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NONLINEAR SYSTEMS
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Abstract—For secondary data processing tasks, a hybrid-robust method is developed to es-
timate various numerical characteristics (linear functionals) optimally under parametric un-
certainty factors related to the information process, regular and irregular interferences, and
the correlation function of measurement noise (including the case of nonlinear parameters).
The method is fully or partially invariant with respect to these factors and yields the desired
estimates without expanding the vector of estimated parameters or employing linearization
procedures. A comparison with known estimation methods is presented, and the random and
methodological errors, as well as the achieved computational effect, are analyzed. An illustrative
example is provided.

Keywords : secondary data processing, essential uncertainty, vector linear functional, spectral
coefficients, nonlinear factor, hybrid–robust method, invariance condition, constrained opti-
mization, family of hypotheses, extended least squares method, decomposition

DOI: 10.7868/S1608303226080018

1. INTRODUCTION

When solving a wide range of secondary data processing tasks based on indirect measurements
(the issues related to signal detection, discrimination, and recognition having been settled), essential
uncertainty often arises. It may be associated with no reliable knowledge regarding the distribution
laws of measurement errors, the presence of anomalous single and group errors, etc.; for example,
see [1–32]. Such situations are often encountered, for instance, when determining the motion of
aircraft from trajectory measurements in the rocket and space sphere [3].

Data processing algorithms at these stages are based on classical probabilistic methods of max-
imum a posteriori probability density or maximum likelihood, usually in an extended version; for
example, we refer to [1–4]. In this version, all unknown uncertainty parameters are included in
the expanded state vector; however, in practice, the expansion procedure leads to a sharp increase
in computational costs, the well-known effect of “smearing accuracy,” and problems with the con-
vergence and stability of the resulting estimates. According to an analysis, classical probabilistic
estimation methods are often unsuitable under essential uncertainty; nevertheless, they can be ef-
fectively used to create hybrid-robust algorithms or study the potential capabilities of measuring
systems at the stage of mathematical modeling.

There are other estimation methods applicable under uncertainty: the extended least squares
method (ELS) [3], methods for minimizing different geometric and kinematic residuals [30], the
method of invariants [31], various linear and nonlinear filtering methods (e.g., Kalman filter-
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670 BULYCHEV

ing) [1, 3, 10, 14, 25, 26], various adaptive methods with parameter tuning [9, 26], robust meth-
ods [1, 14, 27], randomized methods [20, 21], cluster methods [21, 32], and neural network meth-
ods [28], as well as numerous heuristic methods (for example, see [5, 8, 11, 13, 29]). Under several
constraints on the observation conditions, these methods overcome uncertainty factors, e.g., success-
fully deal with anomalous errors. However, under essential uncertainty, these methods encounter
various unforeseen limitations and stringent requirements for measurement processing algorithms,
which significantly narrow the scope of their application. Moreover, they often ensure convergence
on average (either over an ensemble of realizations or over a single sufficiently long realization),
without any guarantee for the quality of the resulting estimate for a single sample of small or
medium size. Most known estimation procedures involve weight processing, and the weights are
calculated a priori based on a large amount of available statistical information. If such information
is absent or unreliable, one should use posterior weights and vary them from one measurement
sample to another.

As a rule, the methods considered above are intended to estimate spectral coefficients of infor-
mation processes or find their smoothed values. However, in measurement practice, a more general
problem is highly relevant, i.e., the optimal estimation of various numerical characteristics of in-
formation processes. This concerns the vector of linear functionals (VLF), whose coordinates can
be, e.g., the derivatives of various orders of information processes used to predict the motion of
aircraft and perform their identification in civil and military systems.

For relatively favorable observation conditions, VLF can also be estimated using classical prob-
abilistic methods, e.g., maximum a posteriori probability density or maximum likelihood, the or-
dinary least squares (OLS) method and its extended analog (ELS), as well as their various mod-
ifications. In the presence of regular-structure interferences in observations (representable as a
linear span of a given system of basis functions with unknown spectral coefficients), the method of
generalized invariant-unbiased estimation (GIUE) [15, 16] is applicable for the optimal estimation
of VLF. This method leads to the decomposition of computations and the inversion of matrices
of smaller dimensions (compared to ELS), and uses information about zero mean and a given
correlation function of the measurement noise as a priori data.

If observations contain not only regular but also irregular interferences (the later have no com-
pact mathematical models in terms of the number of degrees of freedom), the modified GIUE
method can be used for the spectral analysis of the components of the input observation [17]. This
modification yields good results on samples of an appropriate size when a sufficient number of re-
duced time grids can be created so that some of them are not associated with irregular interference.
However, for a large class of applied problems dealing with medium and small samples, the appli-
cation of such a method becomes a challenge. Furthermore, the modified GIUE method is oriented
towards the case of an a priori known correlation matrix of the input observation noise. In practice,
this noise can be semi-defined, i.e., non-centered (with an unknown mean) and characterized by a
parameterized correlation function specified up to its structure. Only some uncertainty region is
indicated for its parameters (both linear and nonlinear). This uncertainty regarding the charac-
teristics of the measurement noise, as well as the parameters of regular and irregular interferences,
often significantly distorts the estimation results. Therefore, a more advanced method is required
to estimate VLF under uncertainty.

Below, we develop such a hybrid–robust method (HRM) considering both a priori and a posteriori
data without linearization or expansion of the vector of estimated parameters. This method retains
all the advantages of GIUE [15, 16] and its modification [17] in terms of decomposition, employs only
elementary operations of addition, multiplication, and matrix inversion, and constructs the resulting
VLF estimate by a simple operation of combining a set of conditionally optimal partial estimates
corresponding to the family of alternative hypotheses. The term “decomposition” means that it
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A HYBRID–ROBUST METHOD FOR ESTIMATING THE VALUES 671

is possible to estimate independently (separately) any numerical characteristic (linear functional)
for each component of the input observation representable as a finite linear combination of given
basis functions with unknown spectral coefficients. Such components include irregular and regular
interferences.

HRM is primarily intended for measuring systems with parallel computations to ensure the re-
quired speed for real-time processing of input observations. Such computations effectively overcome
the nonlinearity problem by organizing many data processing channels for the family of alternative
hypotheses regarding the nonlinear uncertainty factor.

2. BASIC CONCEPTS, MODELS, AND CONSTRAINTS

Let xIP(t) = x1(t) and xRI(t) = x2(t) denote an information process and a regular interference,
respectively:

xi(t) = ψ
T
i (t)γi, i ∈ {1, 2}, t ∈ [0, T ], (2.1)

whereψi(t) =
[
ψim(t),m = 1, Vi

]T
is the vector of given basis functions, and γi =

[
γim,m = 1, Vi

]T

is the vector of unknown spectral coefficients.

We also introduce an irregular interference z(t) present in measurements, in one form or another;
in practice, it cannot be analytically described in compact terms and has a small number of degrees
of freedom. For example, the irregular interference may contain components of the tails of infinite
functional series used to describe the information process and regular interference, as well as an
unknown mean of the measurement noise. Furthermore, z(t) may include various measurement
errors, such as anomalous (single or group) errors of both natural and intentional origin. In addition,
under various observation conditions, unexpected slow and/or fast-changing components of the
irregular interference may appear, the nature of which is unknown in advance. Such an interference
is extremely difficult to combat, as it does not match the expected conditions of the measurement
experiment; it can be characterized by the sample clogging coefficient [17].

The equation of continuous-time observations has the form

h(t) = x1(t) + x2(t) + z(t) + ξ(t), t ∈ [0, T ], (2.2)

where ξ(t) is a centered semi-defined measurement noise characterized by zero mean and a pa-
rameterized (specified up to parameters) correlation function k(t′, t′′,q), where t′, t′′ ∈ [0, T ] and

q =
[
qr, r = 1, Q

]T
is the vector of constant parameters.

When implementing known estimation methods (OLS, ELS, and GIUE), a nominal fixed value q0

is conventionally chosen for q.

In the case of a non-centered noise ξ̃(t), it is also easy to use equation (2.2) by including the
non-zero mean either in the regular interference (when described by a small set of basis functions)
or directly in the irregular interference (when having an extended spectral representation). Con-
straints are imposed on the coordinates of the vector q in the form of a possible uncertainty region
αr 6 qr 6 βr, where αr > 0 and βr > 0; note that q0 belongs to this region.

We introduce the VLF (the set of numerical characteristics) Ω=
[
ΩT

1 ,Ω
T
2

]T
=
[
ςj, j=1,M1+M2

]T
,

where

Ωi = Ωi{xi(t)} =
[
ωir{xi(t)}, r = 1,Mi

]T
=
[
ςir, r = 1,Mi

]T
, i ∈ {1, 2},

and ςir is the rth numerical characteristic for the component xi(t) from (2.1).

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 8 2026



672 BULYCHEV

Consider the general case where different numerical characteristics (linear functionals) can be
calculated separately for each component x1(t) or x2(t).

The problem is to find an optimal estimate Ω∗
i = PΩ

i H for the VLF Ωi. Here, P
Ω
i is the linear

estimation matrix, and H is the observation vector (a discrete sample for the function h(t) on a
time grid {t1, . . . , tN}):

H = X1 +X2 + Z+Ξ, (2.3)

with Xi =
[
xin, n = 1, N

]T
, xin = xi(tn), i ∈ {1, 2}, Z =

[
zn, n = 1, N

]T
, Ξ =

[
ξn, n = 1, N

]T
,

zn = z(tn), ξn = ξ(tn), and tn ∈ [0, T ].

The irregular interference can be characterized by the clogging coefficient ρZ = 100×NZ/N [%],
where NZ is the number of all coordinates of the vector Z that can significantly affect the estimation
results when using any optimal measurement processing algorithms neglecting this interference. By
assumption, the sample size (2.3) at least exceeds the total number of degrees of freedom of the
adopted mathematical models (i.e., N > V1 + V2 +Q+NZ, and often N ≫ V1 + V2 +Q+NZ in
practice) and provides the necessary smoothing effect with respect to the noise Ξ.

With the adopted models for the components x1(t) and x2(t), we represent the sample (2.3) as

H = Ψ1γ1 +Ψ2γ2 + Z+Ξ = Ψγ+ Z+Ξ, (2.4)

where: Ψi =
[
ψimn, n = 1, N,m = 1, Vi

]
is the basis matrix of the component xi(t), ψimn = ψim(tn);

Ψ = [Ψ1;Ψ2] is the combined basis matrix for the two components of the observation equation (2.3);

and γ =
[
γT1 ,γ

T
2

]T
=
[
γj , j = 1, V1 + V2

]T
.

The matrix PΩ
i = [pΩimn,m = 1,Mi, n = 1, N ] shall satisfy a number of conditions.

The first condition (the invariance of the estimate with respect to Xj) is

PΩ
i Xj = PΩ

i Ψjγj = [0]Mi×1, i 6= j. (2.5)

The second condition (the unbiasedness of the estimate) is

PΩ
i Xi = PΩ

i Ψiγi = Ωi. (2.6)

The third condition (the minimum trace of the correlation matrix KΩ
i =

[
kΩilp, l, p = 1,Mi

]
of

estimation errors) is

SpKΩ
i = Sp

[
PΩ

i K
(
PΩ

i

)T]
→ min, (2.7)

where K = K(q) =
[
k(tn, tm,q), n,m = 1, N

]
stands for the correlation matrix of the noise Ξ.

According to condition (2.5), when estimating the VLF for xi(t), the other component xj(t) is
treated as an interference and vice versa. Conditions (2.6) and (2.7) are typical for any optimal
linear estimation procedure [1–4].

In addition to the time grid {t1, . . . , tN}, we also use a multidimensional node grid {q(1), . . . ,q(L)}
covering the region [α1, β1]× . . . × [αQ, βQ] (e.g., uniformly) so that the cardinality L is sufficient
for a qualitative description of the function k(t′, t′′,q) over the entire domain of definition [0, T ]×
[0, T ] × [α1, β1] × . . . × [αQ, βQ]. The matrix PΩ

i depends on q; consequently, PΩ
i = PΩ

i (q) and
Ω∗

i = Ω∗
i (q). Thus, an optimal value q∗ for the parameter q shall be chosen according to an

additional decision rule considering the presence of the component Z in (2.3) and the resulting set
of partial estimates of the parameters γ1 and γ2 for the node family {q(1), . . . ,q(L)}.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 8 2026
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Taking into account (2.1)–(2.7), it is required to develop an HRM for estimating the values
of the VLF Ωi, i ∈ {1, 2},) under uncertainty factors regarding the vector parameters γ1, γ2, Z,
and q. In such a general formulation, the estimation problem is nonlinear since some coordinates
of the vector q may enter the function k(t′, t′′,q) nonlinearly.

The HRM shall eliminate the above problems associated with nonlinearity and be oriented
towards the elementary operations of addition, multiplication, and inversion of matrices in a linear
setting. In contrast to GIUE [15, 16] and its known modification [17], a more general problem is
considered here: VLF estimation is performed in addition to its spectral analysis; the measurement
noise is semi-defined (there exists a parametric uncertainty regarding its correlation function due
to the nonlinear factor); and, moreover, the irregular interference Z is present in the observation.
Finally, the capability to separately estimate any coordinate (numerical characteristic) of the VLF,
for both the information process and the regular interference, shall be provided.

3. FUNDAMENTAL FORMULAS

Let PΩ
ir =

[
pΩirn, n = 1, N

]T
denote the column vector representing the rth row of the matrix PΩ

i .

This vector is used to find the estimate ς∗ir =
(
PΩ

ir

)T
H of the individual coordinate (numerical

characteristic) ςir of the VLF Ωi.

For a fixed value of q, based on the above conditions (2.5)–(2.7), the optimal estimation vector
PΩ

ir = PΩ
ir(q) is obtained by minimizing the function

J
(
PΩ

ir,ϕir,θir
)
=
(
PΩ

ir

)T
KPΩ

ir + (ϕir)
T (Ψj)

T
PΩ

ir +

{
ωT
r {ψi(t)} −

(
PΩ

ir

)T
Ψi

}
θir, (3.1)

where: [ϕir]Vj×1 and [θir]Vi×1 are vector Lagrange multipliers (from this point onwards, square
brackets with subscripts indicate the dimensions of the corresponding matrices and vectors);

ωr{ψi(t)} =
[
ωr{ψim},m = 1,Mi

]T
is the value vector of the scalar functional ωr{·} on all ba-

sis functions of the component xi(t) from (2.1). (By the natural assumption, i 6= j.)

The function (3.1) corresponds to the equivalent conditions formulated previously:

ωT
r {ψi(t)} −

(
PΩ

ir

)T
Ψi = [0]1×Vi

(3.2)

(the first condition),

ΨT
j P

Ω
ir = [0]Vj×1 (3.3)

(the second condition), and

min
PΩ

ir

(
σΩir

)2
= min

PΩ

ir

(
PΩ

ir

)T
KPΩ

ir (3.4)

(the third condition), where
(
σΩir

)2
means the variance of the estimation error of the numerical

characteristic ςir.

Omitting straightforward but cumbersome calculations, we obtain the following solution of the
constrained optimization problem (3.1)–(3.4) (by analogy with [17]):

PΩ
ir = ΛjK

−1Ψi

(
ΨT

i ΛjK
−1Ψi

)−1
ωr{ψi(t)}, (3.5)

Λj = E−K−1Ψj

[
(Ψj)

T
K−1Ψj

]−1
(Ψj)

T , (3.6)

where E is an identity matrix of dimensions N ×N.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 8 2026



674 BULYCHEV

In view of (3.5), the desired matrix PΩ
i = PΩ

i (q) for the linear estimation of the VLF is

PΩ
i =

[
ΛjK

−1Ψi

(
ΨT

i ΛjK
−1Ψi

)−1
Ω{ψi(t)}

]T
, (3.7)

where Ω{ψi(t)} =
[
ωr{ψim(t)},m = 1, Vi, r = 1,Mi

]
=
[
ςψirm,m = 1, Vi, r = 1,Mi

]
.

We emphasize that all components in (3.5)–(3.7) depend on the parameter q.

In the special case where Mi = Vi and Ωi = γi (i.e., the VLF consists of the spectral coefficients
of the component xi(t)), according to (3.7), the linear estimation matrix is given by

P
γ
i =

[
ΛjK

−1Ψi

(
ΨT

i ΛjK
−1Ψi

)−1
]T
. (3.8)

For fixed values of i and q, we construct the optimal estimate for the VLF:

Ω∗
i (q) = PΩ

i (q)H. (3.9)

It corresponds to the following correlation matrix of estimation errors:

KΩ
i (q) = PΩ

i (q)K(q)
[
PΩ

i (q)
]T
. (3.10)

In the special case, using the matrix P
γ
i (q), we find the optimal estimate

γ∗i (q) = P
γ
i (q)H (3.11)

and the correlation matrix

K
γ
i (q) = P

γ
i (q)K(q)

[
P
γ
i (q)

]T
. (3.12)

Note that for Z 6= 0, the above estimates are biased.

For a fixed q, taking the two estimates γ∗1(q) and γ
∗
2(q) into account, it is possible to find the

residual

∆(q) = H−H∗(q) = H−Ψγ∗(q), (3.13)

where γ∗(q) =
[
[γ∗1(q)]

T, [γ∗2(q)]
T
]T

=
[
γ∗j (q), j = 1, V1+V2

]T
is the estimate for the vector γ(q) =

[
γT1 (q),γ

T
2 (q)

]T
=
[
γj(q), j = 1, V1 + V2

]T
.

The value of q can be chosen arbitrarily. Therefore, to overcome the nonlinear factor and
partially compensate for the impact of the irregular interference Z on the estimation results, let us

proceed as follows. First, we form a family of hypotheses
{
Γ(l)

}L
l=1

, each corresponding to some

most preferable fixed node q(l) from the uncertainty region [α1, β1]× . . .× [αQ, βQ]. Consequently,

for each q(l), it is possible to find the partial estimate γ∗(l) = γ
∗
(
q(l)

)
and the partial residual

∆∗
(l) = ∆

(
γ∗(l)

)
= H−H∗

(l) = H−Ψγ∗(l).

In view of (2.3) and (3.11), we transform this residual to

∆∗
(l) = H−

(
Ψ1γ

∗
1(l) +Ψ2γ

∗
2(l)

)
= Z+Ξ−

(
Ψ1P1(l) +Ψ2P2(l)

)
(Z+Ξ)

=
[
E− (Ψ1P1(l) +Ψ2P2(l))

]
(Z+Ξ) = ϑ(l)(Z+Ξ),

(3.14)

where [ϑ(l)]N×N is the matrix of influence coefficients of the component Z+Ξ.
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The mean of this residual is

M
{
∆∗

(l)

}
= ϑ(l)Z. (3.15)

Note that for all nodes of the multidimensional grid, the linear estimation matrices PΩ
ir(q(l)) are

constructed using only the a priori statistical information and the adopted mathematical models.
The set of such matrices yields the families of partial estimates Ω∗

1(l)= PΩ
1(l)H, Ω

∗
2(l)= PΩ

2(l)H,

Ω∗
(l)=

[(
Ω∗

1(l)

)T
,
(
Ω∗

2(l)

)T]T
and γ∗1(l)= P

γ

1(l)H, γ
∗
2(l)= P

γ

2(l)H, γ
∗
(l)=

[(
γ∗1(l)

)T
,
(
γ∗2(l)

)T]T
, where

l = 1, L.

In turn, the resulting estimates γ∗ and Ω∗ based on the partial estimates are found using HRM
with some operator Iopt considering all available a priori and a posteriori information:

Iopt :

({
γ∗(l)

}L
l=1

,
{
Ω∗

(l)

}L
l=1

)
→ (γ∗,Ω∗) . (3.16)

For example, Iopt can be the minimizer of the quadratic form F(l) =
(
∆∗

(l)

)T
W(l)∆

∗
(l) (extremum

search algorithm):

γ∗ = γ∗(l∗), Ω∗ = Ω∗
(l∗), l∗ = argmin

l
F(l), (3.17)

where l∗ is the optimal number of the node q(l∗), l
∗ ∈ {1, . . . , L}.

In (3.17), W(l) denotes the normalized weight matrix

W(l) = W
(
q(l)

)
=
∥∥∥K−1(q(l)

)∥∥∥
−1

K−1(q(l)

)
, ‖W(l)‖ = 1 ∀l = 1, L,

where ‖ · ‖ is any norm used in measurement processing.

Despite its optimality, the algorithm (3.17) has a major drawback: it requires estimates of all
coordinates of the expanded vector γ∗ necessary to form the residual∆∗

(l) = H−Ψγ∗(l). Furthermore,
the quadratic form considered as a function of the argument l shall have a unique global minimum.
If there are several competing nodes q(l1), . . . ,q(ld), where l1, . . . , ld ∈ {1, . . . , L} and d 6 L, with
approximately equal local minima, then the following parameter (expressed as a percentage) is
introduced to select such nodes:

δF (l) = 100
(
F(l) − Fmin

)(
Fmax − Fmin

)−1
,

where Fmin = min
l
F(l) and Fmax = max

l
F(l).

If we set a numerical threshold δF0 (also in percentage terms), then the competing nodes are
formed using the criterion δF (l) 6 δF0. For such nodes, it is reasonable to apply the operator Iopt

that averages the competing partial estimates instead of the operator Iopt (averaging algorithm):

γ∗ = d−1
d∑

k=1

γ∗(lk), Ω
∗
= d−1

d∑

k=1

Ω∗
(lk)
. (3.18)

To eliminate the main drawback of the optimal algorithm (3.17), one should use the quasi-

optimal robust majority estimation operator Iopt [33], e.g., based on the sample median method
(with a variational series for even or odd cases, the so-called majority algorithm).

For instance, for the vector γ, all like-named coordinates γ∗j(l), . . . , γ
∗
j(L) of the vectors

{
γ∗(l) =

[
γ∗j(l), j = 1, V1+V2

]T }L
l=1

for each fixed j ∈ {1, . . . , V1+V2} are arranged into the variational series
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γ∗j[1], γ
∗
j[2], . . . , γ

∗
j[L], where γ

∗
j[1] < γ∗j[2] < . . . < γ∗j[L]. For the vectors Ω∗

(l) =
[ (

Ω∗
1(l)

)T
,
(
Ω∗

2(l)

)T ]T
=

[
ς∗j(l), j = 1,M1 +M2

]T
, the series ς∗j[1], ς

∗
j[2], . . . , ς

∗
j[L] are constructed similarly.

The optimal resulting estimate of each coordinate γj of the vector γ =
[
γT1 ,γ

T
2

]T
=

[
γj, j = 1, V1 + V2

]T
and each coordinate ςj of the vector Ω =

[
ΩT

1 ,Ω
T
2

]T
=
[
ςj, j = 1,M1 +M2

]T

is given by the following rule:

for even L,

γ
∗
j = 2−1

(
γ∗j[L/2] + γ∗j[L/2+1]

)
, ς

∗
j = 2−1

(
ς∗j[L/2] + ς∗j[L/2+1]

)
(3.19)

(i.e., the estimate corresponds to the average of the two central terms of the variational series);

for odd L,

γ
∗
j = γ∗j[(L−1)/2−1], ς

∗
j = ς∗j[(L−1)/2−1] (3.20)

(i.e., the estimate coincides with the central term of the variational series).

For cases (3.19) and (3.20), the majority algorithm is based on discarding the tails of this series
and is highly stable to uncertainty factors. Its implementation does not require estimating all
coordinates of the vector γ, constructing the residuals ∆∗

(l), or minimizing the quadratic form

F(l) =
(
∆∗

(l)

)T
W(l)∆

∗
(l) with respect to the argument l.

The optimal resulting estimate of the VLF Ωi for the component xi(t) is found as

Ω∗
i(l∗) = PΩ

i(l∗)H. (3.21)

This estimate is associated with the following correlation matrix of estimation errors:

KΩ
i(l∗) = PΩ

i(l∗)K(l∗)

(
PΩ

i(l∗)

)T
. (3.22)

It can be shown that the construction procedure of the estimate (3.21) for the VLF Ωi primarily
relates to finding the optimal resulting estimate (for the vector γ)

γ∗i(l∗) = P
γ

i(l∗)H (3.23)

with the correlation matrix of estimation errors

K
γ

i(l∗) = P
γ

i(l∗)K(l∗)

(
P
γ

i(l∗)

)T
. (3.24)

This follows from the fact that

Ωi = Ω{xi(t)} = Ω
{
ψT

i (t)γi

}
= Ω

{
ψT

i (t)
}
γi. (3.25)

In view of (3.21), we have

Ω∗
i(l∗) = Ω

{
ψT

i (t)
}
γ∗i(l∗) = Ω

{
ψT

i (t)
}
P
γ

i(l∗)H. (3.26)

Thus, for comparing different VLF estimation methods, it suffices to analyze the case where
Mi = Vi and Ωi = γi, i.e., to consider the problem of estimating the spectral coefficients of the
component xi(t).

