(l)‖ < ε. However, in the general case, such convergence
does not hold for the procedure (7), so only condition (8) remains. An undoubted advantage of the
condition (8) is the simplicity of its verification. At the same time, inequality (8) in the absence of
additional assumptions cannot guarantee that the value f(v(l+1)) is close to the unknown optimal
value f .

A more reliable stopping rule can be obtained by exploiting the following property of the class of
problems under consideration. Suppose that in problem (6) the sets Ki are convex, and the func-
tion f is continuously differentiable and convex on K (i.e., for example, the convergence conditions
from Theorem 1 or Corollary 1 are satisfied). Then for any w ∈ K we have the two-sided estimate

f(w) > f > f(w) + min
w+h∈K

〈f ′(w), h〉 = f(w)−
ν
∑

i=1

max
µ∈Ki

〈

−
∂f(w)

∂vi
, µ− wi

〉

.

Indeed, the first inequality follows from the definition of the minimum value f , the second inequal-
ity follows from the fact that the epigraph of a proper convex function f is located above any
of its supporting and, in particular, tangent hyperplanes, and the last equality follows from the
decomposition

〈f ′(w), h〉 =
ν
∑

i=1

〈

∂f(w)

∂vi
, hi

〉

.

Now we can take as a stopping rule the condition

ν
∑

i=1

max
µ∈Ki

〈

∂f(v(l))

∂vi
, v

(l)
i − µ

〉

< ε. (9)

The fulfillment of this condition (9) guarantees the validity of the inequality f(v(l)) < f + ε for a
predetermined error value ε > 0. Moreover, maximization in (9) is performed over the same sets Ki

that appear in (7). Therefore, the stopping rule (9) is consistent with the method (7).

Note also that the equality

max
v∈K

〈f ′(v), v − v〉 =
ν
∑

i=1

max
µ∈Ki

〈

∂f(v)

∂vi
, vi − µ

〉

= 0

coincides with the classical necessary and sufficient condition for the optimality of a point v ∈ K
in a smooth and convex problem (6) [10, Theorem 7.1.3].

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 9 2026



838 TSARKOV

The stopping rules (8) and (9) can be used together. The computationally simpler condition (8)
can be checked first, and then, if it holds, we check the guaranteeing condition (9).

Finally, the two-sided estimate presented above allows us to refine the interval of values to
which the number f belongs at each step when constructing the sequence v(l). Namely, for every
l ∈ {0, 1, . . .}, holds the inclusion

f ∈

[

f(v(l))−
ν
∑

i=1

max
µ∈Ki

〈

∂f(v(l))

∂vi
, v

(l)
i − µ

〉

; f(v(l))

]

. (10)

If the conditions of Theorem 1 or Corollary 1 are satisfied, the boundaries of the intervals specified
here converge, as l increases, to the point f . Furthermore, this interval estimate can provide an
early answer to the question of what values the unknown f can and cannot take. The latter is
relevant, for example, when considering the previously posed time-optimization problem (5), in
which the value f = 0 plays a key role.

We now turn directly to solving the problems (4) and (5).

4. PROBLEM SOLVING

4.1. Terminal Stabilization Problem

We apply the block coordinate descent method to solve problem (4). As noted in Example 2,
problem (4) satisfies the conditions of Corollary 1, which, thanks to Corollary 2, guarantees the
convergence of the objective values obtained by method (7) to minimum, as well as the convergence
of the control sequence constructed by it to the set of solutions. As the stopping rules we can use (8)
and (9). It remains to specify the formulas (7)–(9).

In problem (4) we have ν = N , Ki = U(i− 1), Vi = R
m, f = J2

N .

Formula (7) takes the form

u(l+1)(k) ∈ Arg min
µ∈U(k)

∥

∥

∥

∥

∥

AN (0)x0 +
k−1
∑

i=0

AN(i+ 1)B(i)u(l+1)(i)

+ AN(k + 1)B(k)µ +
N−1
∑

i=k+1

AN (i+ 1)B(i)u(l)(i)

∥

∥

∥

∥

∥

∥

, k = 0, . . . , N − 1.

By the definition of the matrix AN(k), we have

AN (0)x0 +
k−1
∑

i=0

AN (i+ 1)B(i)u(l+1)(i) = AN(k)

(

Ak(0)x0 +
k−1
∑

i=0

Ak(i+ 1)B(i)u(l+1)(i)

)

.