Note that for Z 6= 0, the resulting estimates are also biased; however, due to (3.16)–(3.20), it
becomes possible to minimize this bias for each fixed sample H.

Formulas (3.1)–(3.26) are the foundation of HRM.

The next section is devoted to the applicability conditions of HRM and its comparative analysis
with OLS and ELS.
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4. MATHEMATICAL ASPECTS OF STUDYING THE EFFICIENCY
OF THE PROPOSED METHOD

Consider the issue of a possible bias of the VLF estimate relative to the true value, caused by the
irregular interference Z 6= 0 and uncertainty regarding the parameter q. Let q̃ = q+∆q, where
∆q will be treated as a perturbation. Let us determine its impact on the estimation result. Now,
the matrix PΩ

i (q) is replaced by

PΩ
i (q̃) = PΩ

i (q+∆q) = PΩ
i (q) +∆PΩ

i (q̃),

where ∆PΩ
i (q̃) is the perturbation matrix with the condition ∆PΩ

i (q) = 0.

The residual due to the presence of ∆q 6= 0 is

∆Ωi(q̃) = Ω∗
i (q̃)−Ω∗

i (q) = PΩ
i (q)H+∆PΩ

i (q̃)H−PΩ
i (q)H (4.1)

= ∆PΩ
i (q̃) (Xi +Xj + Z+Ξ) .

This error has the mean

M {∆Ωi(q̃)} = ∆PΩ
i (q̃) (X1 +X2 + Z) . (4.2)

Choosing any norm ‖ · ‖, we can utilize the inequality

∆Ω
i 6 ∆P

i ηi, (4.3)

where ∆Ω
i = max

q̃
‖M {∆Ωi(q̃)}‖ , ∆

P
i = max

q̃

∥∥∥∆PΩ
i (q̃)

∥∥∥ , and ηi = max
γ1,γ2,Z

‖Ψ1γ1 +Ψ2γ2 + Z‖ .

When calculating ∆Ω
i and ∆P

i , the maximum is found over the entire uncertainty region
[α1, β1]× . . .× [αQ, βQ]; and when calculating ηi, over the region of possible values of the vectors
γ1, γ2, and Z.

Consider three estimates as follows: γ∗OLS1 is the separate estimate for γ1 based on OLS (with

neglecting the regular and irregular interferences); γ∗ELS is the combined estimate for γ =
[
γT1 ,γ

T
2

]T

based on ELS (with neglecting the irregular interference), and γ∗HRMi is the separate estimate for γi
based on the developed HRM. (For brevity, the parameter q is omitted below.) Resting on [3], we
will comprehensively assess these methods in terms of their correctness in measurement experiment
design in the absence and presence of the regular and irregular interferences.

For OLS, which involves no expansion, let us determine the impact of the combined interference
Y2 = X2 + Z = Ψ2γ2 + Z on the estimate γ∗OLS1 of the vector γ1 of the spectral coefficients of the
information process. The expectation operator M{·} can be used to show that

M {γ∗OLS1} = γ1 +C−1
1 ΨT

1 K
−1Y2 = γ1 +C−1

1 ΨT
1 K

−1 (Ψ2γ2 + Z) , (4.4)

where C1 = ΨT
1 K

−1Ψ1.

The second term in (4.4) corresponds to the bias of the estimate γ∗OLS1 relative to the true
value γ1 when neglecting the contribution of the combined interference Y2. The scatter of γ∗OLS1

relative to γ1 (without considering Y2) is given by

K̃
γ
OLS1 =M

{
(γ∗OLS1 − γ1) (γ

∗
OLS1 − γ1)

T
}
= C−1

1 +B1Y2Y
T
2 B

T
1

= C−1
1 +B1(Ψ2γ2 + Z)(Ψ2γ2 + Z)TBT

1 ,
(4.5)

where B1 = C−1
1 ΨT

1 K
−1.

In turn, the scatter of the estimate γ∗OLS1 relative to the mean (4.4) (for OLS with neglecting Y2)
is calculated as follows:

K
γ
OLS1 =M

{(
γ∗OLS1 −M {γ

∗
OLS1}

)(
γ∗OLS1 −M {γ

∗
OLS1}

)T}
= C−1

1 . (4.6)
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In (4.6), Kγ
OLS1 denotes the correlation matrix of estimation errors for the spectral coefficients

of the information process.

Next, we employ ELS to generate the combined estimate γ∗ELS for the vector γ =
[
γT1 ,γ

T
2

]T
of

the spectral coefficients of the information process and regular interference (with neglecting the
irregular interference Z):

γ∗ELS = C−1ΨTK−1H, (4.7)

where C = ΨTK−1Ψ.

By analogy with (4.4), the mean of such an estimate is

M {γ∗ELS} = γ+C−1ΨTK−1Z, (4.8)

where the second term characterizes its bias due to the presence of the irregular interference.

In this case, the correlation matrix of ELS estimation errors has the form

K
γ
ELS = C−1 =

(
ΨTK−1Ψ

)−1
; (4.9)

similar to (4.5), the scatter matrix of the estimate γ∗ELS relative to the true value γ is found as

K̃
γ
ELS = C−1 +BZZTBT, (4.10)

where B = C−1ΨTK−1.

Since ELS and HRM are linear optimal estimates, they inherit the same potential capabilities
in terms of accuracy. The matrix K̃

γ
ELS contains four blocks, i.e.,

K̃
γ
ELS =

[
S11 S12

S21 S22

]
, (4.11)

and the conditions S11 = K
γ
1 = P

γ
1K
[
P
γ
1

]T
and S22 = K

γ
2 = P

γ
2K
[
P
γ
2

]T
hold accordingly.

Now, let the combined interference Y2 = X2 +Z (the sum of the regular and irregular interfer-
ences) admit the finite-analytic representation Y2 = ΨRI+IIγRI+II, where ΨRI+II is a given basis
matrix of the regular and irregular interferences, and γRI+II is the vector of unknown spectral
coefficients. When the vectors γ1 and γRI+II are estimated simultaneously by ELS, one can find
the correlation matrix of joint estimation errors:

K
γ
ELS1 = C−1

1 +B1ΨRI+IID1 (B1ΨRI+II)
T , (4.12)

where

D1 =
(
ΨT

RI+IIK
−1ΨRI+II −ΨT

RI+IIK
−1Ψ1C

−1
1 ΨT

1 K
−1ΨRI+II

)−1
.

For practice, the following question is of interest: is it necessary to expand the vector of estimated
parameters considering the combined interferenceY2=X2+Z? Let the traces χ̃=Sp

[
B1Y2Y

T
2 B

T
1

]

and χ = Sp
[
B1ΨRI+IID1 (B1ΨRI+II)

T
]
of the second matrix terms in (4.10) and (4.12), respec-

tively, be formed. Since the unknown vector parameter Y2 figures in χ̃, we can replace the trace χ̃

with its estimate χ̃∗ = Sp

[
B1ΨRI+IIγ

∗
RI+II

(
ΨRI+IIγ

∗
RI+II

)T
BT

1

]
. The next step is to verify the

condition

χ̃∗ > χ. (4.13)
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If this condition fails, then the impact of the combined interference Y2 = X2 + Z on the esti-
mate γ∗1 of the vector γ1 can be considered sufficiently small, and the vector of estimated param-
eters should not be expanded. Otherwise, it is necessary to apply ELS and, for HRM, ensure the
invariance condition with respect to Y2 = X2 + Z considering the combined basis matrix ΨRI+II.

Formulas (4.1)–(4.13) can be used in practice to compare the three methods and settle many
issues related to measurement experiment design.

According to a direct analysis of the expressions (3.5) and (3.6), HRM involves the inversion of
matrices of dimensions V1 × V1 and V2 × V2 whereas ELS the inversion of a matrix of dimensions
(V1 + V2)× (V1 + V2). Consequently, HRM-based estimation is preferable from the computational
stability viewpoint: smaller matrices are inverted. Also, the computational process gets decom-
posed: the VLF is estimated for each component xi(t) independently (separately) in a dedicated
measurement processing channel.

Formulas (4.1)–(4.13) can be used to tune the necessary HRM parameters minimizing the re-
sulting VLF estimation error in each particular case. Necessary and sufficient conditions for the
existence of a unique solution of the estimation problem with HRM require nonsingularity and some
rank constraints for several matrices, by analogy with [15–17]. In practice, the given conditions are
fulfilled by rationally choosing the functional bases and the number of degrees of freedom in the
adopted models as well as by specifying appropriate observation conditions. Such issues are asso-
ciated with computational experiment design and are not considered below: they require separate
research in each particular case.

5. THE RECOGNITION ALGORITHM IN THE PRESENCE OF REGULAR
AND IRREGULAR INTERFERENCES

Step 1. For each node q(l), construct the basis matrices Ψi(l) = Ψi(q(l)) and Ψj(l) = Ψj(q(l)),
where i 6= j.

Step 2. For each node q(l), use (3.6) to find the matrix Λj(l) = Λj

(
q(l)

)
.

Step 3. For each node q(l), use (3.8) to find the weight estimation matrix P
γ

i(l) = P
γ
i

(
q(l)

)
.

Step 4. For each node q(l), use (3.11) to find the optimal estimate γ∗i(l) = γ
∗
i

(
q(l)

)
.

Step 5. For each node q(l), use (3.13) to form the residual ∆(l) = ∆
(
q(l)

)
.

Step 6. For the case where the function ∆(l) of the argument l has a minimum point, apply
the extremum search algorithm (3.17) to find the optimal number l∗ of the node q(l∗) where this
minimum is achieved and the resulting estimate γ∗ = γ∗(l∗).

Step 7. This step is needed in the absence of an explicit minimum point. Then the resulting
estimate γ∗ is obtained by any other method, e.g., the averaging algorithm (3.18) or the majority
algorithm (3.19), (3.20).

Step 8. Use (3.21) to compute the optimal resulting estimate Ω∗
i(l∗) of the VLF Ωi for the

component xi(t).

Step 9. Use (3.22) and (3.24) to find the correlation matrices KΩ
i(l∗) = KΩ

i

(
q(l∗)

)
and K

γ

i(l∗) =

K
γ
i

(
q(l∗)

)
.

6. SOME GENERALIZATIONS AND PRACTICAL RECOMMENDATIONS

It is possible to interpret HRM for broader conditions by setting Iopt as an operator that
maximizes the corresponding conditional probability density (e.g., the posterior one or a likeli-
hood function) depending on the parametrically defined correlation matrix K(q). For instance, for
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Gaussian measurement noise, Iopt can be taken as the operator maximizing the likelihood function

p
(
H/γ∗(l)

)
= (2π)−N/2

(
detK

(
q(l)

))−1/2
exp

{(
∆∗

(l)

)T (
q(l)

)
∆∗

(l)

}

with respect to the parameter l.

In contrast to algorithm (3.17), there is no need to construct the normalized weight matrix
W(l) : the required normalization is performed naturally due to the properties of any probability
density.

HRM for VLF estimation can be extended to observation models of a more general form. For

example, it is possible to consider in (2.1) the basis functions ψjm

(
t,µjm

)
that depend nonlinearly

on a vector parameter µjm. In this case, one shall specify a common uncertainty region for all
nonlinear parameters of the estimation problem and choose an appropriate cardinality L of the
numerical grid to cover this region with a sufficient accuracy; for example, see [16]. The dimensions
of all models (the information process and regular interference) shall be consistent with the sample
size N in (2.3).

Obviously, such an approach to VLF estimation shall agree with the computing resources used,
which directly depend on the number of alternative hypotheses under consideration. To reduce the
requirements for these resources, it is reasonable to minimize the number of nonlinear parameters
(i.e., the number of hypotheses) and increase the dimension of the vector of linear parameters. But
even in this case, one should seek for a rational tradeoff to exclude possible paradoxes associated
with practical VLF estimation. Such questions are the scope of the general theory of measurement
experiment design; for example, see [3].

It is possible to combine HRM with the estimation method [17], oriented to form a family of re-
duced grids corresponding to all possible configurations of irregular interferences at the original grid
nodes {t1, . . . , tN}. Under a sufficiently large size of this grid, such a combination can significantly
decrease the impact of regular and irregular interferences on the estimation results. For HRM, this
will further increase the family of alternative hypotheses under consideration, and the resulting
estimate will correspond to the optimal reduced grid for which the residual is minimal. A criterion
and an algorithm for finding such a grid were presented in [17]; also, various options for forming a
family of reduced grids, consistent with the available computing resources, were considered.

The normalized weight matrix can be specified asW(q), where the scalar argument q∈{0,1,2, . . .}
corresponds to different observation options. Among them, one can provide options considering
the properties of the measurement noise and, moreover, irregular interferences. For example, by
appropriately selecting the diagonal elements of the matrix W(q), it is often possible to partially
compensate for the irregular interference (via its rejection in the time domain) and smooth the
noise.

Hopefully, with current progress in the field of parallel computing (especially based on new prin-
ciples [34, 35]), HRM will not become an obstacle for advanced real-time systems. However, such
an approach remains infeasible for many existing systems, where large samples and numerous alter-
native hypotheses may require a huge number of parallel data processing channels and significant
computational costs. Some useful formulas to justify the computational costs for implementing
HRM were provided in [15–17].

7. TEST EXAMPLES

Consider simple but application-relevant examples that are typical, for instance, for altimeters
of certain aircraft and are related to smoothing trajectory measurements of small volume [3]. In
model (2.2), x1(t) = γ1 = const can be treated as the altitude of a loitering aircraft (the param-
eter γ1 is a scalar linear functional), and x2(t) = γ2t

2 with γ2 = const can be treated as a slowly
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varying power function representing a regular interference. The latter is often due to imperfections
in the aircraft’s control system or interferences of various origins on the side lobes of the altimeter
antenna pattern.

For each fixed measurement sample, we introduce the relative energy coefficient εE = εE(H) =

E1 (E2 + EZ + EΞ)
−1 = XT

1 X1

(
XT

2 X2 + ZTZ+ΞTΞ
)−1

, which will be used in the comparative

assessment of the developed method.

Example 1. This example is intended only to demonstrate the algorithmic features of HRM and
assess its potential capabilities. The uncertainty regarding a nonstationary uncorrelated measure-
ment noise is characterized by the matrix K = K(q) = diag

[
2 exp{−q(n − 1)}, n = 1, N

]
, where

q > 0, α 6 q 6 β, α > 0, and β > 0. The spectral analysis problem is solved: find the estimate γ∗1
of the coefficient γ1 (for the information process) and the estimate γ∗2 of the coefficient γ2 (for the
regular interference). For the sake of simplicity, all problem parameters are appropriately scaled to
dimensionless quantities.

To demonstrate HRM and perform its comparative analysis, we took a small sample (N = 5),
with [0, T ] = [0, 5], tn = n ·∆t, n = 1, 5, and ∆t = 1.

In (2.3), let V1 = 1, γ1 = [γ11], ψ1(t) = [ψ11(t)], ψ11(t) ≡ 1, γ11 = γ1, V2 = 1, γ2 = [γ21], ψ2(t) =
[ψ21(t)], ψ21(t) = t2, γ21 = γ2, γ = [γ11, γ21]

T = [γ1, γ2]
T, M1 = 1, Ω{x1(t)} = [ω1{x1(t)}] = [ς11] =

[γ1], M2 = 1, Ω{x2(t)} = [ω1{x2(t)}] = [ς21] = [γ2], Q = 1, q = [q1]
T, q1 = q, q > 0, α1 = α, and

β1 = β.

Let the true values of the parameters for the observation equation (2.3) be γ1 = 10, γ2 = 10−1,
α = 0, β = 9× 10−1, L = 6, q(1) = 0, q(2) = 10−1, q(3) = 3× 10−1, q(4) = 5× 10−1, q(5) = 7× 10−1,
q(6) = 9× 10−1. In other words, the parameter q belongs to the one-dimensional uncertainty re-

gion [0, 5] with six nodes uniformly located nodes. In this example, ΨT
1 = [1; 1; 1; 1; 1] and ΨT

2 =
[1; 4; 9; 16; 25].

First, using (3.8), we found the coefficient vectors P
γ

1(l) necessary for constructing the linear
estimate γ∗1(l) of the coefficient γ1, invariant with respect to the regular interference:

P
γ

1(1) = [0.4941; 0.4059; 0.2588; 0.0529;−0.2118]T ,

P
γ

1(2) = [0.4495; 0.4118; 0.2985; 0.0876;−0.2474]T ,

P
γ

1(3) = [0.3620; 0.4107; 0.3790; 0.1802;−0.3320]T ,

P
γ

1(4) = [0.2803; 0.3923; 0.4547; 0.3066;−0.4339]T ,

P
γ

1(5) = [0.2082; 0.3584; 0.5175; 0.4666;−0.5510]T ,

P
γ

1(6) = [0.1482; 0.3133; 0.5605; 0.6550;−0.6771]T .

We verified the unbiasedness condition P
γ

1(l)X1 = γ1, where X1 = [10; 10; 10; 10; 10]T , and the

invariance condition P
γ

1(l)X2 = 0, where X2 = [0.1; 0.4; 0.9; 1.6; 2.5]T , for all l = 1, 6. The matri-

ces Λ2(l) for Λ2 (3.6) were constructed when finding the vectors. For instance, for l = 1,

Λ2(1) =




0.9990 −0.0041 −0.0092 −0.0163 −0.0255

−0.0041 0.9837 −0.0368 −0.0654 −0.1021

−0.0092 −0.0368 0.9173 −0.1471 −0.2298

−0.0163 −0.0654 −0.1471 0.7385 −0.4086

−0.0255 −0.1021 −0.2298 −0.4086 0.3616




.
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Next, using (3.12), we computed the estimation error variances for the coefficient γ1 :

σ21(1) = 1.0471, σ21(2) = 0.9503, σ21(3) = 0.7625,

σ21(4) = 0.5888, σ21(5) = 0.4364, σ21(6) = 0.3103.

Clearly, for the uncertainty region in the parameter q, the spread of the estimation error variances
changes by a factor of 3.37. Therefore, for HRM, the estimation accuracy of γ1 significantly depends

on the chosen hypothesis of the family
{
Γ(l)

}6
l=1

.

With the vectors Pγ1(l) replaced by the ones P
γ

1(l) neglecting the regular interference X2 (which

is typical for OLS), we obtained the following biases of the estimate γ∗1 :

(
P

γ
1(1)

)T
X2 = 1.1000,

(
P

γ
1(2)

)T
X2 = 1.2207,

(
P

γ
1(3)

)T
X2 = 1.4591,

(
P

γ
1(4)

)T
X2 = 1.6733,

(
P

γ
1(5)

)T
X2 = 1.8540,

(
P

γ
1(6)

)T
X2 = 2.8015.

Thus, with the regular interference being neglected, an error of up to 28% arises when estimating
the coefficient γ1 by OLS.

The estimates γ∗2(l) for γ2 are also needed to implement the optimal algorithm (3.17). The
corresponding weight vectors were computed as

P
γ

2(1) = [−0.0267;−0.0187;−0.0053; 0.0134; 0.0374]T ,

P
γ

2(2) = [−0.0235;−0.0191;−0.0082; 0.0107; 0.0401]T ,

P
γ

2(3) = [−0.0179;−0.0189;−0.0134; 0.0046; 0.0456]T ,

P
γ

2(4) = [−0.0133;−0.0177;−0.0177;−0.0028; 0.0515]T ,

P
γ

2(5) = [−0.0095;−0.0159;−0.0210;−0.0113; 0.0577]T ,

P
γ

2(6) = [−0.0066;−0.0137;−0.0231;−0.0206; 0.0639]T .

When finding these vectors, we constructed the matrices Λ1(l) for Λ1 (3.6). For instance, for
l = 3,

Λ1(3) =




0.8995 −0.1005 −0.1005 −0.1005 −0.1005

−0.1356 0.8644 −0.1356 −0.1356 −0.1356

−0.1831 −0.1831 0.8169 −0.1831 −0.1831

−0.2472 −0.2472 −0.2472 0.7528 −0.2472

−0.3336 −0.3336 −0.3336 −0.3336 −0.6664




.

Next, using (3.12), we computed the estimation error variances for the parameter γ2 × 10−3 :

σ22(1) = 5.3476, σ22(2) = 4.2002, σ22(3) = 2.6396,

σ22(4) = 1.6881, σ22(5) = 1.0861, σ22(6) = 0.6955.

In this case, the spread of the estimation error variances changes by a factor of 7.69.

According to the above data, the implementation of both HRM and well-known methods (OLS,
ELS, and GIUE) with only one pre-fixed (nominal) value q0 ∈ [α, β] can lead to a considerable
spread of the estimates. Therefore, it is possible to significantly improve the estimation quality by
HRM, which chooses an optimal node in the uncertainty region [α, β].
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With no need for matrix inversion in this example, in the case of ELS, the combined vector esti-
mate γ∗ELS = [γ∗ELS1, γ

∗
ELS2]

T was found for all hypotheses Γ(l); this required inverting the matrices

C(l) = ΨTW(l)Ψ, where

ΨT =

[
1 1 1 1 1

1 4 9 16 25

]
.

For the family of all these matrices, we found their condition numbers ν(l) = ν
(
C(l)

)
(in the Eu-

clidean norm): ν(1) = 515.7839, ν(2) = 666.9735, ν(3) = 1101.7277, ν(4) = 1778.5476, ν(5) = 2789.8688,
ν(6) = 4239.6586. Obviously, even for the simplest low-dimensional test example and a small sample,
we are dealing with ill-conditioned matrices and, hence, with an additional computational error to
find the desired estimates. This fact is characteristic of most estimation problems with a power
basis [27–29].

Example 2. Let the matrix K = K(q) = diag
[
[1 + q(n− 1)]−2, n = 1, 5

]
correspond to the

case of uncorrelated nonstationary measurements of a small volume. In this case, W(l) =

diag
[
wnn

(
q(l)
)
, n = 1, 5

]
, where wnn

(
q(l)
)
= [1 + q(n− 1)]2

(
5∑

n=1

[
(1 + q(n− 1))

]2
)−1

, which holds

for the norm ‖W(l)‖ =
n∑

n=1
wnn(l) with wnn(l) > 0. We set [0, T ] = [0, 4], tn = (n − 1)∆t, n = 1, 5,

∆t = 1, α = −0.25, β = 1, L = 6, q(1) = −0.2, q(2) = −0.125, q(3) = 0, q(4) = 0.3, q(5) = 0.7, and
q(6) = 1. For each node in the uncertainty region, Table 1 presents the estimation results of the
coefficient γ1 by HRM for the family of characteristic samples {Hk}

5
k=1 corresponding to different

variants of irregular interference occurrence (for particular values of the energy parameter {εEk}
5
k=1

and a threshold δF0 = 15%).

Table 1

εE1 = 5.44, H1 =
[
9.5; 11.5; 12.3; 14.1; 18.2

]T

γ∗1(1) = 11.92 γ∗1(2) = 10.11 γ∗1(3) = 10.12 γ∗1(4) = 10.11 γ∗1(5) = 10.09 γ∗1(6) = 10.09

F(1) = 3.74 F(2) = 0.37 F(3) = 0.29 F(4) = 0.21 F(5) = 0.16 F(6) = 0.15

δF (1) = 100 δF (2) = 6.13 δF (3) = 3.90 δF (4) = 1.67 δF (5) = 0.28 δF (6) = 0

εE2 = 7.30, H2 =
[
9; 11.5; 10; 17.5; 13

]T

γ∗1(1) = 11.92 γ∗1(2) = 10.11 γ∗1(3) = 10.12 γ∗1(4) = 10.11 γ∗1(5) = 10.09 γ∗1(6) = 10.09

F(1) = 2.37 F(2) = 4.30 F(3) = 7.36 F(4) = 10.33 F(5) = 11.59 F(6) = 13.77

δF (1) = 0 δF (2) = 17 δF (3) = 43.88 δF (4) = 69.82 δF (5) = 80.88 δF (6) = 100

εE3 = 3.28, H3 =
[
17; 16.5; 13; 14; 16

]T

γ∗1(1) = 14.88 γ∗1(2) = 13.91 γ∗1(3) = 12.30 γ∗1(4) = 10.47 γ∗1(5) = 9.87 γ∗1(6) = 9.67

F(1) = 7.77 F(2) = 11.31 F(3) = 12.76 F(4) = 9.09 F(5) = 6.46 F(6) = 5.46

δF (1) = 31.64 δF (2) = 80.19 δF (3) = 100 δF (4) = 49.72 δF (5) = 13.66 δF (6) = 0

εE4 = 2.83, H4 =
[
9; 18.5; 7; 15.5; 18

]T

γ∗1(1) = 11.04 γ∗1(2) = 10.92 γ∗1(3) = 10.60 γ∗1(4) = 10.10 γ∗1(5) = 10.06 γ∗1(6) = 10.04

F(1) = 21.78 F(2) = 21.01 F(3) = 17.84 F(4) = 12.73 F(5) = 9.99 F(6) = 9.08

δF (1) = 100 δF (2) = 93.97 δF (3) = 69.98 δF (4) = 28.74 δF (5) = 7.18 δF (6) = 0

εE5 = 6.89, H5 =
[
17; 11.5; 11; 14.8; 10

]T

γ∗1(1) = 13.02 γ∗1(2) = 11.81 γ∗1(3) = 9.8 γ∗1(4) = 7.52 γ∗1(5) = 6.68 γ∗1(6) = 6.39

F(1) = 13.97 F(2) = 18.95 F(3) = 22.96 F(4) = 20.24 F(5) = 18.18 F(6) = 17.24

δF (1) = 0 δF (2) = 55.39 δF (3) = 100 δF (4) = 71.74 δF (5) = 46.82 δF (6) = 36.37
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Next, Table 2 provides the estimation results of the coefficient by HRM with algorithms (3.17),

(3.18), and (3.20), where ∆1, ∆1, and ∆1 are the absolute estimation errors.

Table 2

H1 H2 H3 H4 H5

γ∗1(1) = 10.09 γ∗1(1) = 9.64 γ∗1(1) = 9.67 γ∗1(1) = 10.04 γ∗1(1) = 13.02

∆1 = 0.09 ∆1 = 0.36 ∆1 = 0.33 ∆1 = 0.04 ∆1 = 3.02

γ∗1(1) = 10.1 γ∗1(1) = 9.64 γ∗1(1) = 9.77 γ∗1(1) = 10.05 γ∗1(1) = 13.02

∆1 = 0.1 ∆1 = 0.36 ∆1 = 0.23 ∆1 = 0.05 ∆1 = 3.02

γ
∗

1(1) = 10.11 γ
∗

1(1) = 9.64 γ
∗

1(1) = 9.77 γ
∗

1(1) = 10.05 γ
∗

1(1) = 13.02

∆1 = 0.11 ∆1 = 0.36 ∆1 = 0.23 ∆1 = 0.05 ∆1 = 3.02

The data in this table clearly show the possibility of reliable information process estimation in
the presence of regular and irregular interferences in the input observation.

Finally, Table 3 presents the estimation results by OLS and ELS with the nominal value q0 =
q(3) = 0 used in the processing algorithms, where δ1 is the relative error expressed as a percentage.

Table 3

εE1 = 5.44, H1 =
[
9.5; 11.5; 12.3; 14.1; 18.2

]T

OLS γ∗1(1) = 13.12 F = 8.63 ∆1 = 3.12 δ1 = 31.2

ELS γ∗1(1) = 10.12 F = 0.29 ∆1 = 0.12 δ1 = 1.2

εE2 = 7.30, H2 =
[
9; 11.5; 10; 17.5; 13

]T

OLS γ∗1(1) = 12.2 F = 8.86 ∆1 = 2.2 δ1 = 22

ELS γ∗1(1) = 9.2 F = 7.36 ∆1 = 0.8 δ1 = 8

εE3 = 3.28, H3 =
[
17; 16.5; 13; 14; 16

]T

OLS γ∗1(1) = 15.31 F = 2.36 ∆1 = 5.3 δ1 = 53

ELS γ∗1(1) = 12.3 F = 12.76 ∆1 = 2.3 δ1 = 18.7

εE4 = 2.83, H4 =
[
9; 18.5; 7; 15.5; 18

]T

OLS γ∗1(1) = 13.6 F = 22.34 ∆1 = 3.6 δ1 = 36

ELS γ∗1(1) = 10.6 F = 17.84 ∆1 = 0.6 δ1 = 6

εE5 = 6.89, H5 =
[
17; 11.5; 11; 14.8; 10

]T

OLS γ∗1(1) = 12.8 F = 6.66 ∆1 = 2.8 δ1 = 28

ELS γ∗1(1) = 9.8 F = 22.96 ∆1 = 0.2 δ1 = 2

We also considered the case of correlated nonstationary measurements of large volume (N = 41)

with the matrixK=K(q) composed of the diagonal elements knn(q) =
[
1+ q∆t(n−1)

]−2
, n= 1, 41,

where ∆t = 0.1, and the off-diagonal elements knm = exp{−|n−m|∆t}, n,m = 1, 41, n 6= m. Using
a random number generator, one thousand input observation samples were generated, with each
sample containing regular and irregular interferences. The parameters q and εE were specified as
random variables with the uniform distribution on the intervals from −0.2 to 1 and from 1.7 to 2.5,
respectively. The number of anomalous outliers in each realization corresponded to ρZ = 30%. The
entire observation interval was divided into three equal-size segments (initial, middle, and final).
In each experiment, the irregular interference was concentrated on one of the segments (with a
uniform distribution law). Based on the simulation results, the coefficient γ1 was estimated with
the following averaged (over all samples) absolute errors: for OLS, ∆1 = 4.78; for ELS and GIUE,
∆1 = 2.11; for HRM, ∆1 = 0.32.
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ELS and GIUE coincide in accuracy since a small-dimensional case is considered. The gain
from GIUE, due to the decomposition of the estimation algorithm, manifests itself only for large-
dimensional problems.

Thus, even for one degree of freedom (the parameter q is scalar) in uncertainty description, it
is possible to significantly improve the estimation accuracy of information processes with regular
and irregular interferences. Obviously, when solving more complex applied problems, one should
choose a multidimensional uncertainty region and an appropriate number of nodes q(l), l = 1, L.

8. CONCLUSIONS

Under essential uncertainty, HRM allows studying in detail any component of the observation
equation using VLF while ensuring the invariance condition of the estimation result with respect to
a regular interference and minimizing (within the adopted criterion) the impact of an irregular in-
terference on the estimation results. It is possible to organize several parallel computation channels
for VLF in the entire uncertainty region of the correlation function parameters of the semi-defined
measurement noise. Within a single channel, all advantages of linear estimation are preserved
without expanding the vector of estimated parameters. Analytical formulas have been derived to
assess the potential capabilities of HRM and the conditions for its most effective application.

HRM can be modified for other known problems, e.g., estimation from a growing-volume sample,
signal detection/recognition/resolution, and the linear or nonlinear filtering of signal parameters.
This method is well suited for multichannel information-measuring systems designed to operate in
real time. All computational procedures in each channel reduce to simple mathematical operations
on vectors and matrices; and HRM can be combined with conventional approaches to applications-
relevant problems of optimal and quasi-optimal measurement processing.
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Abstract—This paper considers the problem of estimating (identifying) the magnitude of un-
known inputs in engineering systems described by nonlinear dynamic models with measurement
noises, which is necessary to compensate for the effect of such inputs. The solution of the prob-
lem is based on minimal-order interval observers, and their explicit relations are obtained.
Such an observer and a differentiator are used to derive relations for an interval estimate of the
magnitude of unknown inputs. The theoretical results are illustrated by a practical example
of estimating the magnitude of unknown inputs on an electric drive of a manipulator robot.
The simulations in MATLAB demonstrate the correctness of the theoretical results. The above
relations can be used to design fault-tolerant systems.

Keywords : nonlinear systems, unknown inputs, identification, observers, interval methods
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1. INTRODUCTION

During operation, engineering systems can be subjected to various unknown inputs. Different
methods are used to compensate for them, and most of the methods employ information about the
magnitudes of such inputs. Direct measurement of input magnitudes often encounters significant
difficulties. In these cases, the problem can be solved based on known mathematical models of the
systems and standard sensors, which provide the required information after appropriate processing.

There are various ways to process this information; approaches based on sliding mode observers
are very popular, and the corresponding design methods were considered in [1–4] for different classes
of systems. As a rule, certain constraints are imposed on the original system to construct sliding
mode observers. In particular, it is required that the system be minimum phase or detectable, and
a matching condition must hold. Furthermore, such observers are sensitive to perturbations.

An interesting method was proposed in [4]: the so-called interval observers are used to generate
interval estimates of the desired functions. The design problem of such observers has been actively
researched over the past 20 years; solutions for various classes of systems and examples of practical
applications can be found in [5–9]. Note that in [4], the solution of the estimation problem was
obtained by imposing the minimum-phase condition on the original linear system. Moreover, the
author of [4] neglected measurement noises, which are always present in real systems.
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In this paper, we pose and solve the following problem: using interval observers, it is required
to estimate the magnitudes of unknown inputs in nonlinear continuous-time dynamic systems with
measurement noises and without the minimum-phase condition. A similar problem was addressed
in [9] for discrete-time nonlinear systems; the solution for continuous-time systems is significantly
different. By analogy with [9], the solution provided below involves a reduced-order model of the
original system. This approach simplifies the interval observer design, reduces the interval width,
and allows one to account for measurement noises. In this case, the minimum-phase requirement
is not used, and the transformations are limited to reducing the model to canonical form.

The objective of this work is to construct interval estimators for the magnitudes of unknown
inputs in engineering systems described by nonlinear dynamic models with measurement noises.

Consider systems described by a nonlinear model of the form

ẋ(t) = Fx(t) +Gu(t) + CΨ(x(t), u(t)) + Lρ(t),

y(t) = Hx(t) + w(t)
(1.1)

with the following notation: x(t)∈Rn, u(t)∈Rm, and y(t)∈Rl are the state, control, and output
vectors, respectively; F, G, C, H, and L are constant matrices of dimensions n× n, n×m, n× q,
l × n, and n× 1, respectively; w(t)∈Rl is measurement noises, ρ(t)∈R is an unknown time-
varying function describing system inputs. By assumption, w(t) and ρ(t) are bounded functions:
w 6 w(t) 6 w and ρ 6 ρ(t) 6 ρ for all t > 0, where w, w, ρ, and ρ are known. For vectors, the
inequality sign 6 is understood elementwise. Also, the initial state x(0) is assumed to satisfy
x(0) 6 x(0) 6 x(0) for some x(0) and x(0). The nonlinear term Ψ(x, u) has the form

Ψ(x, u) =



ϕ1(A1x, u)

. . .
ϕq(Aqx, u)


 ,

where A1, . . . , Aq are known constant row matrices, and ϕ1, . . . , ϕq are arbitrary nonlinear functions.

It is required to construct an interval observer for estimating the function ρ(t). The bounds ρ
and ρ are treated as preliminary and will be refined during the problem solution. Similar to [3, 9],
this problem is solved based on an input-insensitive reduced-order model of the original system.
Such a model has a smaller dimension than the original system, which decreases computational
complexity. By analogy with [4], we assume the matching condition rank (HL) = rank (L) : roughly
speaking, the function ρ(t) enters the equations for the state vector components that are measured
by the system’s sensors.

First, the linear case is considered: C = 0.

2. BUILDING THE REDUCED-ORDER MODEL

2.1. General Relations

The reduced-order model mentioned above has the form

(2.1)
ẋ∗(t) = F∗x∗(t) +G∗u(t) + J∗Hx(t) + L∗ρ(t),

y∗(t) = H∗x∗(t),

where x∗(t)∈R
k is the state vector; y∗(t)∈R is the output; and F∗, G∗, J∗, and L∗ are matri-

ces of compatible dimensions to be determined. The term J∗Hx(t) is introduced instead of the
expected J∗y(t) to account for measurement noises; it will appear as J∗y(t) in the interval observer.
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To design an interval observer, the matrix F∗ is required to be stable and Metzler, i.e., have
nonnegative off-diagonal elements. Therefore, F∗ is specified in the diagonal Jordan form

F∗ =




λ1 0 0 . . . 0
0 λ2 0 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . λk


 ,

which possesses these properties if the eigenvalues λ1, . . . , λk are chosen negative.

As is known [10], an observable system (2.1) can always be written with

F∗ =




0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . 0
0 0 0 . . . 0




(the identification canonical form). Otherwise, it can be reduced to another system with an ob-
servable subsystem [10], and the latter’s matrix can be written in the identification canonical form.
One can always pass to the Jordan form from the identification form by introducing feedback with
an appropriate gain matrix [11].

To build the reduced-order model, we assume the existence of a matrix Φ such that x∗(t) = Φx(t)
for all t > 0. According to [9], this matrix and those describing the model satisfy the equations

ΦF = F∗Φ+ J∗H, ΦG = G∗, ΦL = L∗.

For the adopted form of F∗, the first equation above splits into k independent equations:

(2.2) ΦiF = λiΦi + J∗iH, i = 1, . . . , k.

Each of them can be written as

(2.3) (Φi − J∗i)

(
F − λiIn

H

)
= 0, i = 1, . . . , k,

where In denotes an identity matrix of dimensions n× n. To build the reduced-order model, an
appropriate value λi < 0 is chosen so that the matrix Φi determined from (2.3) satisfies the two
requirements

(2.4) ΦiL = L∗ 6= 0, RiH = Φi

for some matrix Ri, with H∗ = 1. To account for the second requirement, let us replace Φi in (2.2)
with RiH,

RiHF = λRiH + J∗iH,

and rewrite the resulting equation as

(Ri − J∗i)

(
HF − λiH

H

)
= 0, i = 1, . . . , k.

By analogy with the solution of (2.3), a value λi < 0 is chosen so that the matrix Ri determined
from the above equation satisfies the condition L∗ = RiHL 6= 0. If this condition holds, G∗ = RiHG
is determined, and the linear model is successfully built. Otherwise, the problem has no solution
by the current method.
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2.2. Use of Virtual Sensors

The mutual independence of equations (2.2) restricts the solvability of the problem. Indeed,
consider an example of an electric drive described by the equations

(2.5)

ẋ1(t) = k1x2(t),

ẋ2(t) = k2x2(t) + k3x3(t) + k7 sgn(x2(t)),

ẋ3(t) = k4x2(t) + k5x3(t) + k6u(t) + ρ(t).

Here, the coefficients k1–k7 represent the parameters of the electric drive; and the unknown in-
put ρ(t) is due to changes in the armature winding resistance during overheating. The model under
consideration is described by the matrices

F =




0 k1 0
0 k2 k3
0 k4 k5


 , G =




0
0
k6


 , C =




0
k7
0


 , L =




0
0
1


 .

By assumption, y(t) = x3(t)+w(t), i.e., H = ( 0 0 1 ). It is required to estimate the function ρ(t).

Equation (2.3) takes the form

(Φ − J∗)




−λ k1 0
0 k2 − λ k3
0 k4 k5 − λ
0 0 1


 = 0.

Since k2 < 0, it has a unique solution λ = k2 with the matrix Φ1 = (0 1 0), which violates con-
ditions (2.4). One recipe is to use a so-called virtual sensor, i.e., an observer estimating the
unmeasured component of the state vector of the original system. In the case under study, the
reduced-order model for constructing such a sensor is a special case of the general model (2.1)
described by the equation

ẋ∗1(t) = k2x∗1(t) + k3Hx(t) + k7 sgn(x∗1(t)),

where x∗1(t) = Φ1x(t). Note that since the measurement y(t) is noisy, the readings of this sensor will
include noises as well; this aspect will be considered below by interval methods. Taking the state
x∗1(t) as the readings of such a sensor yv(t) = Hvx(t) withHv = (0 1 0), we extend equation (2.2):

ΦiF = λiΦi + J∗iH + J∗vHv, i = 1, . . . , k;

in the case under consideration, it takes the form

(Φ − J∗ − J∗v)




−λ k1 0
0 k2 − λ k3
0 k4 k5 − λ
0 0 1
0 1 0




= 0.

Now it has another solution λ = k5 < 0 with the matrices Φ2 = (0 0 1) and (J∗ J∗v) = (0 1);
the first satisfies conditions (2.3) with R = 1 and L∗ = 1. The model with the virtual sensor is
described by the equations

(2.6)

ẋ∗1(t) = k2x∗1(t) + k3Hx(t) + k7 sgn(x∗1(t)),

ẋ∗2(t) = k5x∗2(t) + k4x∗1(t) + k6u(t) + ρ(t),

y∗(t) = x∗2(t) = y(t).

In general, there can be several virtual sensors.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 8 2026



692 ZHIRABOK et al.

2.3. Obtaining the Interval Estimate

We begin with the case where a virtual sensor is not required. Then, for the chosen value λ,
model (2.1) becomes one-dimensional:

(2.7)
ẋ∗(t) = λx∗(t) +G∗u(t) + J∗Hx(t) + L∗ρ(t),

y∗(t) = x∗(t).

Obviously, if the measurement noises are absent or can be neglected, then, taking the equalities
y∗(t) = x∗(t) = Ry(t) and J∗Hx(t) = J∗y(t) into account, the input ρ(t) can be estimated as

(2.8) ρ̂(t) = L−1
∗ (ẏ∗(t)− (λy∗(t) +G∗u(t) + J∗y(t))).

To compute the derivative ẏ∗(t), we apply the differentiator proposed in [12]:

ż1(t) = z0(t),

z0(t) = z2(t)− α1|z1(t)− y∗(t)|
1/2 sgn(z1(t)− y∗(t)),

ż2(t) = −α2 sgn(z1(t)− y∗(t)),

where α1 and α2 are positive constants chosen according to the recommendations in [12]. As shown
therein, z2(t) provides an exact estimate of ẏ∗(t) in finite time under no unknown inputs in y∗(t).
If the function y∗(t) is subjected to noises of intensity wy(t), then |ẏ∗(t)− z2(t)| 6 |wy(t)|

1/2.

If the function ρ(t) represents a vector, the described approach should be applied to each of its
components. By analogy with [4], the estimate ρ̂(t) can be used to estimate the full state vector x(t)
of the original system based on the equation

˙̂x(t) = Fx̂(t) +Gu(t) + Lρ̂(t) +K(y(t)−Hx̂(t)),

where the gain K is chosen to ensure the stability of the matrix F −KH.

Note that for linear systems, a similar problem was considered in [4]; in contrast to the simple
relations (2.7) and (2.8), it was solved using complex analytical transformations of the original
system and interval observers, which are unnecessary here.

If the original system is nonlinear, then an additional term Ψ∗∗(y∗, y, u) is incorporated into (2.7)
(see the details below), and the estimate (2.8) takes the form

(2.9) ρ̂(t) = L−1
∗ (ẏ∗(t)− (λy∗(t) +G∗u(t) + J∗y(t) + Ψ∗∗(y∗, y, u))).

With a virtual sensor described by the equation

(2.10)
ẋv(t) = λvxv(t) +Gvu(t) + Jvy(t),

yv(t) = xv(t)

(by assumption, without ρ(t)), the expression (2.8) gets complicated:

(2.11) ρ̂(t) = L−1
∗ (ẏ∗(t)− (λy∗(t) +G∗u(t) + J∗y(t) + J∗vyv(t))).

The presence of measurement noise makes the estimates (2.8) and (2.9) approximate. In this
case, the use of an interval observer allows finding guaranteed limits (bounds) of the estimate,
by analogy with confidence intervals in mathematical statistics. By assumption, the lower ρ and
upper ρ bounds of the function ρ(t) introduced previously are a first approximation, which will be
refined later.
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3. INTERVAL OBSERVER AND ITS USE

We begin with the case where a virtual sensor is not required. By analogy with [5, 9], the interval
observer based on model (2.1) takes the form

(3.1)
ẏ
∗
(t) = λy

∗
(t) +G∗u(t) + J∗y(t) + J−

∗ w − J
+
∗ w + L+

∗ ρ− L
−
∗ ρ,

ẏ∗(t) = λy∗(t) +G∗u(t) + J∗y(t) + J−
∗ w − J

+
∗ w + L+

∗ ρ− L
−
∗ ρ,

where Q+ = max{0, Q} and Q− = Q+ −Q for an arbitrary matrix Q; obviously, Q+ and Q− are
nonnegative.

Similar to [5, 9], it can be shown that the condition x(0)> x(0)> x(0) implies y∗(t)> y∗(t)> y
∗
(t)

for all t > 0. By analogy with [4], in this case, there exists a variable 0 6 β(t) 6 1 such that

(3.2) y∗(t) = y
∗
(t) + β(t)(y∗(t)− y∗(t)) = y∗(t) + (β(t)− 1)(y∗(t)− y∗(t))

for all t > 0. Replacing y∗(t) with Ry(t) yields

(3.3) β(t) =
Ry(t)− y

∗
(t)

y∗(t)− y∗(t)
,

where all variables can be determined. By assumption, the function β(t) is differentiable.

Theorem 1. The refined upper ρ(t) and lower ρ(t) bounds for ρ(t) are given by

(3.4) ρ(t) = L−1
∗ (β̇(t)(y∗(t)− y∗(t)) + L+

∗ ρ− L
−
∗ ρ+ β(t)(|L∗|(ρ− ρ) + |J∗|(w −w)))

and

(3.5) ρ(t) = L−1
∗ (β̇(t)(y∗(t)− y∗(t)) + L+

∗ ρ− L
−
∗ ρ+ (β(t) − 1)(|L∗|(ρ− ρ) + |J∗|(w − w))),

respectively.

Proof. We compute ẏ∗(t) based on the first part of equality (3.2) and equation (3.1):

ẏ∗(t) = ẏ
∗
(t) + β̇(t)(y∗(t)− y∗(t)) + β(t)

d

dt
(y∗(t)− y∗(t))

= λy
∗
(t) +G∗u(t) + J∗y(t) + J−

∗ w − J
+
∗ w + L+

∗ ρ− L
−
∗ ρ

+ β̇(t)(y∗(t)− y∗(t)) + λβ(t)(y∗(t)− y∗(t))

+ β(t)(|L∗|(ρ− ρ) + |J∗|(w − w)),

where the matrix |Q| = Q++Q− is composed of the absolute values of the elements of the matrix Q.
Let the variable ẏ∗(t) in this expression be replaced by the right-hand side of equality (2.7):

λy∗(t) +G∗u(t) + J∗Hx(t) + L∗ρ(t)

= λy
∗
(t) +G∗u(t) + J∗y(t) + J−

∗ w − J
+
∗ w + L+

∗ ρ− L
−
∗ ρ

+ β̇(t)(y∗(t)− y∗(t)) + λβ(t)(y∗(t)− y∗(t))

+ β(t)(|L∗|(ρ− ρ) + |J∗|(w − w)).

After straightforward transformations, we have

L∗ρ(t) = λ(y
∗
(t)− y∗(t)) + J∗w(t) + J−

∗ w − J
+
∗ w + L+

∗ ρ− L
−
∗ ρ

+ β̇(t)(y∗(t)− y∗(t)) + λβ(t)(y∗(t)− y∗(t))

+ β(t)(|L∗|(ρ− ρ) + |J∗|(w − w))

= β̇(t)(y∗(t)− y∗(t)) + β(t)(|L∗|(ρ− ρ) + |J∗|(w − w))

+ J∗w(t) + J−
∗ w − J

+
∗ w + L+

∗ ρ− L
−
∗ ρ.
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Since
J∗w(t) + J−

∗ w − J
+
∗ w = J+

∗ w(t) − J
−
∗ w(t) + J−

∗ w − J
+
∗ w

= J+
∗ (w(t) − w) + J−

∗ (w − w(t)) 6 0,

the bound (3.4) is obtained by removing the term J∗w(t) + J−
∗ w − J

+
∗ w from the last expression.

Similar operations with the second part of equality (3.2) give

ẏ∗(t) = ẏ∗(t) + β̇(t)(y∗(t)− y∗(t)) + (β(t)− 1) d
dt (y∗(t)− y∗(t))

= λy∗(t) +G∗u(t) + J∗y(t) + J−
∗ w − J

+
∗ w + L+

∗ ρ− L
−
∗ ρ

+ β̇(t)(y∗(t)− y∗(t)) + λβ(t)(y∗(t)− y∗(t))

− λ(y∗(t)− y∗(t)) + (β(t)− 1)(|L∗|(ρ− ρ) + |J∗|(w − w));

the replacement of ẏ∗(t) and analogous transformations lead to

L∗ρ(t) = β̇(t)(y∗(t)− y∗(t)) + (β(t)− 1)(|L∗|(ρ− ρ) + |J∗|(w − w))

+ J∗w(t) + J−
∗ w − J

+
∗ w + L+

∗ ρ− L
−
∗ ρ.

Since J∗w(t) + J−
∗ w − J

+
∗ w > 0, we remove this term to obtain the bound (3.5). Clearly,

ρ(t) 6 ρ(t) 6 ρ(t),

and the proof of Theorem 1 is complete.

To compute the derivative β̇(t), the above differentiator can be used:

(3.6)

ż1(t) = z0(t),

z0(t) = z2(t)− γ1|z1(t)− β(t)|
1/2 sgn(z1(t)− β(t)),

ż2(t) = −γ2 sgn(z1(t)− β(t)),

where γ1 and γ2 are positive constants; the variable z2(t) provides the exact estimate of the func-
tion β̇(t) in finite time under no unknown inputs in β(t).