Hence, using the values x(l)(k) and ξ(l)(k), calculated by the formulas

x(l)(k + 1) = A(k)x(l)(k) +B(k)u(l)(k), x(l)(0) = x0,

ξ(l)(k) = ξ(l)(k + 1)−AN (k + 1)B(k)u(l)(k), ξ(l)(N) = 0,

we find that method (7) in problem (4) is written as

u(l+1)(k) ∈ Arg min
µ∈U(k)

∥

∥

∥AN (k + 1)B(k)µ +AN (k)x(l+1)(k)− ξ(l)(k + 1)
∥

∥

∥ (11)

for k = 0, . . . , N − 1. Here x(l+1)(k) are determined by the values u(l+1)(i), i < k, and ξ(l)(k + 1)
are determined by the values u(l)(i), i > k, so the formula (11) correctly implements method (7).
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Formula (8) takes the form

‖x(l)(N)‖2 − ‖x(l+1)(N)‖2 < ε. (12)

Finally, we write formula (9) using the classical dual variable ψ(k) in problem (1)–(3). Let
ψ(l)(k) satisfy the equalities

ψ(l)(k) = A(k)Tψ(l)(k + 1), ψ(l)(N) = −2x(l)(N).

Then for µ ∈ R
m we have

〈

∂f(v(l))

∂vk+1
, µ

〉

=

〈

∂J(u(l))2

∂u(k)
, µ

〉

= 2

〈

AN (0)x0 +
N−1
∑

i=0

AN (i+ 1)B(i)u(l)(i),AN (k + 1)B(k)µ

〉

= 〈2x(l)(N),AN (k + 1)B(k)µ〉 = −〈AN (k + 1)Tψ(l)(N), B(k)µ〉 = −〈ψ(l)(k), B(k)µ〉.

Therefore, the condition (9) takes the form

N−1
∑

k=0

max
µ∈U(k)

〈

ψ(l)(k), B(k)(µ − u(l)(k))
〉

< ε. (13)

Let us consider two ways of constructing the algorithm. The first is to use method (7) with the
stopping rules (12) and (13) without any additional transformations.

Algorithm 1.

0. Set the permissible computational error ε > 0.
1. Put l = 0, define the initial approximation by the equalities u(0)(k) = 0 ∈ R

m, k = 0, . . . , N −1,
calculate the matrices AN (k) = A(N − 1) . . . A(k), k = 0, . . . , N − 1, put the matrix AN(N) to
be the identity matrix of size n× n.

2. Calculate the values ξ(l)(k), k = 1, . . . , N , by the formulas

ξ(l)(k) = ξ(l)(k + 1)−AN (k + 1)B(k)u(l)(k), ξ(l)(N) = 0.

3. For each k = 0, . . . , N − 1, sequentially find and fix some solution u(l+1)(k) to the extremum
problem

‖AN (k + 1)B(k)µ +AN (k)x(l+1)(k)− ξ(l)(k + 1)‖ → min
µ∈U(k)

,

where the values x(l+1)(k) are calculated step by step using the formulas

x(l+1)(k + 1) = A(k)x(l+1)(k) +B(k)u(l+1)(k), x(l+1)(0) = x0.

4. Check the first stopping condition

‖x(l)(N)‖2 − ‖x(l+1)(N)‖2 < ε,

if true, go to step 5; otherwise, increment l by one and go to step 2.
5. Calculate the values ψ(l+1)(k), k = 1, . . . , N , by the formulas

ψ(l+1)(k) = A(k)Tψ(l+1)(k + 1), ψ(l+1)(N) = −2x(l+1)(N).
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6. Calculate the value D
(l+1)
N by the formula

D
(l+1)
N =

N−1
∑

k=0

max
µ∈U(k)

〈ψ(l+1)(k + 1), B(k)(µ − u(l+1)(k))〉.

7. Check the second stopping condition

D
(l+1)
N < ε,

if true, terminate the calculations with the answer uε = u(l+1); otherwise, increase l by one and
go to step 2.

The convergence of Algorithm 1 follows from Theorem 1 and its Corollaries 1–3. Steps 0–4
were used in [1] for finding an approximate solution to time-optimization problem (5) for m = n,
A(k) ≡ A, detA 6= 0, B(k) ≡ I and a known two-sided estimate on optimal time.

The second way of constructing the algorithm involves changing the variables in the problem,
which simplifies the iterations from (7). However, to find the desired solution based on the results of
applying this method, it is necessary to perform the inverse transformation, which is not uniquely
defined and leads to a separate subproblem.