If a virtual sensor (2.10) is required, it must be implemented in interval form as well:

ẋv(t) = λvxv(t) +Gvu(t) + Jvy(t) + J−
v w − J

+
v w,

ẋv(t) = λvxv(t) +Gvu(t) + Jvy(t) + J−
v w − J

+
v w,

y
v
(t) = xv(t),

yv(t) = xv(t).

The interval observer (3.1) is supplemented with the corresponding elements:

ẏ
∗
(t) = λy

∗
(t) +G∗u(t) + J∗y(t) + J−

∗ w − J
+
∗ w + L+

∗ ρ− L
−
∗ ρ+ J+

∗vyv(t)− J
−
∗vyv(t),

ẏ∗(t) = λy∗(t) +G∗u(t) + J∗y(t) + J−
∗ w − J

+
∗ w + L+

∗ ρ− L
−
∗ ρ+ J+

∗vyv(t)− J
−
∗vyv(t),

and the upper bound ρ(t) is refined to

ρ(t) = L−1
∗ (β̇(t)(y∗(t)− y∗(t)) + L+

∗ ρ− L
−
∗ ρ

+ β(t)(|L∗|(ρ− ρ) + |J∗|(w − w) + |J∗v |(yv(t)− yv(t)))).

The lower bound is refined by analogy.
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4. NONLINEAR SYSTEMS

In the nonlinear case, the reduced-order model is built using the linear model obtained previ-
ously: for the matrix Φ, it is necessary to verify the possibility of transforming the argument of
the nonlinear term Ψ(x, u) based on the following operations [3]. For simplicity, we restrict the
considerations to the case of no virtual sensor; if such a sensor is needed and contains a nonlinear
component, the model can be built by analogy.

The matrix C∗ = ΦC is computed, and the serial numbers ji, . . . , js of its nonzero columns are
determined. Next, it is necessary to check the condition

(4.1) rank

(
Φ
H

)
= rank




Φ
H
Aj


 , j = ji, . . . , js.

If this condition holds, then the nonlinear component is sought in the form

Ψ∗(y∗,Hx, u) =



ϕj1(A∗j1ξ, u)

. . .
ϕjs(A∗jsξ, u)


 ,

where ξ =

(
y∗
Hx

)
, the matrices A∗j1 , . . . , A∗js are determined from the linear equations

Aj = A∗j

(
Φ
H

)
, j = ji, . . . , js,

and the component C∗Ψ∗(y∗,Hx, u) is added to the linear model (2.1). If condition (4.1) fails, it
is necessary to find another solution of equation (2.3) and repeat the above procedure with a new
matrix Φ of the same or increased dimension k. If (4.1) does not hold for all k, a virtual sensor
should be added to satisfy condition (4.1).

The nonlinear model is described by the equation

ẋ∗(t) = x∗(t) + J∗Hx(t) +G∗u(t) + C∗Ψ∗(y∗(t),Hx(t), u(t)) + L∗ρ(t),

y∗(t) = x∗(t).

If measurement noises are absent or negligible, then the estimate is given by the expression (2.9).
Otherwise, an interval observer is designed under the following assumption for Ψ∗∗(y∗,Hx, u) =
C∗Ψ∗(y∗,Hx, u).

Assumption. If w 6 w(t) 6 w for w, w∈Rl, then

(4.2) Ψ∗∗(y∗, y, y, u) 6 Ψ∗∗(y∗,Hx, u) 6 Ψ∗∗(y∗, y, y, u)

for some functions Ψ∗∗(y∗, y, y, u) and Ψ∗∗(y∗, y, y, u) and all u, where y = y − w and y = y − w.
The assumption itself is valid for arbitrary functions, but according to [13, 14], the procedure for
computing the bounds Ψ∗∗(y∗, y, y, u) and Ψ∗∗(y∗, y, y, u) is known only for a continuous function
Ψ∗∗(y∗,Hx, u); it involves methods of interval arithmetic. In special cases, however, condition (4.2)
can be established heuristically; see an illustrative example below.

The interval observer takes the form

ẏ
∗
(t) = λy

∗
(t) +G∗iu(t) + J∗y(t) + J−

∗ w − J
+
∗ w

+ L+
∗ ρ− L

−
∗ ρ+Ψ∗∗(y∗(t), y(t), y(t), u(t)),

ẏ∗(t) = λy∗(t) +G∗iu(t) + J∗y(t) + J−
∗ w − J

+
∗ w

+ L+
∗ ρ− L

−
∗iρ+Ψ∗∗(y∗(t), y(t), y(t), u(t)).
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Theorem 2. The refined upper ρ(t) and lower ρ(t) bounds without using a virtual sensor are

given by

(4.3)

ρ(t) = L−1
∗

(
β̇(t)(y∗(t)− y∗(t)) + L+

∗ ρ− L
−
∗ ρ

+β(t)
(
|L∗|(ρ− ρ) + |J∗|(w − w) + Ψ∗∗(y∗(t), y(t), y(t), u(t))

−Ψ∗∗(y∗(t), y(t), y(t), u(t))
))
,

ρ(t) = L−1
∗

(
β̇(t)(y∗(t)− y∗(t)) + L+

∗ ρ− L
−
∗ ρ+ (β(t)− 1)

(
|L∗|(ρ− ρ)

+ |J∗|(w − w) + Ψ∗∗(y∗(t), y(t), y(t), u(t))

−Ψ∗∗(y∗(t), y(t), y(t), u(t))
))
.

Proof. In view of the nonlinear term, the estimate (3.4) takes the form

ρ(t)= L−1
∗ (β̇(t)(y∗(t)− y∗(t)) + L+

∗ ρ− L
−
∗ ρ+ β(t)(|L∗|(ρ− ρ) + |J∗|(w − w)

+Ψ∗∗(y∗(t), y(t), y(t), u(t)) −Ψ∗∗(y∗(t), y(t), y(t), u(t))))

+Ψ∗∗(y∗(t), y(t), y(t), u(t)) −Ψ∗∗(y∗,Hx, u).

Due to (4.2), the difference Ψ∗∗(y∗(t), y(t), y(t), u(t)) −Ψ∗∗(y∗,Hx, u) is negative; then, by remov-
ing it from the last expression, we obtain the first of formulas (4.3). Similarly, the estimate (3.5)
takes the form

ρ(t) = L−1
∗ (β̇(t)(y∗(t)− y∗(t)) + L+

∗ ρ− L
−
∗ ρ+ (β(t)− 1)(|L∗|(ρ− ρ) + |J∗|(w −w)

+Ψ∗∗(y∗(t), y(t), y(t), u(t)) −Ψ∗∗(y∗(t), y(t), y(t), u(t))))

+Ψ∗∗(y∗(t), y(t), y(t), u(t)) −Ψ∗∗(y∗,Hx, u).

According to (4.2), Ψ∗∗(y∗(t), y(t), y(t), u(t)) −Ψ∗∗(y∗,Hx, u) > 0, and, by removing this difference,
we obtain the second formula in (4.3). The proof of Theorem 2 is complete.

The nonlinearity entering the virtual sensor can be considered by analogy, i.e., using a corre-
sponding assumption of the form (4.2).

5. EXAMPLE

We continue the analysis of system (2.5), for which model (2.6) has been constructed in the form

(5.1)
ẋ∗1(t) = k2x∗1(t) + k3Hx(t) + k7 sgn(x∗1(t)),
ẋ∗2(t) = k5x∗2(t) + k4x∗1(t) + k6u(t) + ρ(t),
y∗(t) = x∗2(t) = y(t).

Since k4 < 0, k3 > 0, and k7 < 0, we have k+3 = k3, k
−
3 = 0, k+4 = 0, k−4 = |k4|, k

+
7 = 0, k−7 = |k7|,

and L∗ = 1.

In the absence of measurement noises, the exact estimate of the input ρ(t) is given by the
expression (2.11):

ρ̂(t) = ẏ(t)− (k5y(t) + k6u(t) + k4x∗1(t)),

and the virtual sensor is given by the first equation in (5.1) with Hx(t) = y(t). In the presence of
noises, it is necessary to construct the interval observer (3.1); together with the virtual sensor, it
takes the form

(5.2)

ẋ∗1(t) = k2x∗1(t) + k3y(t)− k3w − |k7| sgn(x∗1(t)),

ẋ∗1(t) = k2x∗1(t) + k3y(t)− k3w − |k7| sgn(x∗1(t)),

ẏ
∗
(t) = k5y∗(t) + k6u(t)− |k4|x∗1(t) + ρ,

ẏ∗(t) = k5y∗(t) + k6u(t)− |k4|x∗1(t) + ρ.
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Fig. 1. The unknown input and its lower and upper bounds as functions of time.

Let us introduce the error e1(t)=x∗1(t)−x∗1(t).Obviously, x(0)6x(0)6x(0) and x∗1(t)=Φx(t)
imply x∗1(0) 6 x∗1(0) 6 x∗1(0) and e1(0) > 0. Further, if x∗1(t) 6 x∗1(t) 6 x∗1(t), then
sgn(x∗1(t)) 6 sgn(x∗1(t)) 6 sgn(x∗1(t)), and since k7 < 0, we have

−|k7| sgn(x∗1(t)) > k7 sgn(x∗1(t)) > −|k7| sgn(x∗1(t)).

In other words, k7 sgn(x∗1(t)) satisfies an assumption of the form (4.2) with the functions

Ψ∗∗(x∗1, x∗1) = −|k7| sgn(x∗1), Ψ∗∗(x∗1, x∗1) = −|k7| sgn(x∗1).

The error e1(t) satisfies the equation

ė1(t) = k2e1(t)− k3w(t) + k3w + k7 sgn(x∗1(t)) + |k7| sgn(x∗1(t)).

In view of k2 < 0, e1(0) > 0, and −k3w(t) + k3w + k7 sgn(x∗1(t)) + k7 sgn(x∗1(t)) > 0, according
to [13], by induction we obtain e1(t) > 0, i.e., x∗1(t) > x∗1(t) for all t > 0. Similar operations can
be used to prove the inequality x∗1(t) > x∗1(t) for all t > 0.

By analogy, based on the above relations and the third and fourth equations in (5.2), it can
be shown that y∗(t) > y∗(t) > y

∗
(t) for all t > 0; and the function β(t) can be determined in the

form (3.3).

The refined lower ρ and upper ρ bounds for ρ(t) take the form

ρ = β̇(t)(y∗(t)− y∗(t)) + ρ+ β(t)(ρ − ρ+ |k3|(w − w)

+ |k4|(x∗1(t)− x∗1(t))− |k7|( sgn(x∗1)− sgn(x∗1))),

ρ = β̇(t)(y∗(t)− y∗(t)) + ρ+ (β(t) − 1)(ρ − ρ+ |k3|(w − w)

+ |k4|(x∗1(t)− x∗1(t))− |k7|( sgn(x∗1)− sgn(x∗1))).

The derivative β̇(t) is computed by formula (3.6) with Ry = y.

The following model parameters were used for simulation: k1 = 0.01, k2 = −10, k3 = 100,
k4 = −25, k5 = −100, k6 = 1000, and k7 = −0.02; the measurement noise was represented by a ran-
dom variable with the uniform distribution on the interval [−0.3, 0.3], i.e., w = −0.3 and w = 0.3;
the unknown input was specified as ρ(t) = 100 sin(πt/5) for 10 6 t 6 20, and ρ(t) = 0 otherwise,
hence ρ = −100 and ρ = 100. The simulation results with u(t) = 2 sin(t/5) + 2 are shown in the fig-
ure. Due to the presence of measurement noises, as well as the large value of the coefficient k3, the
refined bounds ρ and ρ are strongly noisy; and their average values are explained by the accepted

preliminary values of the bounds ρ and ρ.
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6. CONCLUSIONS

In this paper, we have estimated (identified) the magnitudes of unknown inputs in systems
described by nonlinear models with measurement noises. In contrast to known solution methods
using sliding mode observers, the approach developed above expands the class of systems for which
the identification procedure can be performed. The reason is that the design method for sliding
mode observers restricts the systems for which unknown inputs need to be identified. Note also that
unknown inputs can be interpreted as faults in system dynamics; therefore, the proposed methods
are applicable to design fault-tolerant systems by compensating for the estimated fault effect by a
control system.
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Abstract—This paper considers a Lagrangian system subjected to positional forces. By as-
sumption, the frequencies of small oscillations for an equilibrium are incommensurable. The
existence of multifrequency symmetric oscillations in the neighborhood of the equilibrium and
their extension to global families of such oscillations is established; the families fill the entire
domain of the phase space adjacent to the equilibrium. A nonlocal continuation of the above
families in the system parameter is proved. In the conservative case, an autonomous control
is found, and a symmetric multifrequency oscillation is stabilized in the large. In this case,
feedback on potential energy is constructed.
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1. INTRODUCTION

Multifrequency oscillations are an important research area in nonlinear dynamics; see [1–4],
other books, and numerous papers. Oscillations are studied using universal asymptotic methods
and perturbation theory. The latter includes L.S. Pontryagin’s theorem [5] on oscillation control
by constructing a limit cycle. An example of a qualitatively reorganized phase portrait under a
small perturbation can be found in the relaxation regimes (without a driving force) of a regenerative
receiver, as investigated by B. Van der Pol [6]. In 1929, A.A. Andronov discovered that the physical
embodiment of Poincaré curves is the stable self-oscillations, constructed by him and independently
by Van der Pol. In 1881, A. Poincaré introduced the concept of a limit cycle for a system in
the plane [7, Chap. VI]. The theory of self-oscillations was further developed within Andronov’s
school [8].

A qualitative reorganization is observed in the general case of a corrected conservative system [9].
In the constructed autonomous control system, the feedback is implemented by tracking potential
energy at the current trajectory point.

In this paper, the idea from [9] is utilized to stabilize symmetric multifrequency oscillations. To
stabilize an oscillation with a given energy level h∗, an adaptive scheme [10] was applied in [9];
according to this scheme, the gain K(h∗) is chosen depending on the value of h∗. The computation
of K(h∗) in [9] is based on the known global family Σ1 of single-frequency symmetric oscillations,
constructed for all admissible energy levels h. The family Σ1 is obtained by a global extension of
the symmetric local Lyapunov family, whose existence is given by an analog [11, 12] of Lyapunov’s
center theorem [13] for reversible mechanical systems. For a symmetric multifrequency oscillation,
the global family Σ is constructed below.
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In this paper, we introduce the concept of a symmetric multifrequency oscillation of a Lagrangian
system with n degrees of freedom, subjected to positional forces; prove a theorem on the birth of
k-frequency oscillations (1 6 k 6 n); provide their continuation in the phase space to the global
family Σk (1 6 k 6 n) of such oscillations; prove a nonlocal extension of Σk in the system parameter;
and address other related issues. As a result, a global theory is developed to solve the stabilization
problem in the large.

According to Lyapunov [13], the stability problem for a chosen solution can always be reduced to
the study of the zero (trivial) solution. However, for a solution of an autonomous system, including
a multifrequency oscillation, this leads to a special case in stability theory. For a periodic solution
of an autonomous system, the Andronov–Vitt stability theorem [14] is applied.

In an autonomous system, a solution constitutes a family parameterized by β, i.e., the shift of
the initial point along the trajectory. Therefore, two stabilization problems are distinguished here:
stabilization of the entire family of solutions and stabilization of a chosen solution from this family.
Usually, the second problem is solved using controls with an explicit dependence on time. Such
formulations of control problems for single-frequency oscillations were given in [15–21].

When stabilizing the entire family of solutions, it is necessary that the controlled system trajec-
tories be attracted to the family; this requires preserving the autonomy of the original system and
using autonomous control. Here, known concepts are utilized: stability with respect to part of the
variables [22], characterizing the deviation of trajectories of a family from other trajectories, orbital
stability and orbital asymptotic stability, and attraction [23]. In the Andronov–Vitt theorem [14],
attraction is ensured by the roots of the characteristic equation lying in the left half-plane.

Due to the action of control, the closed-loop system no longer admits the original solution.
Therefore, in the controlled system, a solution close to the original one is stabilized. The closed-
loop system is made close to the original system by using a control law with a small gain. This
approach is characteristic of perturbation theory; it was pioneered by Pontryagin [5]. Attraction to
the family (solution) is provided by dissipation, i.e., a velocity-linear force acting at each trajectory
point. Simultaneously, the control law ensures the isolation of the stabilized oscillation. A textbook
example of such stabilization is the Van der Pol equation [6]. Further studies on the application
of Van der Pol-type dissipation were reviewed in [9]; also, see the bibliography in the paper. Only
single-frequency oscillations were considered.

2. SYMMETRIC MULTIFREQUENCY OSCILLATIONS OF A LAGRANGIAN SYSTEM
SUBJECTED TO POSITIONAL FORCES

Consider a smooth system governed by Lagrange’s equations of the second kind and subjected
to positional forces Qs :

d

dt

∂T

∂q̇s
−
∂T

∂qs
= Qs(q1, . . . , qn), s = 1, . . . , n. (1)

The force Q = (Q1, . . . , Qn) is generally the sum of a potential force and a nonconservative posi-
tional force. The kinetic energy T is represented as a positive definite quadratic form of velocities;
equations (1) describe the dynamics in an inertial frame. System (1) is invariant with respect to the
transformation (q, q̇, t)→ (q,−q̇,−t) and belongs to the class of reversible mechanical systems. The
phase space of system (1) is symmetric with respect to the fixed set M = {q, q̇ : q̇ = 0}. An equi-
librium of system (1) lies on M. Symmetric motions intersect the set M : at the intersection point,
the velocity satisfies q̇ = 0. Nonsymmetric motions are realized in pairs; they are symmetric to each
other with respect toM, and the directions of motion in a pair are mutually opposite. A symmetric
motion intersecting the set M twice constitutes a single-frequency symmetric oscillation.
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Let q = (q1, . . . , qn) = 0 for the equilibrium. In system (1), the roots of the characteristic equa-
tion are split into pairs ±λs. System (1) is studied under the assumption that all λs are pure
imaginary, and the numbers |λs| > 0 are incommensurable. Then all motions in the linearized sys-
tem near the equilibrium are described by quasi-periodic functions with k frequencies, 1 6 k 6 n.
They represent symmetric oscillations (SOs). For k = 1, we have a single-frequency oscillation; for
k > 1, a multifrequency oscillation arises.

An SO starts at a point q0 = (q01, . . . , q
0
n) ∈M at t = 0 and is described by a function q(q0, t),

in which an arbitrary shift β of the initial point along the trajectory is set to zero. At the time
instant ts, the SO along the coordinate qs will have the next zero velocity q̇s. In the case under
study, the numbers ts are supposed to be incommensurable. Therefore, at the time instants t = ts
the velocities q̇s on the SO satisfy the equalities

q̇s(q
0
1, . . . , q

0
n, t) = 0, t = ts; s = 1, . . . , n. (2)

The left-hand sides of equalities (2) contain the velocities q̇s for the solution of system (1) as
functions of the initial point q0 and time t. Equalities (2) mean that for each variable qs, there is a
closed curve in the phase space. Conditions (2) are necessary and sufficient for the existence of an
SO of system (1). They can hold in (2) for k velocities q̇s, where s = 1, . . . , k and k 6 n. For k = n,
system (1) admits an SO with the maximum possible number of frequencies; in the case k < n, at
the initial point q0 the accelerations satisfy q̈k+1 = . . . = q̈n = 0 and tk+1 = . . . = tn, so the system
has an SO with k < n frequencies: if k = 1, we have a single-frequency SO. Each coordinate qs
is given by a 2ts-periodic function of time t; therefore, the SO is described by a quasi-periodic
function (q(q0, t), q̇(q0, t)) with k frequencies. For k = 1, the function is periodic. For k = n, the
phase-space trajectory belongs to the direct product of n closed curves, i.e., a symmetric n-torus;
for k < n, we obtain symmetric k-tori.

In equalities (2), a separate time ts is associated with each variable qs. The unified time γ for
all variables of the SO is introduced by the formula ts = νsγ. In time γ, all velocities vanish simul-
taneously: a multifrequency SO can be studied as an imaginary symmetric periodic motion with a
separate time for each variable. Equalities (2) are written for fixed numbers ts = t∗s. If t

∗
s = νsγ

∗,
the number γ∗ hence means the time instant when the trajectory intersects the fixed set M, as in
the case of a single-frequency SO of period 2γ∗. Therefore, the introduction of the unified time γ
leads to the concept of a common period for all variables of a multifrequency SO. It equals 2γ∗,
and this number identifies the SO under consideration in the family. The number γ∗ is denoted
by τ and is called the SO parameter. It characterizes the transition from one SO to another and
depends on the initial point q0 for the SO.

The concepts of unified time and common period allow constructing a theory of multifrequency
SOs similar to that of symmetric periodic motions. The latter motion represents an SO with k = 1;
the half-period on it serves as the parameter τ.

Equalities (2) are written as

q̇s(q
0
1, . . . , q

0
n, νsτ) = 0, s = 1, . . . , n. (3)

The incommensurability condition of the numbers in the set {t∗s} translates to the set ν =
{ν1, . . . , νn}: ν is called the basis (of frequencies) of an SO. When passing from one SO to an-
other, the point q0 ∈M changes. Equalities (2) are treated as a system of equations for finding the
numbers ts = νsτ . In equalities (3) with the parameter τ, the initial point q0 is determined, while
the basis ν will have to be obtained up to a factor δ(q0) and thus remains preserved. Since the
n equalities (3) relate the n+ 1 variables q01 , . . . , q

0
n, τ, they lead to a family of SOs of dimension

n with the parameter τ. In the case of k < n equalities in (3), the dimension of the SO family
equals k.
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When extending the SO family in the parameter τ, one changes the projection of the SO onto
the fixed set M ; on the interval ∆τ, the projection leads to the domain q0 of initial points for the
local SO family. This set is also obtained by proportionally changing the elements of the basis ν
while preserving the incommensurability of all numbers νs in the basis. And the basis, defined up
to a factor δ, remains invariable. This provides another local extension method for the SO. Note
that both methods yield the same result.

3. THE BIRTH OF SYMMETRIC OSCILLATIONS FROM THE EQUILIBRIUM

Consider a k-frequency SO with an initial point q0 ∈M. It satisfies equalities (3), which relate
the variables q0 and τ. At the point q0, the Jacobi matrix is computed:

J(q0, τ) =

∥∥∥∥∥
∂q̇s(q

0, τ)

∂q0j

∥∥∥∥∥ . (4)

Definition 1. A symmetric k-frequency oscillation (1 6 k 6 n) that satisfies the condition
rank J(q0, τ) = n is said to be nondegenerate.

For a nondegenerate SO, the following local continuation properties hold.

1◦. A nondegenerate SO locally continues in the parameter τ.

Let (3) be valid. For this nondegenerate SO, we form the equations in the deviations ∆q0 and ∆τ
in the linear approximation to obtain the linear system

∂q̇s(q
0, τ)

∂q01
∆q01 + . . .

∂q̇s(q
0, τ)

∂q0n
∆q0n +

∂q̇s(q
0, τ)

∂τ
∆τ = 0, s = 1, . . . , n. (5)

In this system of equations, the principal matrix coincides with J(q0, τ), and the right-hand side is
represented by the acceleration vector with a minus sign, computed onM. For a nondegenerate SO,
the inequality det J(q0, τ) 6= 0 holds: the acceleration vector vanishes only at the equilibrium.
Therefore, the system is consistent, and the SO locally extends in ∆τ, both toward increasing and
decreasing ∆τ. The factor δ(q0) is also incremented simultaneously.

2◦. A nondegenerate SO locally continues in the system parameter µ.

For a system with the parameter µ, system (5) contains this parameter and, in addition, a term
with the increment ∆µ. For a nondegenerate SO, the Jacobi matrix is nonsingular; therefore, the
extension is carried out in τ and µ. Restricting the analysis only to the increment in µ, we obtain
property 2◦.

In the neighborhood of the equilibrium, system (1) is written as

q̈s +
n∑

j=1

asjqj + Q̃s(q, q̇) = 0, Q̃s(q, q̇) = Q̃s(q,−q̇), s = 1, . . . , n, (6)

where ||asj || is a constant matrix, and Q̃s are nonlinear functions.

The following result is true.

Theorem 1 (on the birth of SOs). The neighborhood of the equilibrium of system (6) with incom-
mensurable frequencies νs, s = 1, . . . , n, of the linear system is filled with families of nondegenerate
k-frequency SOs, 1 6 k 6 n. They are parameterized by the distance to the equilibrium.

Proof. Let us perform the change of variables (q, q̇) → (εξ, εξ̇). Then, a quasilinear system is
obtained in the variables ξs, and its linear approximation coincides with that of system (6).

For ε = 0, the resulting system admits a k-frequency nondegenerate SO, 1 6 k 6 n. For this
system, J(0, 0) = −||asj ||

n
1 , rank J(0, 0) = n, and the basis for k-frequency oscillations contains k
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numbers from the set ν(0) = {νs(0)}, νs(0) = |λs|. Moreover, the system containing a k-frequency
SO is described by k variables, and the SO basis includes k numbers. For the whole system,
SOs of the linear system continue in the parameter ε: the quasilinear system possesses families of
nondegenerate SOs in ε with all frequencies: 1 6 k 6 n.When considering the SOs with all possible
frequencies k, 1 6 k 6 n, the neighborhood of the equilibrium of system (6) is completely filled with
families of nondegenerate SOs parameterized by the distance ε to the equilibrium. The proof of
Theorem 1 is complete.

Remark 1. For k = 1, we obtain [11, 12] the reversible analog of Lyapunov’s center theorem [13].

Remark 2. Under the hypotheses of Theorem 1, the equilibrium of the system is stable.

4. THE GLOBAL FAMILY OF NONDEGENERATE SYMMETRIC OSCILLATIONS
IN THE PHASE SPACE

A nondegenerate SO possesses the local continuation property in the family parameter τ. The-
orem 2 below formulates a result on the global extension of SOs in the parameter τ.

Definition 2. A family of nondegenerate SOs parameterized by τ is called a global family of SOs
if the parameter τ takes all possible values for this family.

Theorem 2 (on the global family of SOs in the phase space). Let a Lagrangian system subjected
to positional forces admit a nondegenerate k-frequency SO, 1 6 k 6 n. Then the SO always extends
in the family parameter τ to a global family Σk of nondegenerate SOs, and the parameter τ changes
monotonically on this family. Also, the condition rankJ(q0, τ) = n holds on the global family, being
violated on its boundary.

Proof. During the local extension of a nondegenerate k-frequency SO in the parameter τ, its
initial point q0(τ) will be a function of τ. And the domain Υk(q

0, τ) of points with the condition
rankJ(q0, τ) = n is formed on the fixed set M. We apply the local continuation property of a
nondegenerate SO to the points of Υk(q

0, τ). Then two situations arise. In the first situation, no
new points appear in the domain Υk(q

0, τ). Then the global family Σk is successfully constructed.
In the second situation, the domain Υk(q

0, τ) has been increased, which is accompanied by a
monotonic change of the parameter τ. Again, two situations arise here.

As a result, at some iteration, the global family Σk is successfully constructed, or the construction
process continues with an infinite approach to the boundary of the initial domain Υσk(q

0, τ) for the
global family Σk. At each point of this domain, we have rankJ(q0, τ) = n. The monotonic change
of SOs of the family Σk in the parameter τ follows from the construction procedure. The proof of
Theorem 2 is complete.

Remark 3. The proof of Theorem 2 is valid for k-frequency SOs, 1 6 k 6 n. For a single-
frequency oscillation (k = 1), the result was described in [24].

Remark 4. For the analytic system (6) with incommensurable numbers ν1, . . . , νn, a rigorous
transformation to a system with k-dimensional manifolds (1 6 k 6 n) was constructed in [25],
including its convergence conditions [25, Theorem 2]. System (6) possesses reversibility; as a result,
the phase space contains n manifolds, and a single-frequency SO is realized on each manifold.

5. THE GLOBAL EXTENSION OF A NONDEGENERATE SYMMETRIC OSCILLATION
IN THE PARAMETER SPACE OF THE SYSTEM

A nondegenerate SO possesses the local continuation property in the system parameter µ. Thus,
in perturbation theory, a nondegenerate perturbed SO always exists together with an SO of sys-
tem (1). The boundary of existence of a nondegenerate SO in the parameter µ is an open issue in
perturbation theory. In applications, the boundary is usually found by direct computation.
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Theorem 3 formulates a result on the global extensibility of a nondegenerate SO in the param-
eter µ. The parameter µ = (µ1, . . . , µm) is generally a vector.

Theorem 3. Let a Lagrangian system with the parameter µ, subjected to positional forces, ad-
mit an SO with the parameter µ, nondegenerate for µ = µ∗. Then this SO globally extends to the
entire domain of µ. On the global family of nondegenerate SOs in the parameter µ, the condition
rankJ(q0, τ) = n holds. The basis ν is preserved on this family. On the boundaries of the global
family, the condition rankJ(q0, τ) = n is violated.

Proof. An SO with the parameter µ, nondegenerate at µ = µ∗, possesses property 2◦. It is applied
for the global extension in µ exactly as property 1◦ for the global extension of a nondegenerate SO
in the parameter τ. The extension in µ is carried out until exhausting the entire domain of µ with
det J(q0(µ), τ) 6= 0.

Remark 5. Theorem 3 concerns the parameter µ on which the SO depends. Another possible
situation is demonstrated in Example 2 below.

Theorems 2 and 3 applied to a nondegenerate SO yield the following conclusion.

General postulate. If a Lagrangian system subjected to positional forces admits a nondegenerate
SO, then it globally extends in the parametric phase space.

Remark 6. This paper employs Pontryagin’s approach [26] to autonomous ordinary differential
equations: parameters and phase variables are treated equally.

6. THE OSCILLATION DOMAIN AND STABILIZATION OF THE SYMMETRIC
OSCILLATIONS OF SYSTEM (6)

Consider system (6) with incommensurable frequencies ν1, . . . , νn in the linear system. In the
neighborhood of the equilibrium, k-frequency SOs (1 6 k 6 n) are born (see Theorem 1); they fill
the entire neighborhood of the equilibrium. The continuation of SOs in the parameter τ (Theorem 2)
leads in the phase space to an oscillation domain Ω, adjacent to the equilibrium and filled with
global families of k-frequency SOs, 1 6 k 6 n. They are denoted by Σk: the number of the families
equals the binomial coefficient Ck

n (in combinatorics, the number of ways to choose k out of n
objects). The family Σk fills the integral manifold Σ̃k. Each SO in the family Σk is identified by
the value of the parameter τ .

In this paper, we develop the approach of [9], originally proposed for a single-frequency SO, for
multifrequency SOs. In the stabilization problem of an SO for system (6), an autonomous controlled
system, ε-close to (6), is constructed; in this system, an isolated oscillation (IO) is separated. In
the perturbed system, the manifold Σ̃k is associated with the manifold Σ̃k(ε): Σ̃k = Σ̃k(0). When
separating the IO, we simultaneously ensure its orbital asymptotic stabilization. A local attraction
problem is usually posed: trajectories from the neighborhood of the IO are attracted to it. However,
due to the structure of the domain Ω, it is possible to pose the problem of attracting all trajectories
from Σ̃k(ε), as well as from the neighborhood of Σ̃k(ε) [9]. This is the case, e.g., in the Van der Pol
equation [6] (k = 1). In a conservative system with one degree of freedom, all trajectories from the
oscillation domain are attracted [9].

In a conservative system, the kinetic energy on the set M is zero. When passing from one SO
of the family to another, the potential energy Π(q) computed on M changes. One can therefore
take the value of the function Π(q) on M or the constant h of the total mechanical energy E as the
SO parameter instead of τ. Due to the monotonic change of the parameter τ on the global family,
the energy h changes monotonically as well. By specifying the value h, we obtain all SOs with this
energy level. On the graph of the function Π(q), the value h = 0 corresponds to the equilibrium;
for h > 0, the born k-frequency SOs extend to the global families Σk unboundedly together with
the energy h.
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In a conservative system, the SOs in the family Σk are parameterized by the constant h and form
integral k-dimensional manifolds Σ̃k, 1 6 k 6 n. Hence, the SOs of all dimensions k correspond to
a given value of h. For this reason, a control law independent of the number of frequencies in the
SO is designed. For the energy level h = h∗, attraction to the IO on Σ̃k(ε) with all numbers k:
1 6 k 6 n is investigated accordingly.

In the case k = 1, the family Σ1 is described by a system with one degree of freedom. Therefore,
the stabilization problem naturally decomposes as follows [9]: first, the attraction problem on Σ̃1(ε)
is solved; and in the system of order (n− 1), local attraction to the trivial solution (the IO on Σ̃1(ε))
is ensured, for which h = h∗.

For SOs with k > 1 frequencies, Σ̃k has dimension k. Local attraction to the trivial solution
is ensured in the system of order (n− k). Regardless of the number of frequencies k, the trivial
solution in the problem is associated with the IO corresponding to the energy level h = h∗ in the
controlled system.

In a conservative system with n degrees of freedom, the controlled system with k frequencies
has Ck

n stabilizable IOs. The sum over all k gives the number of all stabilizable IOs.

7. STABILIZATION OF THE SYMMETRIC OSCILLATIONS
OF A CONSERVATIVE SYSTEM

Consider the controlled (corrected) system

d

dt

∂L

∂q̇s
−
∂L

∂qs
= ε[1−KΠϕ]

∂T

∂q̇s
, L = T −Π, s = 1, . . . , n, (7)

given by Lagrange’s equations of the second kind. Here, T and Π are the kinetic and potential
energies, respectively. (When computed on the SO family, the latter is denoted by Πϕ.) By as-
sumption, for ε = 0, system (7) admits the set Σσ containing all global families of SOs born from
the equilibrium with incommensurable frequencies ν1, . . . , νn. We choose 0 < ε < ε0, where ε0 is
some finite number for Σσ; h

∗ is the energy level corresponding to the separated oscillation: the
equilibrium is associated with the value h = 0. In system (7), the coefficient K is set equal to the
value K(h∗) of the function K(h) for the stabilized oscillation. The dependence K(h) itself will be
defined below.

The control system (7) was applied in [9] for the adaptive stabilization scheme of a symmetric
periodic motion (k = 1). The control law on the right-hand side of equality (7) is universal for
stabilizing SOs with k = 1. It is represented by a nonlinear force linear in velocity. For ε = 0,
system (7) belongs to the class of reversible mechanical systems. The feedback is implemented
by tracking the value of the potential energy Π(q) at the current point of the closed-loop system
trajectory.

In the stabilization problem, one should understand that a unique family Σk is realized in the set
of global families Σσ in the system with ε = 0. Moreover, a unique SO is realized on the family Σk,
which corresponds to the parameter τ (the energy h in the conservative system). Therefore, we
pose the problem of stabilizing a unique SO corresponding to the separated energy level h = h∗.
For this SO, the variables are qk+1 = . . . = qn = 0.

The following computations are valid for all global families Σk with k frequencies, 1 6 k 6 n,
regardless of the number of frequencies k of the oscillations.

For system (7) with ε = 0, we determine the total mechanical energy

E ≡ T (q, q̇) + Π(q). (8)
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It takes a constant value h on the solutions of the conservative system. System (7) satisfies the
equality

dE

dt
= ε[1−K(h∗)Πϕ]T (q, q̇). (9)

For ε = 0, we have E = h(const) > 0. On the SO, the coordinate is q = ϕ. The SOs form a global
family Σk belonging to the invariant integral manifold Σ̃k. We stabilize the SO with the parameter
τ = τ∗ (h = h∗).

The energy E is the sum of two terms: E = Eϕ + Eε, where Eϕ is computed on the solutions
in Σ̃k(ε), and Eε on the solutions in the neighborhood of Σ̃k(ε). The law for Eε involves the kinetic
energy of motion in the ε-neighborhood of Σ̃k(ε). It is a quadratic form of the velocities q̇k+1, . . . , q̇n.
Thus, the motion in the neighborhood of Σ̃k(ε) is tracked by the potential energy of the SO on Σk.

For ε > 0, we write the expressions

Π(q) = Π(ϕ) + hερ(ε, h, q), T = E −Π(q) = h−Π(ϕ) + hεσ(ε, h, q)

(Π(ϕ) = Πϕ) with functions ρ and σ of order 1. As a result, the right-hand side of equality (9) has
the principal term

f = ε[(1−K(h∗)Πϕ)](h−Π(ϕ)),

which is computed on the SO; it does not contain t explicitly.

For SOs, the unified time γ has been introduced for all variables qs (Section 2). And the
multifrequency SO in the function E is treated here as a single-frequency SO with a common
period equal to 2τ. The time γ is determined up to a factor. In the unified time, the rate of
change of the variable qs acquires its individual factor νs such that the numbers in the set {νs} are
incommensurable. Finally, the potential energy in the function f is computed on the SO q = ϕ:
f also changes as a function of γ.

In the unified time γ, the rate of change of the energy is proportional to its rate in the time t.
Therefore, the increment ∆Eϕ(ε, h) of the energy in γ is computed from the right-hand side of (9)
as an integral over the period 2τ in the variable γ :

∆Eϕ(ε, h) = ε2τ(h)[I(h) + εhΦ(ε, h)]. (10)

This formula is valid on the entire global family Σk. The family Σk consists of SOs, and each value h
is associated with only one SO. If ∆Eϕ(ε, h

∗) = 0 at the point h = h∗, then the value h∗ corresponds
to a k-frequency oscillation. The oscillation will be nonsymmetric since ε = 0 for a symmetric one.
For the isolated root h∗, the oscillation will be isolated. Thus, we obtain an isolated oscillation
(IO), representing a cycle in the case k = 1. The IO is a one-parameter family in the shift of the
initial point for the oscillation.

The function I(h) has the form

I(h) ≡

2τ∗∫

0

[1−K(h∗)Πϕ](h−Π(ϕ))dγ (11)

and gives the amplitude (bifurcation) equation I(h) = 0 for the multifrequency SO. As in the case
of symmetric periodic motion in [9], a simple root h∗ of equation (11) leads at the point h = h∗ of
the family of k-frequency SOs to a bifurcation and the birth of a k-frequency IO.

In the integral (11), the function Π(ϕ) on the SO family is computed through the coordinate
q = ϕ(h, γ), given in the unified time γ for the SO. By replacing the variable γ in the integral (11)
with γ̃ = (τ∗/τ(h))γ, where τ∗ = τ(h∗) for the stabilized oscillation with the energy level h∗, we
make the coordinate q directly dependent on γ̃.

In the case k = 1, the family of nonlinear oscillations is reduced to an isochronous family in [9].
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The potential energy on the SO changes as a function of γ̃; therefore, in view of the equality
Π(ϕ(h, 0)) = h, it can be written as Π(ϕ(h, γ̃)) = hz(γ̃), 0 6 z 6 1. Consequently, the integral (11)
becomes

I(h) ≡ 2h

1∫

0

(1−K(h∗)hz(γ̃))(1 − z(γ̃))dγ̃, (12)

being represented as a quadratic function without a constant term:

I(h) = 2h(α − βh), α =

1∫

0

(1− z)dγ̃, β = −K(h∗)

1∫

0

z(1− z)dγ̃. (13)

Due to the expression (13), the equation I(h) = 0 clearly admits a unique nonzero root h∗ = α/β.
The root h∗ corresponds to the multifrequency IO of the controlled system (7). This oscillation is
ε-close to the SO with the energy level h = h∗; however, the oscillation is not symmetric.

Note that each number K(h∗) is uniquely associated with the root h = h∗ and vice versa. Thus,
the following function is defined:

K(h) =
b

h
, b = const, b > 0.

The kinetic energy on the fixed set M is zero; therefore, the potential energies of the systems under
study on the SO are distinguished by the constant b.

The root of the equation I(h) = 0 is computed for the one-parameter (in h) family Σk of trajec-
tories in the ε-corrected system. The root h∗ corresponds to a fixed point of the mapping defined
on the manifold Σ̃k(ε), and its isolation indicates that the existence of the root is derived via the
linear (principal) terms in ε. Hence, ∆Eϕ(ε, h

∗) = 0, and we arrive at the equality Φ(ε, h∗) = 0.

Lemma 1. The equation
I(h) + εhΦ(ε, h) = 0 (14)

has a unique root for 0 < ε < ε0, where ε0 is a number independent of h∗.

Proof. The number ε0 is found using exactly the same procedure as the one described for a
single-frequency oscillation in [9, Lemma 1].

Next, it is necessary to study the corrected system (7) for 0 < ε < ε0. Consider the integral
manifold Σ̃k containing the global family of k-frequency SOs, 1 6 k 6 n. It is obtained by the
continuation, in the parameter h, of the small oscillations with incommensurable frequencies.

Theorem 4. Let a conservative system be governed by Lagrange’s equations of the second kind
and admit the equilibrium with incommensurable frequencies of small oscillations. Then the system
has an integral manifold Σ̃σ containing the set Σσ of global families Σk of k-frequency oscillations
that fill the manifolds Σ̃k, 1 6 k 6 n. For the corrected system (7), there always exists a number
ε0 > 0 such that for 0 < ε < ε0, system (7) possesses k-frequency IOs, 1 6 k 6 n, ε-close to the
oscillation of the conservative system with the energy level h = h∗. The number of k-frequency IOs
is Ck

n. Each IO attracts trajectories from Σ̃k(ε) and trajectories from the ε-neighborhood of Σ̃k(ε).
On the solutions of the corrected system, the energy E = T +Π of the conservative system changes
according to the law (9).

Proof. The existence of the global family Σσ under the incommensurability of frequencies for
the equilibrium follows from Theorems 1 and 2. The boundary value ε0 is established by Lemma 1.
Formula (10) is valid for k-frequency SOs, 1 6 k 6 n. Based on the above analysis of formula (10),
there exists an isolated k-frequency oscillation ε-close to the oscillation of the conservative system
with the energy level h∗. In system (7), the entire domain of initial points for solutions different
from the equilibrium belongs to Σ̃σ.
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Formula (9) holds separately for Eϕ and Eε. The rate of change of Eϕ coincides in sign with
that of the energy Eε: different kinetic energies are used. As a result,

∆Eϕ(ε, h)→ ∆Eϕ(ε, h
∗) = 0, ∆Eε(ε, h)→ ∆Eε(ε, h

∗) = 0

simultaneously as h→ h∗. The first limit means that in the controlled system (7), for points from
Σ̃k(ε), all trajectories tend to the IO corresponding to the SO with the energy value h∗ from Σk.
According to the second limit, trajectories from the neighborhood of Σ̃k(ε) tend to Σ̃k(ε) with
a zero limit value of the corresponding kinetic energy. Therefore, these trajectories also tend to
the IO.

The number of k-frequency IOs coincides with Ck
n, the number of combinations of integral

manifolds where k-frequency SOs are realized.

The proof of Theorem 4 is complete.

Remark 7. Theorem 4 concerns k-frequency SOs, 1 6 k 6 n. For the particular case k = 1, it
was established in [9], with weaker conditions on the roots of the characteristic equation.

Example 1. Signal source recognition by extracting frequencies. Consider two linear oscillators
with frequencies ωx and ωy. In the system, they possess families of symmetric two-frequency oscil-
lations, degenerating into two families of single-frequency oscillations. To stabilize the IO of the
controlled system, we apply the closed-loop system

ẋ+ ω2
xx = ε(1 −K(h∗)Π)ẋ,

ẏ + ω2
yy = ε(1−K(h∗)Π)ẏ, Π = (ω2

xx
2 + ω2

yy
2)/2,

(15)

where the coefficient K(h∗) is computed from the energy value h = h∗ of the entire system. All IOs
are stabilized according to a single scenario. System (15) contains two invariant manifolds where
the individual oscillators are stabilized.

The signal is captured by energy. In system (15), the oscillation frequencies are extracted from
the received signal, and the sources are recognized by the frequencies. The recognition capabilities
grow when increasing the number of oscillators in the system.

The symmetric oscillation of a harmonic oscillator with a frequency ω is given by the formula
r = A cos(ωt), where A2 = h/2. In the case of a single oscillator, the coefficient is K(h) = 2/h.

In (15), we have the frequency basis ν = (ωx, ωy), and the unified time is γ = t. Hence, the
system of two oscillators behaves as a single harmonic oscillator with the frequency ω. The formula
K(h) = 2/h remains valid for system (15). Therefore, in system (15), we set

K(h∗) = 2/h∗ = 1/(A2
xω

2
x +A2

yω
2
x),

where Ax and Ay are the amplitudes of the oscillators with the energy levels h∗x and h∗y, respectively.

Example 2. Let the above system of two oscillators (Example (15)) be the linear approximation
of the smooth system

ẋ+ ω2
xx = X(x, y),

ẏ + ω2
yy = Y (x, y), X(0, 0) = Y (0, 0) = 0.

(16)

To study the neighborhood of zero in detail, we increase the observation scale for the system:
x = εξ, y = εη. The resulting quasilinear system has the form

ξ̈ + ω2
xξ = εX(ε, ξ, η),

η̈ + ω2
yη = εY (ε, ξ, η), X(ε, 0, 0) = Y (ε, 0, 0) = 0.

(17)
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φ
1

The model of an elastic rod under a follower force.

For ε = 0, system (17) admits single-frequency and two-frequency SOs: the latter have the basis
(ωx, ωy). By Theorem 1, for ε > 0, the neighborhood of the equilibrium is filled with families of SOs
with one and two frequencies. According to Theorem 2, each local SO family extends in system (16)
to a global SO family and fills the oscillation domain in the system.

Example 3. The model of an elastic rod under a follower force [27].

The oscillations of beams, ropes, and cables are often studied based on adequate discrete rod
models. Consider a particular case from [27]: the mechanical system consists of two identical rods
of mass m and length l, connected by a hinge and a linear spring of stiffness c2 (see the figure).

The first rod is attached by a hinge and a spring of stiffness c1 to a fixed point O. A constant
force F acts on the end of the second rod, directed along its axis. The system is located on a
smooth horizontal plane. The deviations of the rods from the x-axis are described by the angles
ϕ1 and ϕ2, respectively, measured from the straight line x; for the equilibrium, ϕ1 = ϕ2 = 0.

The kinetic energy T and the generalized forces Q1 and Q2 are

T =
ml2

6
[4ϕ̇2

1 + 3ϕ̇1ϕ̇2 cos(ϕ2 − ϕ1) + ϕ̇2
2],

Q1 = c1ϕ1 + c2(ϕ2 − ϕ1)− Fl sin(ϕ2 − ϕ1), Q2 = c2(ϕ2 − ϕ1).

(18)

We have a Lagrangian system with two degrees of freedom subjected to positional forces. For
F = 0, the system is conservative.

In the equilibrium, the forces are Q1 = Q2 = 0: the system admits a unique (trivial) equilibrium.
We compile the characteristic equation for the equilibrium:

7λ4 +
6a

ml2
λ2 +

36

m2l4
c1c2 = 0, a = 2c1 + 16c2 − 5Fl. (19)

Under the condition a2 > 28c1c2, the roots of this equation are pure imaginary, λ = ±ω1,2, and the
squared frequencies are given by

ω2
1,2 =

3

7ml2
(a±

√
a2 − 28c1c2).

The boundary value of the follower force F for the stability of the rectilinear rod configuration
in the linear approximation is thus found. How will the oscillations of the rod respond to finite
deviation angles?

According to Theorem 1, under incommensurable frequencies, the neighborhood of the equi-
librium is filled with families of nondegenerate SOs with one and two frequencies; by Theorem 2,
they extend to global families of nondegenerate SOs. Thus, only the oscillation domain filled with
nondegenerate SOs is adjacent to the equilibrium. The equilibrium of the system is stable in the
large.

Theorem 2 is applied to the system with a fixed parameter F that satisfies the frequency incom-
mensurability condition. In Theorem 3, the nonlocal extension of a multifrequency oscillation in
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the parameter is carried out while preserving the basis. For F > 0, the numbers ω1,2 depend on F ;
the basis changes, so Theorem 3 is not applicable. The found nondegenerate SOs for countable
values of the follower force F are not realized.

Note that for this model, the qualitative conclusions do not depend on the number of rods, and
the oscillation amplitude is limited only by the spring stiffness.

For F = 0, symmetric oscillations exist; they are stabilized (Theorem 4) in the adaptive
scheme (7).

8. CONCLUSIONS

A Lagrangian system subjected to positional forces is invariant with respect to the transforma-
tion (q, q̇, t)→ (q,−q̇,−t) (i.e., belongs to the class of reversible mechanical systems). The phase
space of the system is symmetric with respect to the set M = {q, q̇ : q̇ = 0}. An equilibrium ad-
mitting small oscillations with incommensurable frequencies is analyzed. The neighborhood of this
equilibrium is filled with symmetric k-frequency oscillations (SOs), 1 6 k 6 n. (Here, n is the num-
ber of degrees of freedom of the system.) There are no other motions in the neighborhood. All
SOs extend to global families of SOs and form an oscillation domain Ω adjacent to the equilibrium.
The SO families globally extend in the system parameter. These results have been established in
the paper and characterize the subject of the stabilization problem.

In an autonomous system, solutions form a family in the shift of the initial point along the
trajectory. A distinction is made between the problems of stabilizing the entire family of solutions
and an individual solution from the family. The second problem is solved using time-varying control.
The family of solutions is stabilized by constructing a corrected system, i.e., a controlled system
with an autonomous control law that acts with a small gain.

The results presented above are motivated by the problem of stabilizing multifrequency oscilla-
tions of a reversible mechanical system. This problem has not been posed previously. The subject
of stabilization itself has been previously known only in the part related to Poincaré perturbation
theory.