The main idea here is to pass from system (1)–(2) to a linear system of the simplest form

y(k + 1) = y(k) + θ(k), y(0) = y0

through the degenerate change of variables θ(k) = AN (k+1)B(k)u(k), y0 = AN (0)x0. In this case,
θ(k) ∈ Θ(k) := AN(k + 1)B(k)U(k) ⊂ R

n and y(k) = AN(k)x(k). In particular, y(N) = x(N).
From the latter it follows that if θ(k) ∈ Θ(k) minimize the value ‖y(N)‖, then any element u ∈ UN

satisfying the system of equations

AN (k + 1)B(k)u(k) = θ(k), k = 0, . . . , N − 1, (14)

is a solution to problem (4). If m = n and for some k the matrix AN (k + 1)B(k) is invertible,
then u(k) is uniquely determined. In the general case, we are faced with a system of equations (14)
with constraints u(k) ∈ U(k). By construction, this problem is solvable. The values θ(k) can be
found using algorithm 1, since the sets Θ(k) are convex, compact, and contain the origin in R

n.
The difference is that θ(k) are uniquely determined in this case.

Algorithm 2.

0. Set the permissible computational error ε > 0.
1. Define the initial approximation by the equalities θ(0)(k) = 0 ∈ R

n, k = 0, . . . , N − 1, put
l = 0 and, given the sets U(k), determine the sets Θ(k) = AN (k+1)B(k)U(k), where AN (k) =
A(N − 1) . . . A(k), k = 0, . . . , N − 1, AN (N) is the identity n× n-matrix.

2. Calculate the values η(l)(k), k = 1, . . . , N , by the formulas

η(l)(k) = η(l)(k + 1)− θ(l)(k), η(l)(N) = 0.

3. For each k = 0, . . . , N−1, sequentially find and fix the unique solution θ(l+1)(k) to the extremum
problem

‖µ+ y(l+1)(k)− η(l)(k + 1)‖ → min
µ∈Θ(k)

,

where the values y(l+1)(k) are calculated step by step using the formulas

y(l+1)(k + 1) = y(l+1)(k) + θ(l+1)(k), k = 0, . . . , N − 1, y(l+1)(0) = AN (0)x0.
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4. Check the first stopping condition

‖y(l)(N)‖2 − ‖y(l+1)(N)‖2 < ε,

if true, go to step 5; otherwise, increment l by one and go to step 2.

5. Calculate the value D
(l+1)
N by the formula

D
(l+1)
N = 2

N−1
∑

k=0

max
µ∈Θ(k)

〈y(l+1)(N), θ(l+1)(k)− µ〉.

6. Check the second stopping condition

D
(l+1)
N < ε,

if true, terminate the calculations and determine the answer uε by solving the system

AN(k + 1)B(k)uε(k) = θ(l+1)(k), uε(k) ∈ U(k), k = 0, . . . , N − 1;

otherwise, increase l by one and go to step 2.

Although the inverse change at step 6 of Algorithm 2 is a separate problem, it is actually
implicitly present in Algorithm 1 as well, and must be solved at each iteration. It is natural to
move this kind of nontrivial transformation outside the iterative process. At the same time, applying
Algorithm 2 requires constructing transformed sets Θ(k), which in itself can be challenging.

4.2. Time-Optimization Problem

As the main algorithm for solving time-optimization problem (5), we will consider the sequential
application of method (7) to construct control improvements in problem (4) for N = 1, 2, . . . and
the complementary calculation of the interval estimate, ensuring an effective transition to the next
value of N . Let us just clarify that the estimate (10) in accordance with the above specification of
the formulas (7)–(9) now takes the form

J
2
N ∈

[

JN (u(l))2 −
N−1
∑

k=0

max
u∈U(k)

〈ψ(l)(k + 1), B(k)(u − u(l)(k))〉;JN (u(l))2
]

.

Algorithm 3.

0. Set the permissible computational error ε > 0, put N = 1.
1. Put l = 0, define/supplement the initial approximation with the equality u(0)(N − 1) = 0 ∈ R

n

and calculate the matrices AN (k) = A(N−1) . . . A(k), k = 0, . . . , N−1, put the matrix AN(N)
to be the identity matrix of size n× n.

2. Calculate the values ξ(l)(k), k = 1, . . . , N , by the formulas

ξ(l)(k) = ξ(l)(k + 1)−AN (k + 1)B(k)u(l)(k), ξ(l)(N) = 0.

3. For each k = 0, . . . , N − 1, sequentially find and fix some solution u(l+1)(k) to the extremum
problem

‖AN (k + 1)B(k)µ +AN (k)x(l+1)(k)− ξ(l)(k + 1)‖ → min
µ∈U(k)

,

where the values x(l+1)(k) are calculated step by step using the formulas

x(l+1)(k + 1) = A(k)x(l+1)(k) +B(k)u(l+1)(k), x(l+1)(0) = x0.
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4. Check the external stopping condition

‖x(l+1)(N)‖2 < ε,

if true, terminate the calculations with the answer Nε = N , uε = u(l+1).
5. Calculate the values ψ(l+1)(k), k = 1, . . . , N , by the formulas

ψ(l+1)(k) = A(k)Tψ(l+1)(k + 1), ψ(l+1)(N) = −2x(l+1)(N).

6. Calculate the estimate E
(l+1)
N by the formula

E
(l+1)
N = ‖x(l+1)(N)‖2 −

N−1
∑

k=0

max
µ∈U(k)

〈ψ(l+1)(k + 1), B(k)(µ − u(l+1)(k))〉.

7. Check the internal stopping condition

E
(l+1)
N > 0,

if true, put the found u(l+1) as the new initial approximation, i.e. put u(0)(k) = u(l+1)(k),
k = 0, . . . , N − 1, increment N by one and go to step 1; otherwise increment l by one and go to
step 2.

Algorithm 3 is identical to the algorithm for solving time-optimization problem proposed in [2]
(to simplify the calculations, in [2] the case m = n and B(k) ≡ I was considered). From the
construction, it is clear that the convergence of this algorithm established in [2, Theorem 5], as well
as the related results on optimality and improvement (see [2, Theorems 1–4]), follow in the general
case from the well-known Theorem 1 and its Corollaries 1–3.

Note that the change of variables discussed in the previous subsection is less relevant here. This
is because, for every N , except for large values close to Nmin, due to the estimate-based stopping
conditions, only a small number of transformed problems are solved, and switching to new variables
does not provide any significant speedup.

As an alternative approach to solving time-optimization problem, we consider the following
algorithm based on the results of [6, 7]. We will apply the numerical method from [6] to calculate
the optimal time Nmin and then solve the remaining terminal stabilization problem as in the
previous subsection. For completeness, we present here the formulation and brief justification of
the method for calculating Nmin from [6, 7].

For an arbitrary compact set K in R
n, consider its support function

sK(p) := max
µ∈K

〈p, µ〉.

First of all, we consider the support functions of the sets U(k). Since U(k) are convex and
contain the origin, sU(k) take finite non-negative values, are convex, continuous, and positively
homogeneous [11, Corollary 13.2.2]. Since all sets U(k) are predetermined, the functions sU(k) can,
with certain reservations, be considered as known.

Consider the reachability set XN of the system (1)–(2) at time N > 0. Using the matrices AN (k)
and the Minkowski set addition operation, it can be represented as

XN = AN (0)x0 +
N−1
∑

k=0

AN (k + 1)B(k)U(k).

The set XN is convex and compact, AN (0)x0 ∈ XN . Since 0 ∈ U(k), then

0 ∈ XN ⇔ N > Nmin.
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The support function of the set XN has the form

sXN
(z) = max

x∈XN

〈z, x〉 = max
u∈UN

〈

z,AN (0)x0 +
N−1
∑

k=0

AN(k + 1)B(k)u(k)

〉

= 〈z,AN (0)x0〉+
N−1
∑

k=0

max
µ∈U(k)

〈z,AN (k + 1)B(k)µ〉

= 〈z,AN (0)x0〉+
N−1
∑

k=0

sU(k)

(

B(k)TAN (k + 1)Tz
)

.

The function sXN
: Rn → R is convex, continuous and positively homogeneous, and

sXN
(z) > 0 ∀z ∈ B

n ⇔ 0 ∈ XN ⇔ N > Nmin,

where B
n denotes the closed unit ball in R

n. Therefore, the problem of finding the optimal time
for the system (1)–(2) can be reformulated in terms of known functions sU(k) and given point x0:

N → min, min
z∈Bn

(

〈z,AN (0)x0〉+
N−1
∑

k=0

sU(k)

(

B(k)TAN (k + 1)Tz
)

)

= 0. (15)

Thus, the question of calculating the optimal time for system (1) with initial condition (2)
is reduced to solving a sequence of convex finite-dimensional optimization problems of the same
dimension n. Since all functions sU(k) take non-negative values, are continuous, and are equal to
zero at the origin, the minimization can be performed on a smaller convex and compact set Bn

− :=
{z ∈ B

n : 〈z,AN (0)x0〉 6 0}. Moreover, due to the positive homogeneity of the functions sU(k), the
solution to problem (15) will not change if Bn is replaced by the unit sphere Sn or the compact set
S
n
− := {z ∈ S

n : 〈z,AN (0)x0〉 6 0}. The latter circumstance is used in [6] to construct an optimal
process. Here, for these purposes, we will apply the block coordinate descent method.