In this paper, we have described a global theory of symmetric multifrequency oscillations (sym-
metric conditionally periodic solutions, symmetric quasi-periodic motions, and symmetric condi-
tionally periodic orbits) for the first time in the literature. The basic concepts have been introduced;
necessary and sufficient conditions for the existence of a symmetric oscillation have been found; and
local continuation properties of SOs have been established. Theorems on the birth of SOs and their
extension to a global SO family, and a theorem on the global extension of SOs in the system pa-
rameter have been proved. Based on new original ideas, the theory has an accessible presentation
without special knowledge requirements. Thus, a complete theory of symmetric multifrequency
oscillations for a Lagrangian system subjected to positional forces has been elaborated.

This theory has been employed to pose and solve the stabilization problem (in the large) of
multifrequency oscillations of a conservative system. The feedback control has been applied here;
the idea was proposed by the author [9] and tested for single-frequency oscillations before. The
control system (7) is independent of the number of frequencies in the SO. In the adaptive scheme,
an isolated oscillation (IO) of the controlled system is stabilized. For the case of k frequencies,
an IO is found close to the SO with the desired energy level h∗: the SO belongs to the global
family Σk of k-frequency SOs. Stabilization is ensured by attracting trajectories to the IO.

The autonomous control used is universal: it applies to any Lagrangian system and stabilizes
k-frequency oscillations, 1 6 k 6 n, where n is the number of degrees of freedom of the system.
A corrected conservative system has been constructed, in which the current potential energy on
the trajectory of the multifrequency SO is tracked via feedback.
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Abstract—Modern methods for mitigating nonlinear inverter voltage distortions in low-power
microgrid systems are considered: proportional-resonant/multi-resonant controllers, virtual
impedance and droop control, dual voltage inverters, and self-oscillating class D amplifiers.
The study outlines the fundamental properties and the principle of parasitic harmonic mitiga-
tion. Special attention is paid to the number of controllers required to implement each of the
methods, the effectiveness of nonlinear distortion mitigation through the study of the number
of harmonics, and the reduction of the total harmonic distortion with and without the appli-
cation of each method. The compatibility of each method with the output power controller is
also analyzed. The benefits and drawbacks of existing methods are analyzed, as well as the
prospects of using a self-oscillating class D amplifier for the control of nonlinear distortions in
microgrid systems.

Keywords : microgrid, voltage source inverter, total harmonic distortion, power quality, nonlin-
ear load
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1. INTRODUCTION

Nowadays, research in the field of off-grid power systems and the additional storage and delivery
of electrical energy (EE) to the AC grid is actively developing. A system consisting of an EE source
and a converter, designed for parallel connection with another similar system or with a power
grid, is called a microgrid system. AC systems are preferred for power distribution. At the core
of an AC microgrid is a voltage-source inverter(VSI), which performs the conversion from direct
current to alternating current (DC/AC conversion). In recent years, microgrid VSIs have developed
significantly. Existing synchronization methods [1, 2] allow not only several inverters to operate
parallel to each other but also to connect to a common power grid to supply electricity, as well as to
control the output power using droop control technology [3]. However, in isolated systems consisting
of several sources and inverters, as well as in low-power grids disconnected from large-scale power
grids, the challenge of mitigating nonlinear distortion is critical. Connecting a load with a high
nonlinearity index can lead to a severe distortion of the grid voltage. The nonlinearity index—total
harmonic distortion (THD)—is regulated by GOST [4] and must be no more than 8%. Violation of
this power quality indicator can lead to both the failure of connected electrical equipment and the
incorrect operation of the phase-locked loop (PLL), resulting in the desynchronization of the VSI.
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2. MODERN MICROGRID VSI

2.1. Isolated VSI

Before proceeding to the comparison of methods for mitigating nonlinear distortions, it is nec-
essary to describe the system under study to which these methods are applied. A voltage source
inverter, by definition [9], is a converter that transitions direct current to alternating current [10].
Modern DC/AC converters are based on full-bridge or half-bridge circuits [11]. Fundamentally, the
control of full-bridge and half-bridge circuits has no significant differences. The main difference
between these circuits is the number of power switches; transistors are most often used for this
purpose. Due to this difference, restrictions are imposed on the inverter regarding the maximum
DC voltage and current through each arm of the converter. In microgrid inverters, half-bridge
circuits are more frequently used, requiring a higher input voltage, since working with alternative
EE sources, such as wind or solar energy, often involves high DC voltages. Figure 1 shows a classic
diagram of a half-bridge converter and a control loop. For the correct operation of this circuit, at
least one current controller is required [11] to form the reference signal and pulse-width modulation
(PWM) supplied to the gates of the switches. In the general case, the functions f, g can be arbi-
trary nonlinear functions of its variables. In the classical case, these functions describe a sinusoidal
signal:

iref (t) = I sin(ωt+ ϕ0).

The compensator is most often a proportional-integral (PI) controller. In the case of synchronizing
inverters with other similar inverters or with the grid, the description of the AC system cannot
be set arbitrarily; the sinusoidal signal must be synchronized with respect to what is observed
in the grid.

Fig. 1. Half-bridge converter.
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2.2. Phase-Locked Loop Synchronization

The most widely used method for generating a reference signal from the available AC grid
voltage is the phase-locked loop (PLL). The block diagram of the classic PLL method for a three-
phase grid [1, 2] is shown in Fig. 2. It is important that the voltage is regulated in a rotating dq0
reference frame, the transition to which is carried out using Clarke and Park transformations [12].
The angle θ obtained as a result of the method’s operation is the rotation angle of the grid’s
quadrature basis. Specifically, this angle is the phase angle of the first phase. For a single-phase
grid, this method is also applicable; it is necessary to artificially create an orthogonal signal β
lagging behind the original one by π/2 [6–8, 13]. One of the fastest methods is the SOGI (Second
Order Generalized Integrator) PLL method [7], which uses a second-order integrator applied to
the original signal. Thus, the phase angle obtained using the PLL method can be used for the
inverse Park–Clarke transformation. Combined with the control method outlined in the previous
section, the system provides the minimum required number of controllers for the parallel operation
of a voltage source inverter and an arbitrary AC power grid; however, such a control method has a
significant drawback. Despite the ability to control the output current of the inverter, the resulting
control loop does not allow one to control the values of active and reactive output powers. To be
able to accurately control the output power, a droop controller is added to the system.
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Fig. 2. PLL synchronization of a three-phase grid.

2.3. Droop Control

To control the active and reactive power, it is necessary to introduce at least two controllers
that control the change in power. The classic droop control method can be written as follows:

f = f0 −mP,

U = U0 − nQ,

where f and U are the frequency and voltage values of the reference signal, respectively, and
f0 and U0 are the voltage and frequency settings; in the case of a utility grid, f0 = 50 Hz and
U0 = 230 V; m,n are the controller coefficients, and P,Q are the measured active and reactive
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Fig. 3. Conventional control scheme of a microgrid voltage source inverter.

power. When operating in the dq0 basis, instantaneous power values are conveniently calculated
using the equations:

P = VdId + VqIq,

Q = VqId − VdIq.

The block diagram for controlling the inverter using a PLL block and droop control is shown in
Fig. 3. This control scheme has a total of at least four proportional or PI controllers. In [14–16], it is
proposed to add or complicate droop controllers to improve transient characteristics and increase the
accuracy of output power regulation. However, as part of the comparison of methods for mitigating
nonlinear harmonics, additional droop controllers are omitted if the harmonic mitigation method
does not suggest otherwise. Going forward, when comparing the number of controllers necessary to
implement a particular method, the baseline will be the modified control scheme shown in Fig. 3.

3. METHODS FOR MITIGATING NONLINEAR DISTORTIONS

Before moving directly to the methods for mitigating nonlinear distortions in voltage source
inverters, the following important definitions are introduced. A nonlinear load is any load whose
current depends on the voltage nonlinearly. Parasitic or nonlinear harmonics are voltage compo-
nents at frequencies different from the fundamental frequency; in the case of a utility grid, this
means any voltage harmonics other than 50 Hz. To assess the level of nonlinear distortions, various
metrics are used, such as: THD—the ratio of the root mean square (RMS) value of parasitic har-
monics to the RMS of the fundamental; total rated current distortion (TRD)—calculated similarly
to THD but for the load current; total demand distortion—the ratio of the RMS of parasitic current
harmonics to the RMS value of the load current. These metrics are regulated by international stan-
dards IEEE 519 and IEEE 1547, as well as GOST 32144-2013 [4]. The voltage signal is the most
sensitive regarding nonlinear distortions, as severe distortions can lead to incorrect PLL operation,
which in turn can cause the inverter to fail.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 8 2026



PROSPECTS OF USING CLASS D AMPLIFIERS IN MICROGRID SYSTEMS 717

Fig. 4. Categorization of harmonic mitigation algorithms.

Methods for mitigating nonlinear harmonics can be roughly divided into two main categories:
controller-based and topological. Controller-based methods include those based on changing the
system’s control loop, thereby mitigating voltage nonlinearities. These methods can be further
divided into two main categories: methods using resonant controllers (introducing proportional
resonant or multiresonant (PR or MPR) controllers into the control loop [17–21]), and methods
modifying the droop controller (by introducing additional controllers and modifying the droop con-
troller, an improvement in the voltage signal was achieved [14, 22–27]). Separately, it is worth
mentioning the H∞ controller, which also allows mitigating nonlinear distortions, although cur-
rently, this controller is practically not used. Topological methods refer to modifying the inverter
topology, moving away from the classical half-bridge circuit. Thus, in [28], a circuit with counter-
connection of two inverters is used for harmonic mitigation. In [5, 29], a self-oscillating class D
amplifier is used as an inverter; however, this method is poorly studied in the field of microgrids.
A conditional breakdown of modern methods is presented in Fig. 4.

3.1. PR and MPR Controllers

One of the most common methods for improving power quality in microgrid inverters is the use
of a PR controller instead of a classic PI current controller [17–19]. Such a controller has infinite
gain when the input signal has a resonant frequency. In real systems, achieving such a transfer
function is impossible; besides, in a real system, the signal frequency will slightly differ from the
carrier frequency due to the inevitable presence of higher-order harmonics. To describe a real PR
controller, a damping frequency ωc ≪ ω0 is introduced, where ω0 is the frequency limiting the gain
near the resonant frequency. The transfer function of such a controller is written as follows:

W (s) = Kp +
2Krωcs

s2 + ω2
0

.

In [18, 19, 21], the process of designing an inverter with a PR controller to improve power quality
is described in detail. Figure 5 shows the block diagram for controlling such an inverter. In [30],
a comparative analysis of the operation of an inverter with PI and PR controllers in three-phase
systems with an unbalanced load was carried out, and the THD index was analyzed. An unbalanced
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Fig. 5. Block diagram of inverter control with a PR controller.

load can introduce small nonlinear distortions into the voltage signal, which are well mitigated by
a PR controller added to the control scheme. However, with a high degree of distortion, [31, 32]
propose using a MPR controller. It proposes to add additional components operating at nω0 to
the transfer function of a simple PR controller, where n is the number of the harmonic introducing
strong nonlinear distortions. Thus, the additional component of the controller has a higher gain the
higher the amplitude of the nth harmonic. The transfer function of such a controller is described
by the equation:

W (s) = K +
2Krωcs

s2 + ω2
0

+
∑

n

2Kr,nωcs

s2 + 2ωcs+ nω0
.

The equation uses a sum over harmonics that are multiples of the carrier; in the general case, the
frequency of the additional resonance can be an arbitrary frequency introducing distortions into the
signal; however, in electrical systems, parasitic harmonics are multiples of the fundamental, which
simplifies the application of the controller. The advantages and disadvantages of these controllers
are evaluated below.

Advantages:

• PR controller mitigates small distortions without adding and tuning additional controllers.

• MPR controller allows for nonlinear harmonic mitigation even for severe distortions.

• Both controllers show good results when working with an unbalanced load.

• The methods are widely studied in various scientific papers; there are detailed guidelines for
designing microgrid inverters using PR and MPR controllers.

Limitations:

• When mitigation is required, the number of resonant components increases significantly, each
of which requires additional tuning. In [20, 22], a method for automatic tuning is proposed;
however, tuning is still necessary.

• With a large number of resonant controller components, the computational complexity of the
system increases significantly. In the case of using automatic coefficient tuning, the computa-
tional power required increases multiplicatively.
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3.2. Droop Controller-Based Methods

The second large group of controller-based compensators can be considered methods for miti-
gating nonlinear harmonics based on the modification of the droop controller. They can be roughly
divided into the virtual impedance modification method [24, 26] and the multiple degrees of freedom
controller method [23].

The study examines methods using virtual impedance [26]. Initially, this method was used to
improve the stability indicators of microgrid systems connecting reactive loads. The essence of
the method is the artificial formation of impedance in the system and adding it to the result of
the droop control module. This allows controlling the output power of the system more precisely,
and according to [14], also increases system stability in the event of incorrect tuning of the droop
coefficients. Figure 6 shows the basic scheme for constructing a virtual impedance. In [25], it
is proposed to use two droop controllers (before and after the addition of virtual impedance), as
well as additional controllers that monitor the magnitude of the generated virtual impedance. As a
result of the system operating on a rectifier load with an RC circuit, the TRD indicator was reduced
by 22.70%. In [26], a two-stage virtual impedance generation scheme is proposed, consisting of a
classic virtual impedance shaper, to the input of which the load current is supplied. The second
part of the shaper is an active impedance component shaper based on the inverter output current.
The study also applied PR current and voltage controllers, as a result of which the system THD
decreases by 12.5%. The fastest mitigation method is proposed in [27]. Current and voltage
controllers, when using virtual impedance in this work, use a matrix of separated harmonics; each
element of the proposed matrix carries information about a specific harmonic, as a function of the
other harmonics of the signal and the amplitude of this harmonic. As a result of the experiments
conducted in this study, the high response speed of such a system when connecting a nonlinear
load was revealed. The THD index in this case decreases to 2%. The advantages and limitations
of using these methods are summarized below.

Advantages:

• Allows mitigating strong nonlinear distortions; with certain tuning, it also allows controlling
the THD value of the output voltage.

• Based on the droop control method, which guarantees the ability to control the inverter’s
output power.

Fig. 6. Block diagram of virtual impedance controllers.
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Fig. 7. Droop controller with multiple degrees of freedom.

• The methods are widely studied in various scientific papers.

Limitations:

• To use this method, it is necessary to introduce at least three additional controllers; applying
modern methods based on virtual impedance control also requires the use of additional voltage
control loops or droop controllers.

• The use of method [27] requires extremely complex computational operations, which signifi-
cantly increases the need for computing power of the control processor.

The discussion now shifts to the droop controller method with multiple degrees of freedom [23].
The paper proposes dividing the classical method into several constituent parts, each of which will
be responsible for a specific harmonic. The controller for each harmonic can be written as follows:

Ei = −niPi,

ωi = nω −miQi,

where ni, mi are the controller coefficients for each harmonic, and Pi, Qi are the power of the
ith harmonic. The structural diagram of this method is presented in Fig. 7. In this case, to
calculate the power of the ith harmonic, the method of separate power calculation [33] is used.
The result of the controller’s operation is the voltage setting of the inverter taking into account
the mitigation of parasitic harmonics. The effectiveness of this method is shown when operating
isolated microgrid systems; however, this method has both advantages and significant limitations.

Advantages:

• Allows mitigating arbitrary nonlinear distortions caused by various nonlinear loads.

• Allows mitigating individual harmonics by introducing only one additional calculation link.

• Based on the droop control method, which allows for highly accurate control of the inverter’s
output power.

Limitations:

• To mitigate a large number of parasitic harmonics, it requires additional tuning of the con-
trollers for each harmonic, which significantly increases computing power requirements.

• Calculating active and reactive power for each individual harmonic requires large computing
power.

• Complex tuning of controllers for each of the harmonics.

• The method is poorly researched, which can lead to difficulties in system design.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 8 2026
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3.3. H∞ controller

In [34], an inverter control method based on the use of an H∞ current controller and an internal
low-pass filter is proposed. The proposed strategy consists of a cascaded current, voltage controller
and control loops that are created on H∞ controllers. Modeling of both isolated network operation
and connection to a utility grid was carried out. The proposed methods have a number of advantages
and limitations.

Advantages:

• The proposed method copes with small nonlinear grid distortions.

• The controller provides a smooth transition from autonomous operation to grid-connected
operation.

• The controller does not require high computing power; tuning the controller boils down to a
convex problem.

Limitations:

• The application of this method is poorly researched; works are based on mathematical mod-
eling.

• The H∞ controller is difficult to implement in discrete systems.

• The possibility of connecting droop control in the proposed system has not been investigated.

3.4. Dual VSI

Dual voltage inverter The discussion now shifts to topological methods for parasitic harmonic
control. Of special attention is the method proposed in [28]. The method is based on changing the
inverter topology. Thus, rather than a classic half-bridge circuit, two voltage source inverters are
used. The first main inverter provides the payload and is synchronized using the PLL method. The
additional inverter operates in opposition to the main one and creates a signal that, when added
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to the signal from the main inverter, provides a common output signal with minimized distortions.
For the operation of the additional inverter, in addition to the usual control circuit setting the
reference voltage and mitigating nonlinear distortions, it is required to account for ohmic losses at
the inverter output; for this, an additional PI controller is introduced into the control loop, to the
input of which the difference between the target inverter voltage and the constant DC bus voltage
is fed. The complete control circuit for the proposed dual inverter is presented in Fig. 8. According
to the experiments conducted in the work, the proposed microgrid inverter copes excellently with
mitigating nonlinear harmonic components and provides a decrease in THD by more than 8 times.
The advantages of such an inverter:

Advantages:

• High output voltage stability provided by the compensating additional inverter.
• Low need for computational load, since this inverter requires the introduction of an additional
five controllers to control the additional inverter.
• The ability to mitigate arbitrary harmonics by setting a special reference signal for the addi-
tional inverter.

Limitations:

• The need to design an additional voltage inverter based on a half-bridge circuit, as well as an
additional output filter.
• Increased power consumption caused by ohmic losses at the output of the additional inverter.
• High system cost due to the use of two inverters.

3.5. Self-Oscillating Class D Amplifier

One of the methods for mitigating nonlinear distortions at the inverter output is based on the
use of a self-oscillating class D amplifier [9]. Such an amplifier circuit has not previously been
used in microgrid systems. This amplifier performed well in acoustic systems. This topology copes
excellently with suppressing interference when amplifying an acoustic signal [35]. In [29], a method
for using such an inverter as a power microgrid inverter is proposed, and in [5], the operation of
a class-D inverter as part of both an isolated and a grid connected microgrid system is modeled.
An analysis of operation on a nonlinear rectifier load and a comparison with the classic inverter
described in Section 2 of this article was carried out.

3.5.1. Amplifier Control

The control system of the self-oscillating class D amplifier is examined in greater detail below.
Figure 9 presents the electrical and structural diagrams of the auto-generating class D amplifier
in operational form. Here the operators W1–W8 are frequency response functions of the circuit
consisting of passive elements, andWn(A) is the frequency response function of the series-connected
comparator D2 and half-bridge converter D3, where A is the auto-generation voltage magnitude.
In this system, the condition for self-oscillations is satisfying the harmonic balance equation for
the frequency response functions of the power switch Wn(A) and the linear part of the system
Wt(2πjf), i.e., the presence of a purely imaginary root of the linearized system:

Wn(A)Wt(2πjf) = −1. (1)

As a result of solving equation (1), obtained in [29], the auto-generation condition is met at a
frequency f0 = 92.5 kHz. The transfer functions of the amplifier are expressed as follows:

Wfb =W5W6W7Wn(−1), (2)

Wd =
WfbW4

1 +WfbW8
. (3)
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Fig. 9. (a) Electrical circuit, (b) block diagram of a self-oscillating class-D amplifier.

Here (2) is the open transfer function of the class D amplifier, and equation (3) is the frequency
response function taking into account the negative feedback W8 and the integrating link W4. The
system described in relation (3) has a significant drawback: the transmission coefficient of such
an amplifier changes by more than 4 times, and the phase shift is from π/2 to π radians. The
introduction of an additional feedback W2 closed through an operational amplifier D1 covered by
its own feedback W3 allows solving this problem. From the frequency response function of an
ideal operational amplifier (gain K →∞) (4) and the transfer function of the amplifier, the system
transfer function (5) is derived:

Wo =
K

1 +KW3
≈

1

W3
, (4)

W =
WdW1

W3(1 +
Wd

W3
W2)

. (5)

In [5, 29] it is demonstrated, through modeling, the high stability of the self-oscillating class D am-
plifier to nonlinear distortions introduced by a rectifier capacitive load; according to the simulation
results, the THD index of the system decreased by more than 10 times. It is also noteworthy that
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PWM generation and the current control loop in this inverter are implemented via analog means,
and a small-amplitude sinusoidal signal is applied to the amplifier input.

3.5.2. Synchronisation Control

Attention is now directed toward the synchronization control method of the class D self–
oscillating amplifier to form an isolated microgrid system. One of the main features of this inverter
control method is the analog PWM circuit; because of this, unlike the aforementioned control meth-
ods, an analog sinusoidal signal of small amplitude is supplied to the input of the electrical system,
which subsequently forms discrete signals on the gates of the power transistors. This feature allows
significantly reducing the PLL loop processing frequency. When designing a PLL for this inverter,
it is also necessary to take into account the presence of a constant DC offset of the output signal
relative to the input by an angle ∆ϕ. Figure 10 shows the structural diagram of PLL control for
a self-oscillating class-D amplifier. It can be observed that the primary difference from the classic
single-phase PLL is the presence of a phase shift at the output of the loop. In addition to account-
ing for the phase shift when working with analog PWM, it is also necessary to take into account
the difference in the amplitude of the PLL input signal, measured directly at the inverter output
(in the case of a utility grid, the amplitude of such a signal will be 310 V) and the amplifier input
signal. Simulation data [5] and experiments show that this signal varies in the range of 3–5 V.
Therefore, a multiplier is added to the output of the PLL loop, which allows forming the reference
signal using the formula:

Uref = Aref sin (θ + 2π −∆ϕ),

where A is calculated when the converter is launched before turning on to the common microgrid
network using the formula:

Aref =
Uin

Uout

∣∣∣∣
Uout=220 V

.

Consequently, to control the synchronization of the inverter based on a class D amplifier, a simple
modification of the classic PLL control circuit with computationally simple modifications that take
into account the features of the self-oscillating class D amplifier is used.

3.5.3. Benefits and Drawbacks of the Method

The advantages and limitations of this method for mitigating nonlinear distortions in a microgrid
inverter are evaluated below.

Advantages:

• Nonlinear harmonic mitigation regardless of the connected load without the use of additional
controllers.
• Analog implementation of current and voltage feedback and PWM generation, allowing to
significantly reduce the computational load on the control processor.
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• The ability to form a reference signal using the droop control method and virtual impedance.
• Mitigation of an arbitrary number of parasitic harmonics.

Limitations:

• More complex design of the inverter’s electrical circuit.
• Insufficiently researched in the field of microgrid inverters.
• The need to generate an analog reference signal to control the inverter.

4. COMPARISON OF THE DESCRIBED METHODS

Several methods for mitigating nonlinear distortions in microgrid voltage source inverters have
been described. Each of the listed methods presents a certain amount of both advantages and
disadvantages. PR, MPR, and virtual impedance controllers are currently well studied and cope
with mitigating nonlinear loads; however, the more distorted the voltage signal, the greater the
computing power required for this. The H∞ controller performs excellently in transitioning from
autonomous operation to grid-connected operation, and also copes with nonlinear distortion miti-
gation; however, the implementation of an H∞ controller in a discrete system requires additional
study. Also, an inverter based on such a controller requires additional experimental research, since
most modern studies in this area describe mathematical models of the system. The dual voltage
inverter topology allows mitigating any nonlinear distortions without a significant increase in com-
putational load, but requires designing two power inverters, which also increases system losses.
The self-oscillating class-D amplifier has not previously been used in microgrid systems, but has
performed well in isolated operation on nonlinear loads and, according to simulation results, is
capable of operating as part of a microgrid without losing its properties. In addition, simple analog
current control and PWM generation reduce the computational burden on the system. For further
comparison of the proposed methods, we define the main parameters by which one can make a
choice in favor of using one or another method for mitigating nonlinear harmonics.

(1) Number of controllers. This parameter reflects the computational load on the control processor,
as well as the complexity of setting up the final system. A smaller number of controllers
corresponds to a lower system need for computing power. For fair evaluation, Section 2
provides the minimum number of controllers for controlling each inverter; at the same time, the
analog implementation of these controllers will not be taken into account in the total number
of controllers, since it does not carry a computational load during the inverter operation.