So, another way to solve time-optimization problem is to directly determine the value Nmin

by solving problem (15), and then find an optimal control using method (7) for N = Nmin. Note
that with this approach, the above-mentioned change of variables can also be effective, i.e., we
are talking about the possibility of using both Algorithms 1 and 2. Moreover, there is no need to
use the stopping rules (12) and (13). Instead, the calculations are terminated when the required
proximity of ‖x(N)‖ to zero is reached. At the same time, it should be noted that this approach
can lead to significant difficulties in those frequent cases when the support functions sU(k) cannot
be constructed explicitly and the optimization problems in (15) become minimax.

As a result, we obtain the following two variations of the algorithm.

Algorithm 4.

0. Set the permissible computational error ε > 0, put N = 1.
1. Calculate matrices AN (k) = A(N − 1) . . . A(k), k = 0, . . . , N − 1, put the matrix AN (N) to be

the identity matrix of size n× n.
2. Calculate the value

SN = min
z∈Bn

(

〈z,AN (0)x0〉+
N−1
∑

k=0

sU(k)

(

B(k)TAN (k + 1)Tz
)

)

.

3. Check the condition SN < 0. If true, increase N by one and go to step 1. Otherwise, go to
step 4.
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4. Set the initial approximation to u(0)(k) = 0 ∈ R
m, k = 0, . . . , N − 1, set l = 0.

5. Calculate the values ξ(l)(k), k = 1, . . . , N , by the formulas

ξ(l)(k) = ξ(l)(k + 1)−AN (k + 1)B(k)u(l)(k), ξ(l)(N) = 0.

6. For each k = 0, . . . , N − 1, sequentially find and fix some solution u(l+1)(k) to the extremum
problem

‖AN (k + 1)B(k)µ +AN (k)x(l+1)(k)− ξ(l)(k + 1)‖ → min
µ∈U(k)

,

where the values x(l+1)(k) are calculated step by step using the formulas

x(l+1)(k + 1) = A(k)x(l+1)(k) +B(k)u(l+1)(k), x(l+1)(0) = x0.

7. Check stopping condition
‖x(l+1)(N)‖2 < ε,

if true, terminate the calculations with the answer Nε = N , uε = u(l+1); otherwise, increase l
by one and go to step 2.

Algorithm 5.

0. Set the permissible computational error ε > 0, put N = 1.
1. Calculate matrices AN (k) = A(N − 1) . . . A(k), k = 0, . . . , N − 1, put the matrix AN (N) to be

the identity matrix of size n× n.
2. Calculate the value

SN = min
z∈Bn

(

〈z,AN (0)x0〉+
N−1
∑

k=0

sU(k)

(

B(k)TAN (k + 1)Tz
)

)

.

3. Check the condition SN < 0. If true, increase N by one and go to step 1. Otherwise, go to
step 4.

4. Define the initial approximation with the equalities θ(0)(k) = 0 ∈ R
n, k = 0, . . . , N − 1, put

l = 0 and, given the sets U(k), determine the sets Θ(k) = AN(k + 1)B(k)U(k).
5. Calculate the values η(l)(k), k = 1, . . . , N , by the formulas

η(l)(k) = η(l)(k + 1)− θ(l)(k), η(l)(N) = 0.

6. For each k = 0, . . . , N−1, sequentially find and fix the unique solution θ(l+1)(k) to the extremum
problem

‖µ+ y(l+1)(k)− η(l)(k + 1)‖ → min
µ∈Θ(k)

,

where the values y(l+1)(k) are calculated step by step using the formulas

y(l+1)(k + 1) = y(l+1)(k) + θ(l+1)(k), k = 0, . . . , N − 1, y(l+1)(0) = AN (0)x0.

7. Check stopping condition
‖y(l+1)(N)‖2 < ε,

if true, terminate the calculations with the answer Nε = N and uε found from solving the system

AN(k + 1)B(k)uε(k) = θ(l+1)(k), uε(k) ∈ U(k), k = 0, . . . , N − 1;

otherwise, increase l by one and go to step 2.

Note that, by construction, applying Algorithms 4 and 5 yields the exact equality Nε = Nmin

for any value of ε > 0.
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5. CONCLUSION

The use of the algorithms constructed in this paper appears to be relevant in problems with
non-strictly convex sets of geometric constraints, with constraints described by mixed systems of
inequalities, and in problems with singular matrices. In other situations, the most efficient way
should be using classical finite-dimensional numerical optimization algorithms, as well as the above-
mentioned method based on the support function framework from [6].
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