(2) Mitigated harmonics. This parameter allows evaluating the complexity of the nonlinear load
connected as part of the experiment. This parameter is especially critical for methods that
use additional controllers to mitigate each voltage harmonic.

(3) Absolute THD decrease, %. Allows evaluating the overall usefulness of the method in miti-
gating nonlinear harmonics. The final THD indicator according to GOST [4] must strictly be
less than 8% for the correct operation of the system.

(4) THD ratio. Calculated as the ratio of the THD indicator without using a particular method
to the THD indicator using this method. Allows quantifying the effectiveness of each method
in mitigating nonlinear distortions.

(5) Droop control compatibility. Potentially, each of the methods is compatible with the Droop
control method; however, within the framework of modern research, this technology has not
been applied to each of the described methods, which, in turn, can open the way to new
research.

(6) Investigated nonlinear loads. Most studies describe the nonlinear load used. Understanding the
load topology will significantly help in designing a distortion-resistant voltage source inverter.
The most dangerous for inverter operation is a rectifier load with an RC cha in; inverters that
handle such a load well are most resistant to nonlinear voltage distortions.
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Comparison of the described methods for mitigating nonlinear distortions

Criterion MPR Virtual
impedance

Dual inverter H∞ controller Multiple
degrees
of freedom

Class D inverter

Number
of controllers

3N + 3 Min. 8,
max. N2+3

7 25 N + 3 13

Harmonics
mitigated

3Up to 11 1Up to 15 3Up to 11 2Up to 13 1, 5, 7, 11 1Up to 15

THD decrease,
%

5.28–2.806 29.85–6.37 28.37–3.22 5.31–2.00 N/A 11.75–1.16

THD ratio 1.88 34.69 28.81 2.655 N/A 110.13

Droop control
compatibility

1Compatible Required 2Not
investigated

2Not
investigated

Required 2Not
investigated

Investigated
load

2DBR + R,
RL, RC

1DBR + R,
RL, RC, LC

N/A 3DBR + RL,
LC

Unbalanced
reactive load

2DBR + R, RL,
RC

Table provides a comparative characteristic of the proposed methods for mitigating nonlinear
harmonics. The indices 1, 2, 3 in the table mark those cells whose method parameters are most
effective for a given criterion; the smaller the index—the more effective the method. For meth-
ods that use controllers to mitigate each of the harmonics, the designation N is used in the first
criterion—the number of harmonic controllers.

4.1. Prospects of using the class D amplifier

The primary advantages and prospects for using a self-oscillating class-D amplifier in microgrid
systems are described below.
(1) Comparative characteristics provided in table, indicate that the self-oscillating class D amplifier

requires the smallest number of controllers to ensure the operation of the control loop. Since
each of the methods uses feedback controllers similar in their action, the computational load
introduced by each of the controllers can be considered additive. In view of this, it can be stated
that the self-oscillating class D amplifier requires the least computational cost to implement a
control loop for a microgrid inverter with the ability to mitigate nonlinear harmonics.

(2) Based on the results of comparing the number of mitigated harmonics, as well as the de-
crease in the THD level, it is concluded that the use of a self-oscillating class D amplifier is
more effective than many modern methods in the quality of nonlinear load mitigation, which
indicates the possibility of use not only in microgrid systems with strict requirements for allow-
able computing power but also in systems with high requirements for the quality of supplied
electricity.

(3) In view of the use of analog PWM generation for controlling the synchronization of a self-
oscillating class D amplifier, calculating the pulse length of the discrete signal supplied to the
gates of power transistors is not required. This factor also allows reducing the computational
load on the controller unit, since a significant reduction in the frequency of the control loop
operation is permissible.
Based on the aforementioned factors, the primary applications of a self-oscillating class D

amplifier in microgrid systems are deducted: these are systems that require a stable sinusoidal signal
under conditions of high nonlinearity of the connected load, for example, high-power chargers; these
are microgrid systems that impose restrictions on computing power, for example, small-sized ones.
The self-oscillating class-D amplifier ensures operation in microgrid systems with the described
requirements.
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5. CONCLUSION

Based on the results presented in table, it can be concluded that further research into self-
oscillating class-D amplifiers within the framework of microgrid systems is necessary. Such a volt-
age source inverter requires less computational power, while excellently handling regulation under
conditions of high load nonlinearity. Experimental validation of the results presented in [5] is the
next research step. Additionally, it is necessary to conduct research into the compatibility of such
an inverter with droop control technology. When designing low-power grid-connected microgrid
systems, as well as isolated ones based solely on identical voltage source inverters, the property of
system invariance with respect to the connected load is extremely important. The use of a self-
oscillating class D amplifier at the core of such a system will allow this task to be handled effectively,
requiring less computational power than when using other harmonic mitigation methods.

In addition to research on the self-oscillating class-D amplifier, attention should also be paid
to research on the h∞ controller. Experimental validation of the results presented in [34], as well
as research into the droop control method as part of such an inverter, will potentially reveal the
benefits of this method compared to the most frequently used ones.

THD mitigation indicator for the dual inverter method [28] also deserves special attention. With
a small increase in computational power, the authors managed to achieve a better indicator than
when using MPR and virtual impedance methods. Further research in this area may also reveal
additional benefits of the proposed method.

Most of the proposed methods, according to [36], are potentially applicable to the issue of
controlling circulating currents arising as a result of the parallel operation of several inverters.
Research in this area is also currently extremely relevant, as the control and minimization of
circulating currents will increase system operation efficiency and reduce ohmic losses.
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Abstract—Questions of the organization of movement in transport networks are considered.
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1. INTRODUCTION

At present, when automobiles move in cities, the use of navigators has become practically
universal. They solve several basic tasks at once: access to the city map, determination of the
current location, obtaining in real time information about traffic jams and other characteristics
of flows and their regulation, selection of the fastest route, and target indication to the driver
in real time.

As a rule, such navigators are free for users, at least in their simplest tariffs, because of which
questions of their cost are rarely raised. Nevertheless, substantial expenses constantly go to their
functioning. These are street cameras, communication means, collection of information in real
time, computing equipment, the staff of employees of various structures of traffic organization,
taxes, etc. In other words, although final users do not see these costs, they exist and pass through
the accounting departments of outside structures. And they are sometimes rather substantial in
recalculation for each single movement. In such a situation the statement of the question of reducing
such expenses is natural.

Although these problems are most clearly and sharply manifested in automobile flows of megac-
ities, to one degree or another they are characteristic of all transport networks. In the most general
case the question should be posed as follows: how to organize movement with the least accompa-
nying costs when choosing a route and following it?

At present, questions of transport planning are so extensive and nontrivial that they have taken
shape as a separate scientific discipline [1]. Although Dijkstra’s algorithm for finding the shortest
route in a graph is polynomial [2, 3], for large cities with millions of nodes this problem has become
sufficiently cumbersome. Individual drivers without complex information-computing systems can
no longer solve it well. As a result, flows become more and more chaotic and subject to the influence
of outside information factors, and movements themselves around the city lose efficiency. Instead of
choosing optimal solutions when forecasting flows, probabilistic approaches based on considerations
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of repetitions of past situations have more and more often begun to be used. At the same time,
modeling of transport flows in real time is receiving ever greater spread in the world [4, 5].

The hopes of recent years for the use of modern neural networks, even embedded in basic
mechanisms of deductive reasoning [6, 7], also can only partially help to cope with the complexity.
Say, for them examples of features of architectural building are needed, which are not explicitly
present in the initial data used for training the neural network.

All this involuntarily pushes to the thought that the problem is excessively complicated [8]. And
it is necessary to try to simplify it as much as possible. As often happens, most transport problems
are conditioned by nontransport reasons. For example, for cities traffic jams, as a rule, are condi-
tioned by wrong architectural and planning decisions, which accumulate for centuries, when for free
movement of the flow there is simply not enough corresponding volume of roads [9]. Correspond-
ingly, in these conditions many transport solutions in fact are also nontransport. As an example,
one can point to intercepting parking lots or fiscal restrictions on owners of transport means with
the aim of reducing their number in cities.

One of the main approaches for organizing qualitative movements over a territory is the formation
of corresponding urban development on the planning horizon of tens of years. And first of all, the
creation of the correct topology of the street-road network. It can be shown that in many cases it is
expedient to choose regular networks, i.e., networks with a repeating structure, as target ones [10].
They are optimal by many parameters, including nontransport ones. Their value is confirmed by
the fact that they are widely used in practice from ancient times.

In this article the simplest square network will be considered. Although it is not the most
effective among regular ones [11], it is the simplest by structure and therefore the most convenient
for building. It can be considered as a target one for many territories, allowing one to achieve a
high quality of movements.

As in any other network, traffic jams can also arise in a square network. Therefore, for it the
task of movements under conditions of incomplete information is also actual. In the article a very
simple variant of navigation through a square network without the use of navigators or any other
devices is proposed. It is proved that it leads to the fastest movement.

2. PROBLEM STATEMENT

Consider some finite weighted graph G(V,E,L), where V = {vi} is the set of its vertices;
E = {ei} is the set of edges connecting its vertices; L = {li}, li > 0, are positive lengths of edges [2].
We shall consider that this graph describes some transport network: the street-road network of
a megacity, a railway network, or even beds in a field. In the general case, the task is posed of
finding such rules of choosing movement from some initial vertex u ∈ V in order finally to get to
some terminal vertex v ∈ V .

Consider at first the simplest square regular network, which consists of vertical and horizontal
roads. We choose, without loss of generality, such units of length that the coordinates of the vertices
of the graph describing it would have integer values, and the length of the edges between vertices
would be equal to one. Then the roads are described by the lines:

xi = ±n, yj = ±m, n,m ∈ Z. (1)

The distances between roads are also equal to one.

Such a network has great practical significance in the design of real transport systems. For ex-
ample, when it is chosen, classical city blocks arise. Such a network has even received in urbanistics
a special name, Hippodamian, after the name of the Greek architect Hippodamus, who applied it
in the restoration of Miletus destroyed in the course of the Greco-Persian wars [12]. In the design of
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transport corridors on the scale of regions and whole continents, the latitudinal-meridional principle
is often used, which also leads to a square network. And even beds in fields appear as a variety of
this approach.

One can move along the roads of the network. We choose such a unit of time that the speed
of movement would be equal to one. Then the time of movement between adjacent nodes will
also be unit.

Without loss of generality, we place the initial point of departure of the route u(n,m) in the
first coordinate octant, i.e., with positive coordinates, n > 0, m > 0. And in the origin of coordi-
nates v(0, 0) we place the terminal point of the route. For such a network it is required to determine
rules of choosing the direction of movement in each node in order to get by the shortest way from
some point u ∈ V to the origin of coordinates. This, for example, can be done if in each node
such an edge is chosen, movement along which leads to a decrease of the distance to the origin of
coordinates [13].

Let us note several simplest properties of this network.

Statement 1. In a Hippodamian network, for any pair of points not lying on one straight line of
the network, there exist several shortest routes of equal length.

Corollary 1. Under violations of passage along any one section of the network, for vertices not
lying on one straight line, its bypass with the same route length will be found.

Thus, for the Hippodamian network the property of stability of traffic length under violations
is characteristic, which turns out to be very important for practical applications.

Definition 1. The distance or length ln,m = n+m of the network node (n,m) will be called the
extent of its shortest route to the origin of coordinates of the node in a square network.

3. THE CASE OF TRAFFIC JAMS WITH SMALL PROBABILITY

Let us now complicate the task. Let on some edges of the graph there arise obstacles of some
kind to free movement, which further we shall call traffic jams. The locations of traffic jams are not
known in advance. I.e., initially this is a task of control under conditions of incomplete information.
But, coming to any node, we receive additional information both about the node itself and about
traffic jams on edges adjacent to it: for example, simply by looking at the corresponding road; or
at a traffic light, besides the color permitting or prohibiting passage, some number of the same
color can be shown, which will characterize the intensity of the traffic jam; or in some other way.
In other words, for the driver this is local information, accessible only at the point of presence.

In such a statement of the task, the information used for choosing the further direction of
movement, as well as for orientation and position in the network, is much more simple and therefore
cheaper than information about the whole graph G. At the same time, such sufficiently expensive
tasks are automatically excluded as collecting information about the structure of the graph and
the current location of traffic jams; the use of an onboard computing device is not required, nor
providing it with communication with the information supplier; it is not necessary to determine the
optimal route (in the case of a large graph with millions of vertices this is a separate long task) and
to make sure of its existence, to organize following the route. From this point of view such control
of movement is much more simple and cheap. Further it will be shown that under conditions of
such scanty information such control exists. And it will even lead to optimal movements. But this
becomes possible only due to the very simple and repeating structure of a regular network [14].

We shall suppose that for the event that a traffic jam will be found on an edge, there exists
some probability p; further we shall consider it a small quantity.
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In practice, traffic jams can be very diverse in their properties. In this work we shall consider
that a traffic jam is always passable, i.e., having begun movement along an edge with a traffic jam,
we shall necessarily get to an adjacent node. But the time of passing the edge in this case increases
by some quantity d < 1.

Statement 2. If there is no information about the presence of a traffic jam on an edge, then the
mathematical expectation of the time of passing this edge will be equal to 1 + pd.

Proof. There are two variants. Either there will be a traffic jam on this road, or there will not.
If there will be a traffic jam on it, then the time of movement will be 1+d; if there is no traffic jam,
then it is 1. The probabilities of these events are respectively p and 1− p. Then the mathematical
expectation of the time M(e) of passing the edge will be equal to:

M(e) = p(1 + d) + (1− p) · 1 = 1 + pd. (2)

Corollary 2. The expected average time of passing an edge will exceed the time of passing a free
edge by a quantity not more than of the first order of smallness.

As was said earlier, by the condition of the task it is not known in advance where and when
traffic jams will arise. In such a statement of the task one cannot bypass traffic jams in advance,
since information (not all) about the state of the network comes only in the course of movement.
Correspondingly, the task of choosing the further direction of movement is also forced to be solved
in the course of movement.

Definition 2. Movement from point to point, when from time to time the direction of movement
is chosen, will be called navigational.

A distinctive feature of navigation is that the route is not known in advance, even when move-
ment has already begun, even already having begun movement [15, 16]. This will depend on
information about traffic jams coming during movement, i.e., the task is a variety of adaptive
control.

If the choice of direction occurs only in nodes of the network, then such navigation is called
nodal. Nodal navigation is characteristic of many real networks: railway and automobile roads,
routers in computer networks, electric networks, gas and oil pipelines, etc. It has great practical
significance, which is why it makes sense to distinguish it by a separate name.

Definition 3. We shall call any algorithm of choosing in each node the next edge for movement
the choice rules π.

In this article the choice rules do not necessarily have to be unambiguous. In the case of
probabilistic rules, they will determine the probabilistic dynamics of flows on the network, as in
Markov networks.

4. TIME-OPTIMAL PROBLEM

For movement under conditions of traffic jams the former quality criterion, the minimum length
of a route, becomes not actual. Now one should consider the time-optimal problem. The task is
posed to find such rules π of route choice in order to reach the origin of coordinates in minimum
time. Further only such rules π will be considered which always lead to the terminal point of the
route.

Definition 4. We shall denote by the expression tπ(u) = tπ(n,m) the mathematical expecta-
tion of the time of reaching the origin of coordinates from the point u(n,m) under the choice
rules π. The index π will be omitted further if it is implied by the context. If the rules π are
optimal, then t(u) = t(n,m) = tn,m is the mathematical expectation of the least possible time.
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The least quantity tn,m will be called the time of the node, and differences of quantities of the type
tn,m − tn−1,m or tn,m − tn,m−1 will be called the times of the corresponding edges for movement
from the point (n,m).

By the condition of the task, the occurrence of traffic jams on edges does not depend on each
other in any way, which is really observed under rare traffic jams. Therefore, in accordance with
the principle of dynamic programming, the very notion of the time of a node is correct.

In what follows the following will be very useful.

Lemma 1. For each sufficiently small p around the origin of coordinates there exists a domain σ,
in which for each node of the network the time is equal to tn,m = n+m+O(p) = ln,m +O(p).

Proof. The proof follows from the smallness of the quantity p and Statement 2.

In other words, the metric in a neighborhood of the origin of coordinates will differ insignificantly
from the initial Hippodamian one for a square network. Correspondingly, the smaller p is, the larger
the domain σ will be. For any two points u1 and v1 the following will be true.

Corollary 3. In the domain σ, if l(u) < l(v), then t(u) < t(v).

Further we shall consider only nodes of the network which are situated to the right and below
the diagonal of the first octant, including its boundaries, i.e., nodes u(n,m) whose coordinates
will satisfy the relations 0 6 m 6 n. For nodes from the upper diagonal half the reasoning will be
analogous.

Corollary 4. If the penalty d < 1, then in the domain σ the fastest routes can leave nodes only
along the left and lower edges.

Proof. When moving upward or to the right, the length of the node increases by one. For
returning to the same level of distances it is necessary to spend at least one more unit of length.
Since in the domain σ the hierarchy of distances to the origin of coordinates is preserved, passing
through a traffic jam will be faster than its possible bypass.

Let us note that, for preserving most conclusions, the restriction d < 1 from above by one can
be considerably improved to quantities close to 2. But this will strongly complicate the exposition
without obtaining new qualitative advantages. It will be necessary to investigate the sizes of the
domain σ, the form of its boundaries, after which the formulations of the statements will become
much more cumbersome.

Corollary 4 makes it possible to find optimal control in the form of rules for choosing directions
of movement in nodes. Consider at first two special cases of nodes on the abscissa axis and on the
diagonal of the first coordinate octant.

Example 1. Let us find the values tn,0. Consider at first the node (1, 0) on the abscissa axis
to the right of the origin of coordinates. In view of the symmetry of the task with respect to the
coordinate axes and their diagonals, analogous reasoning can be given for the points (0, 1), (0,−1),
(−1, 0). Only movement along the road to the left brings closer to the origin of coordinates, since
movement downward increases the distance l(u). In accordance with the statement above, the
mathematical expectation of the time of movement along it is equal to t(1, 0) = 1 + pd.

For other points on the abscissa axis of the type (n, 0), for optimal control it is required anal-
ogously to choose only the direction to the left in view of the nonoptimality of bypassing traffic
jams in the domain σ. Then tn,0 = n(1 + pd).

Corollary 5. The times of edges on the coordinate axes are greater than the lengths of edges by
a quantity of the first order of smallness.

Example 2. Let us find the values of the time of the node t1,1 on the diagonal of the coordinate
octant. In accordance with the principle of dynamic programming, for finding the least time of
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movement from each point one should choose that direction which will give the best result taking
into account already known optimal routes.

By Corollary 4, among the directions of further movement one should choose either along the
edge downward or along the edge to the left. From Example 1 it is known that the least math-
ematical expectations of times for the points (1, 0) and (0, 1) are equal and are equal to 1 + pd.
At the point (1, 1) the following four variants are possible. Both necessary directions will be with
traffic jams. The lower edge will be with a traffic jam, and the left one free. On the left there will
be a traffic jam, the lower one free. Both edges will be free from traffic jams. Correspondingly, the
probabilities of these events will be equal to p2, p(1− p), (1− p)p, (1− p)2.

Let us formulate the rules of choosing the direction π, consisting in that we shall choose an edge
without traffic jams always when this is possible. If both edges are free or both are with traffic
jams, then we choose any one with equal probability. Under such a choice, in three of four cases a
free edge will be chosen. Then the mathematical expectation of the time of the diagonal node will
be equal to:

t1,1 = p2(1 + d+ t1,0) + p(1− p)(1 + t1,0) + (1− p)p(1 + t0,1) + (1− p)2(1 + t0,1). (3)

Since t1,0 = t0,1 = 1 + pd, the expression is simplified to:

t1,1 = (1 + pd) + 1 + p2d = 2 + pd+ p2d. (4)

Since t1,0 = 1 + pd, the time of the vertical edge t1,1 − t1,0 is equal to 1 + p2d. And since the
probability p is a small quantity, the times of the lower t1,1 − t1,0 and left t1,1 − t0,1 edges from the
node (1, 1) exceed their lengths by quantities not of the first, but already of the second order of
smallness. In other words, they are faster than edges on the coordinate axes. Further it will be
shown that a similar property can be ensured for all points outside the coordinate axes.

5. OPTIMAL NAVIGATION

Consider now the general case of an arbitrary node u(n,m), whose coordinates will satisfy the
relations 0 < m 6 n, i.e., located in the half of the octant without the abscissa axis.

Definition 5. The rules of choosing the direction of movement π will be called diagonal if:

1) The choice is made only between the lower and left edges;

2) If the left edge is free, then it is chosen;

3) If there is a traffic jam on the left edge, and the lower one is free, then the lower one is chosen;

4) If there are traffic jams on both edges, then we choose the left one.

In other words, in the simultaneous presence of a pair consisting of a free edge and an edge with
a traffic jam, the free edge is always chosen. In other cases the advantage always has the left edge.
Under such rules the movement tends in the direction of the diagonal of the octant, whence its
name was taken.

If in all nodes the diagonal choice rules are used, then in accordance with the principle of dynamic
programming the times of nodes will be uniquely determined around the origin of coordinates.
Consider some node (n,m). The time of the node to the left of it (n−1,m), denote by tleft = tn−1,m,
and the time of the lower node (n,m− 1) as tdown = tn,m−1.

Statement 3. For the diagonal rules π the recurrent relation is true

tn,m = tleft + 1 + (p− p2)(tdown − tleft) + p2d. (5)
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Proof. The mathematical expectation of time for the diagonal rules is collected from the prob-
abilities of all possible states of the edges:

tn,m = p2(tleft + 1 + d) + p(1− p)(tleft + 1) + (1− p)p(tdown + 1) + (1− p)2(tleft + 1). (6)

Opening the brackets and grouping the summands, we obtain the required expression.

According to Lemma 1, the times of the nodes tleft and tdown differ from their lengths by
quantities of the first order of smallness. But the lengths of these nodes are equal. Therefore the
difference of the times tdown and tleft will also be of the first order of smallness. And the summand
(p − p2)(tdown − tleft) will already be of the second order of smallness. Therefore the time of the
left edge differs from unity by a quantity of the second order of smallness.

Recall that on the abscissa axis the times of edges were greater than lengths by quantities of
the first order of smallness.

Corollary 6. For the zero and first horizontal layers of nodes of the network it is true that
tn−1,1 < tn,0.

Statement 4. If tn−1,m < tn,m−1, then the diagonal rules π are optimal control of movement of
the time-optimal problem in the node (n,m), where 0 < m 6 n.

Proof. For the node (1, 1) above the optimal control and its time were directly found. For the
node (1, 1) it is directly checked that the diagonal choice rules also give optimal control. Consider
an arbitrary node (n,m). The proof is based on a direct check of each combination of traffic jams
on the lower and left edges. If both edges are free, then the left edge is chosen, since the time of
the left vertex is less than that of the lower one, and the times of the edges are equal and equal
to unity. If the left edge is free, and the lower one is with a traffic jam, then both the time of the
left edge is less and the time of the left node is less. If the left one is with a traffic jam, and the
lower one is free, then the lower one is chosen, since by the conditions of the task the value of the
penalty d when passing along the left edge will be greater than the difference of the times of the
left and lower nodes, since in the domain σ this difference has the first order of smallness. If there
are traffic jams on both edges, then we choose the left one, since the times of the edges are equal,
and the time of the left node is less.

Statement 4 is also true in the opposite direction.

Lemma 2. Under the diagonal choice rules π in the domain σ the inequality tn−1,m < tn,m−1 will
be fulfilled.

Proof. We shall carry out the proof by induction. The base of induction. Consider the
nodes (2, 2) and (3, 1). For them it is true:

t2,2 = (1− p)2(1 + t1,2) + (1− p)p(1 + t1,2) + p(1− p)(1 + t2,1) + p2(1 + d+ t2,1), (7)

t3,1 = (1− p)2(1 + t2,1) + (1− p)p(1 + t2,1) + p(1− p)(1 + t3,0) + p2(1 + d+ t2,1). (8)

As for nodes symmetric with respect to the diagonal, in view of the symmetry of the task it will
be true that t1,2 = t2,1. And t3,1 < t4,0 by Corollary 6, since the latter node lies on the abscissa
axis. Comparing the expressions by each summand, we obtain that t2,2 < t3,1. Thus we obtain three
consecutive nodes along an oblique diagonal with times t2,2, t3,1, t4,0 in the order of nondecrease
and growth for the last pair. Further we shall call such triples of nodes oblique. There are also two
horizontal layers, where the times of nodes of the upper layer along an oblique diagonal are less
than the times of nodes of the lower layer.

The induction step. Let for some triple of nodes it be true that tn−2,m 6 tn−1,m−1 < tn,m−2,
and also for any positive i the inequality tn−1+i,m−1 < tn+i,m−2 is fulfilled. Consider two nodes
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(n − 1,m) and (n,m − 1) to the right and above this triple. Their times are determined by the
recurrent formulas

tn−1,m = (1− p)2(1 + tn−2,m) + (p − p2)(1 + tn−2,m)

+ (p− p2)(1 + tn−1,m−1) + p2(1 + d+ tn−2,m),
(9)

tn,m−1 = (1− p)2(1 + tn−1,m−1) + (p − p2)(1 + tn−1,m−1)

+ (p − p2)(1 + tn,m−2) + p2(1 + d+ tn−1,m−1).
(10)

Each of the summands of the upper expression will be greater than or equal to the analogous
summand of the lower formula. Moreover, the equality sign can be only for nodes of the type
(k − 1, k) and (k, k − 1) around the diagonal of the octant. Substituting these inequalities, we
obtain the statement being proved. Therefore, if there is an oblique triple, then to the right of it
there will also be an oblique triple. I.e., they are arranged in layers horizontally. On the other
hand, if there are not less than two horizontal layers y = k and y = k − 1 where ti,k < ti+1,k−1,
then there will always be found an oblique triple above them. This will be a triple of nodes of
the type (k + 1, k + 1), (k + 2, k), (k + 3, k − 1), i.e., beginning from the coordinate diagonal. The
proof is analogous by the formulas above, only it is necessary to take into account that in view of
the symmetry of the task there is the strict equality tk,k+1 = tk+1,k.

Theorem 1. The diagonal choice rules are optimal control of movement for the domain σ without
the coordinate axes.

As is seen from the previous exposition, the times of all edges, except those lying on the co-
ordinate axes, exceed their lengths by a quantity not more than quantities of the second order of
smallness. In other words, for most cases the diagonal rules provide a very high quality of control,
practically eliminating the influence of traffic jams during movement.

The very principle of the striving of a route to the domain where there exists the greatest
number of variants of continuation of movement and, correspondingly, of bypassing traffic jams,
has a fundamental character. Therefore it is very plausible that it can be used under much less
severe restrictions. Consider some directions for generalizing the results.

6. FINITE VALUES OF THE PROBABILITY p

Although formally the probability of occurrence of a traffic jam in the given statement of the
task is considered an infinitely small quantity, for practical applications cases with finite values are
of interest. In particular, the question is of interest how far the domain σ can extend. Here the
following will be useful.

Statement 5. The time of any edge is more than 1 and not more than 1 + pd.

This follows from Statement 2 with the remark that, when approaching any node, additional
information becomes accessible, which can reduce the mathematical expectation of the time of
movement along it.

According to Corollary 3, in the domain σ, if l(u) < l(v), then t(u) < t(v). This can be considered
as an alternative definition of the domain of applicability of the diagonal choice rules. The very
notion of the domain σ exists by definition only under the limiting transition with respect to the
probability p, which does not allow one to calculate its boundaries at some finite p. On the contrary,
the given property is sufficiently easy to check. This makes it possible to obtain quantitative
estimates of the size and form of the domain where the proposed control of movement will be
optimal.

One of the rough estimates of the extent of the domain σ can be the condition t(u) < l(u) + 1,
which makes bypasses ineffective. In accordance with Statement 5, for d < 1 the domain will
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include all nodes with l(u) < 1/p. For example, when the probability of a traffic jam is equal to
one hundredth, the diameter of such a domain in a city will be of the order of 200 blocks. Few
megacities in the world are of such an extent. In other words, this is although a rough estimate,
but already having practical sense.

At high values of the probability p another difficulty arises. A chain reaction of generation of
other traffic jams by traffic jams can begin because of the reduction of the throughput capacity of
the whole network. Then the simultaneous appearance of a traffic jam on the left and lower edges
can begin to arise successively during movement, which will require taking into account not only
the nearest edges, but also more distant ones. And this requires both more extensive information
about the current state of the graph and a modification of the choice rules themselves. I.e., the
very statement of the task changes. How strongly the parameter p can be increased remains an
open question.

7. PENALTY FOR PASSING A TRAFFIC JAM

In the current statement of the task it was supposed that a traffic jam is always passable. And
the undesirability of its passing was given by the quantity of the time penalty d, which was chosen
less than unity. This was done in order that the bypass would be nonoptimal. Indeed, the diagonal
rules lead to routes with a successive decrease of the lengths of the passed nodes. In them the
principle of bypassing traffic jams on the horizon of observability is already laid. And any bypass
outside diagonal directions leads to an overrun in length by 2 units.

Variants of statements of the task with large values of d are also possible. And they really arise
in practice, which conditions interest in them. But under such quantities bypasses of traffic jams
become optimal. And this requires additional assumptions to the initial statement of the task at
the methodological level.

When choosing a bypass, it is extremely desirable to expand the zone of informing drivers about
more distant edges, and not only adjacent ones. And this contradicts the aims of this article,
where, on the contrary, the emphasis is placed on simplifying movement and reducing the cost of
its accompaniment. At the same time, one can also inform in different ways. For example, one can
give information about the state of edges removed from the current position through one vertex.
Or one can give the whole current graph of the network. Depending on the chosen variant, a whole
set of independent statements of tasks with their own features and domain of application arises.

It is necessary to distinguish the types of traffic jams. For example, they can be constant, and
they can change after some interval of time. In the latter case it is necessary explicitly to indicate
the law of occurrence and disappearance of congestions. This leads to new series of mathematical
models. A separate case arises when movement through an edge is prohibited, for example because
of the closure of a road section for repair or because of some other insurmountable reason. In this
case there may generally not exist any route to the origin of coordinates, i.e., the task becomes
incorrect.

Despite the indicated and other difficulties, cases of bypasses of traffic jams are very important
for practice. But at present there does not exist a unified approach to solving such a task. In
cities, navigators with display of the location of traffic jams and their intensities are most often
used. At this it is necessary to remember that such information comes with a delay. Sometimes
explicit indicators of bypasses help. In traffic control centers, expensive methods of modeling and
forecasting are very often used. At the same time, probabilistic approaches and expert estimates
based on knowledge about past analogous situations are used.

In the most neglected cases high values of p and d will lead to situations when in some parts
of the network movement will generally stop. Then there arises already the task not of choosing
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movement, but generally of the existence of at least one possible route. For example, tasks of flow
in a percolation cluster arise [17], which are very complex even for theoretical investigation.

The absence of a good cheap solution says that road networks with high values of the probability
of occurrence of a traffic jam and high costs of penalties must be avoided in every possible way.
Including the use of nontransport methods: architectural and planning decisions, traffic restrictions,
stimulation of small sizes of automobiles, reduction of the number of automobile owners, compact
cities, etc.

8. CONCLUSION

The diagonal rules generate optimal nodal navigation when moving in a square network with
small traffic jams in some domain around the origin of coordinates.

The diagonal rules admit a very simple and convenient for practical use interpretation. It consists
in the striving to the diagonals of the coordinate octant. Upon reaching the diagonal, the winding
of the route onto the diagonal begins. This makes it possible to move through the network in an
optimal way without the use of any additional computing or information devices. This becomes
possible because under such choice rules the greatest number of variants of bypassing traffic jams
is achieved.

The proposed control can be chosen as a target one when constructing real transport networks
with regular topology in view of its simplicity, stability of traffic length, and cheapness. Such an
approach is an alternative to the existing trends toward complication of the mechanisms of control
and management of real transport flows, and correspondingly of the growth of costs for them.
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Abstract—A model of the COVID-19 epidemic in a population heterogeneous by chronic non-
communicable diseases is presented. A synthetic population is recreated, preserving the causal
relationships between chronic diseases, sex, and age. Infection of individuals in the population
is simulated, and the effect of the dependence of the course of COVID-19 on the presence
and type of specific chronic diseases in infected individuals is modeled. The results of the
epidemic modeling in the original population are compared with those in populations with
reduced prevalence of chronic non-communicable diseases. Diseases whose reduced prevalence
leads to the greatest reduction in COVID-19 mortality, the number of years of life lost, and the
load on intensive care equipment are identified.
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1. INTRODUCTION

One of the indicators of a population’s vulnerability to infectious diseases is the prevalence of
chronic non-communicable diseases, which represent the body’s decline and decreased resilience.
The more chronic diseases a person has, the worse his prognosis for infectious diseases becomes [1, 2].
The distribution of chronic diseases in the population is one of the significant factors determining the
differences in COVID-19 mortality rates among countries [3]. Effective control of chronic diseases
and the development of policies aimed at reducing their prevalence can help lessen the negative
consequences of an infectious disease epidemic.

The impact of chronic diseases on the COVID-19 epidemic was studied using mathematical
models with a system of differential equations, or via agent-based modeling. In differential equations
models the entire population is divided into groups of people with chronic diseases and those without
chronic diseases [4–6]. The [5] proposed that the most cost-effective strategy for reducing COVID-19
burden on population is to lessen the incidence of infection in patients with chronic diseases due
to their high vulnerability. Authors of agent-based models usually incorporate chronic diseases in
individuals indirectly through age [7]. However in [8] it was shown that the conditional probability
of hospitalization of an individual with COVID-19 is higher when taking into account both chronic
diseases and age compared to taking into account age alone.

Mathematical models in general do not include the type and number of chronic diseases in
individuals, while observational evidences show different increases in the risk of death for different
diseases and the presence of a nonlinear cumulative effect [9]. A chronic disease that increases the
risk of severe illness and hospitalization may not affect the risk of death [10]. Modeling multiple
diseases simultaneously is complicated by the fact that chronic diseases form a causal network in
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which the development of one disease increases the probability of the development of a certain type
of other diseases over time [11–13].

This paper presents a mathematical model which takes into account the complex interaction
mechanisms between multiple chronic diseases and an infectious disease. The aim of the study is
to determine how the prevalence of various chronic diseases in a population influences mortality
from COVID-19. A series of computational experiments with reduced prevalence levels of various
chronic diseases was conducted to determine their contribution to mortality and healthcare resource
workload during the COVID-19 epidemic.

2. MODELED MECHANISMS

The model was designed to reproduce the COVID-19 epidemic in a megapolis. The reference
was the COVID-19 epidemic in Moscow in 2020–2021. The process of COVID-19 infection in the
population was considered random with a uniform probability distribution, and the population was
considered uniformly mixed and heterogeneous in terms of sex, age, and chronic diseases.

The presence of various chronic diseases in individuals was considered a dependent random
variable. The risk of developing a new chronic disease increases with age. The development of
a particular type of chronic disease also depends on sex and the pre-existing chronic diseases.
Research [12] has discovered clusters of diseases that occur together with a probability higher than
that of a single disease. The sequence of chronic diseases development forms a network with distinct
clusters. To reproduce these dependencies, a Bayesian network was created, and its parameters
were estimated.

COVID-19 infection causes destruction of pulmonary epithelial cells, leading to respiratory fail-
ure and the need for hospitalization. Provided extensive lung damage, COVID-19 leads to the
development of L-type pneumonia and, if the condition worsens, H-type pneumonia [14]. In case of
L-type pneumonia, a respiratory support using non-invasive ventilation is recommended, while for
H-type pneumonia, invasive mechanical ventilation (IMV) is recommended. These methods require
monitoring in intensive care units. The average duration of COVID-19 treatment is 2 to 6 weeks [15].
According to these considerations, the course of COVID-19 in an infected patient was modeled as a
series of transitions between severity states using a Markov model. The model included the patient’s
respiratory states (RS): spontaneous breathing, non-invasive ventilation and invasive mechanical
ventilation.

The course of COVID-19 depends on the presence of chronic diseases. Moreover, the severity of
COVID-19 depends on both the type and number of chronic diseases. For this model, a risk score
for severe COVID-19 was created. The score value was calculated as the sum of the weights of an
individual’s diseases present; the higher the value, the worse the prognosis. A relative weight was
assigned to each disease reflecting its contribution to the increased risk of death. To model the
impact on the disease course, the transition probabilities of the Markov model were dependent on
the risk score value.

3. MATHEMATICAL DESCRIPTION OF THE MODEL

This section successively describes the creation of a risk score for severe COVID-19, the creation
of a Markov model of COVID-19 progression, the generation of a synthetic population using a
Bayesian network, and the overall scheme of the computational experiment. This order is deter-
mined by the fact that the list of chronic diseases to be modeled in individuals was determined
while creating the risk score, and the possible states of individuals at the initial point in time were
determined while creating the Markov model. This information was thereafter used to construct a
synthetic population. For creating a risk score, a Markov model and a Bayesian network, the data
from patients treated with COVID-19 in the infectious diseases department of Moscow hospital
from March 2020 to June 2021 were used [16].
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3.1. Risk Score for Severe COVID-19

The CoRS-COVID score described in [17] was used as a risk score for severe COVID-19.

Consider xxx = (x1, . . . , xn), xi ∈ R as a list of individual characteristics. The risk of a person to
severe course of the disease can be represented with function φΠ = f(xxx), φ ∈ R, where f(xxx) is the
ranking function. If a person x1x1x1 has higher risk comparing to person x2x2x2, then the corresponding
function values will be

φΠ1
= f(x1x1x1) > φΠ2

= f(x2x2x2).

The objective of developing a risk function is to allocate the characteristics (x1, . . . , xn) that
impact the infectious disease course and the type of function f(xxx). In particular, the search for
the function f(xxx) can be among additive value functions that are composed of the sum of one-
dimensional operators [A] of each characteristic:

ϕ = f(xxx) = A1x1 +A2x2 + · · ·+Anxn.

Consider operators {Ai} as
Aixi = kixi, ki ∈ Z.

We will use xi ∈ {0, 1}, where 1 corresponds to chronic disease i’s presence and 0 to chronic
disease i’s absence.

Then
φΠ =

∑

i

kixi. (1)

We will call φΠ a risk score for a severe disease course and ki the relative weight of a chronic
disease i. For the convenience of clinical use, ki lies in the domain of integers.

Consider a logistic regression in which the dependent variable is the probability of the lethal
outcome of the disease y and the independent variables are the characteristics xxx

P (y|xxx) =
1

1 + e−z(xxx)
, (2)

where
z(x) = www⊺xxx+ b = w1x1 + w2x2 + . . . wnxn + b, www, b ∈ R,

z(x) is a monotonic function of a linear combination. Thus,

www⊺x1x1x1 > www⊺x2x2x2 ⇒ P (y|x1x1x1) > P (y|x2x2x2).

Therefore operators Ai = wi can be considered as ranking function for health status. Because
wi, b ∈ R are real and ki ∈ Z are integers, we shall round

ki = [wi] . (3)

To develop φΠ we selected characteristics xxx as chronic diseases that had odds ratio of a lethal
outcome significantly higher than 1.2 or lower than 0.8. The logistic regression (equation (2))
using xxx was created; the parameters www and b were estimated with maximum likelihood method.
The diseases’ weights were obtained using equation (3). The final list xxx consists of 13 diseases
(coronary heart disease, hypertension, arrhythmia, cerebrovascular disease, vascular thrombosis,
anemia, chronic kidney disease stages 1–3, emphysema, fatty liver disease, metastatic cancer, and
autoimmunity) with their weights ranging from −4 to 1.

3.2. Markov Model of COVID-19 Progression

The modeling of COVID-19 course was carried out using the Markov model of COVID-19 pro-
gression [18].
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Let {St, t = 0, 1, 2, 3, . . .} be a homogeneous Markov chain defined in measurable space (E,F)
with transition probabilities

P(s,B) = P(D = St+1 ∈ B|St = s), s ∈ E, B ∈ F,

and the initial probabilities distribution

π0(B) = P(S0 ∈ B), B ∈ F. (4)

We defined the state space E for the Markov model of COVID-19 progression as consisting of five
states: hospital stay without respiratory support s1, hospital stay on non-invasive ventilation s2,
hospital stay on invasive mechanical ventilation s3, recovery s4, and death in the hospital s5. The
transition probability matrix T is

T =




p11 p12 p13 p14 p15
p21 p22 p23 p24 p25
p31 p32 p33 p34 p35
0 0 0 1 0
0 0 0 0 1



, where pij = P(St+1 = sj|St = si).

The transition probabilities pij were estimated using the multinomial logistic regressions, that
have the transition probabilities P (St, B) from the current state as the dependent variable and the
value of a risk score for severe COVID-19 φΠ (equation (1)) as the independent variable:

pil(φΠ) = P(St+1 = sl|St = si) =
e−βi

0l
−βi

l
φΠ

1 +
∑5

k=1 e
−βi

0k
−βi

k
φΠ

,

pi5(φΠ) = P(St+1 = s5|St = si) =
1

1 +
∑5

k=1 e
−βi

0k
−βi

k
φΠ

,

l = 1, . . . , 4,∀i. (5)

The prediction of COVID-19 course for one individual n within one day time step is

St,n = T t(φΠ,n)S0,n.

The parameters {β} for transition probabilities pij were estimated using the maximum likelihood
method based on data of patients treated in a hospital with COVID-19.

3.3. Synthetic Population

Consider a population P of individuals {an}
N
n=1. Each individual has the list V n of random

variables, denoting characteristics of individuals. The list of characteristics consisted of V n
1 as age

group; V n
2 as sex; V n

3−16 as presence of chronic diseases, partially corresponding to the characteris-
tics xi of risk score equation (1); and V n

17 = Sn
0 as the type of respiratory status at the moment of

hospitalization, which corresponds to the first state π0 of the Markov model in equation (4).

A synthetic population was created using a Bayesian network [19]. The Bayesian network
was a directed acyclic graph; its nodes were random variables Vi denoting the characteristics of
individuals, and its edges ri denoted the dependent relations between the random variables. At each
root node, the probability distribution P(Vi) of the values of the corresponding random variable Vi
was determined. At each child node, the conditional probability distributions of the values of the
random variables were determined depending on the value of the parent node: P(Vi|parents(Vi)).

The unconditional joint probability of all random variables in the network is expressed through
the product of all probabilities of the parents and parents of the parents of the nodes:

P(V1, . . . , Vn) =
n∏

i=1

P(Vi|parents(Vi)). (6)

This equation can be used to generate a list of individuals with given characteristics via a
sequential calculation.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 8 2026



MODELING THE IMPACT OF CHRONIC DISEASE PREVALENCE 745

Fig. 1. A diagram of the merging of the Bayesian network graph based on the data of questionnaires (core
network) and the Bayesian network graph based on the data of hospitalized patients (supplementary network).
CHD—coronary heart disease, CVD—cerebrovascular disease, COPD—chronic obstructive pulmonary disease,
KD—kidney disease, FLD—fatty liver disease, RS—respiratory support.

The Bayesian network for the considered synthetic population P was created in three stages.
At the first stage, a core network was created using data from the 2021 Behavioral Risk Factor
Surveillance System (BRFSS) collected by the US Centers for Disease Control and Prevention.
The data represent the results of telephone surveys of 438 693 US residents on the presence of
chronic diseases diagnosed by their physicians; their behavior; diet; living conditions; as well as
information on state of residence, sex, age, survey date, and other information. We selected the
responses on the following: sex, age group, presence of high blood pressure (hypertension), heart
attack and coronary heart disease, stroke, cancer, chronic obstructive pulmonary disease, kidney
disease, diabetes, and obesity using a BMI value. These characteristics formed the nodes of the
core Bayesian network; the core network contained a total of 10 nodes. However, these data did
not contain information on all the necessary chronic diseases included in the φΠ index.

At the second stage, a supplementary network was created, for which data from patients treated
with COVID-19 in the infectious diseases department of Moscow from March 2020 to June 2021 was
used [16]. The data consist of the patient’s sex, age, date of hospitalization, duration of treatment,
type of respiratory support used for each day of treatment, treatment outcome and chronic diseases
present. For the supplementary Bayesian network, we selected data on age, sex, diseases present in
the BRFSS questionnaire (hypertension, coronary heart disease, stroke, kidney disease, diabetes,
cancer, and chronic obstructive pulmonary disease); additional diseases included in the φΠ index
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(arrhythmia, vascular thrombosis, anemia, fatty liver disease, metastases, and autoimmunity); and
the patient’s initial type of respiratory status s0 at the time of hospitalization. The age of the
patients was divided into groups corresponding to the BRFSS questionnaire categories. These
characteristics formed 16 nodes of the supplementary network.

Optimization of both the core and supplementary networks was performed using the hill-climbing
algorithm and maximization of the Bayesian Information Criterion

BIC(G|D) = ln(P (D|G,Θ)) −
d

2
logm −−→

g,Θ
max,

where G is a graph structure, D is observation data, Θ are estimates of parameters given a structure,
d is the number of free parameters, and m is the size of observation D.

At the third stage the two networks were merged together into one by adding the six absent
nodes from the supplementary network to the core network, preserving parent edges and conditional
probabilities (Fig. 1).

3.4. Computational Experiment Scheme

Figure 2 presents an overview of the experiment. Using the equation (6), a population of 100 000
individuals with randomly assigned characteristics was generated. For each individual, the risk
score for severe COVID-19 was calculated by φnΠ =

∑
j kjx

n
j . The proportion p of the population

was deemed infected with COVID-19, and the course of COVID-19 for all infected individuals was
simulated using a Markov model. The probability of infection p was estimated as the ratio of
the total number of detected COVID-19 cases as of January 2025 to the total number of Moscow
residents in 2025 and amounted to 0.295. For each infected individual, transition probabilities in
the model were calculated depending on the risk score value (equation (5)). Based on the transition

Fig. 2. An overview of the computational experiment: creating a population using a Bayesian network,
calculating a risk score for each individual, randomly infecting the population, and simulating the course of
COVID-19 in infected individuals using a Markov model.
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probabilities, for each one-day time step the next state in the model was randomly chosen for each
infected individual. The disease course for the infected was simulated for 30 days.

Estimates of the number of survivors and deceased, their sex, average age, and average length
of stay were obtained. The prevalence of chronic diseases among deceased individuals and the
relative risks of death for different diseases were calculated. For deceased individuals, estimates
of years of life lost were obtained based on life expectancy in age groups calculated from data on
mortality in Moscow for 2014 from the Human Mortality Database. To obtain reliable estimates,
100 random runs of the model were carried out, the results were averaged and confidence intervals
were calculated.

A series of simulations of the COVID-19 epidemic were conducted in a population with a reduced
prevalence of chronic diseases. In the original Bayesian network, the conditional probabilities
P(Vi|parents(Vi)) were lowered by 50% at one or more nodes Vi corresponding to chronic diseases,
and a new synthetic population was generated. For individuals in the new population, infection
with COVID-19 was randomly assigned, and a 30-day infection course was simulated; mortality, the
sum of years of life lost, and the average length of stay were estimated. Epidemics in populations
with a reduced prevalence of hypertension, obesity, diabetes, cancer, coronary heart disease, chronic
obstructive pulmonary disease, and cerebrovascular disease were simulated. We also simulated a
decrease in the prevalence of several diseases simultaneously, specifically hypertension and diabetes;
hypertension and coronary heart disease and cerebrovascular disease; all cardiovascular diseases
(hypertension, coronary heart disease, cerebrovascular disease, anemia, arrhythmia, and vascular
thrombosis); and all diseases in the population. The obtained estimates were compared with the
corresponding estimates from the original population.

4. RESULTS

Following 100 model runs, the average number of hospitalizations among 100 000 individuals
was 29 470 people, and the number of deceased individuals amounted to 3682 people. Thus, the
overall COVID-19 fatality rate in the synthetic population was 0.037, and the fatality rate among
hospitalized was 0.125. The average age of the deceased was 57.6 years; the average age of deceased
females was two years older than males. The number of years of life lost averaged to 23.61 years
per person; the highest number of years of life lost was observed in the 60 to 69 age group.

The results of computational experiments in the original population and in populations with
a 50% reduced prevalence of chronic diseases are given in the table. The greatest effect was
observed for a reduction in the conditional probability of hypertension: a decrease in the number
of individuals with hypertension from 39 018 people to 19 603 led to a decrease in the number of
deaths from COVID-19 by 8.73% and the number of years of life lost by 6.9%. When comparing
the effect relative to the number of individuals, the greatest effect was observed for a reduction in
the conditional probability of coronary heart disease: a decrease in the number of individuals with
coronary heart disease from 8096 to 4021 led to a decrease in the number of deaths from COVID-19
by 4.61% and the number of years of life lost by 2.9%; in addition, it caused the greatest effect
on the decrease of the number of infected people requiring invasive mechanical ventilation on the
first day of hospitalization—by 6%. Reductions in the prevalence of coronary artery disease and
hypertension had the same effect on the number of days of invasive mechanical ventilation use—the
decrease by 3.31%.

Diseases that do not directly influence COVID-19 severity contributed to mortality indirectly by
being the causes of other diseases with a direct negative impact. For example, a reduction in the
prevalence of obesity or diabetes, which were not included in the risk score for severe COVID-19, led
to a decrease in COVID-19 mortality due to their relationships with other diseases in the Bayesian
network.
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Relative changes in epidemic parameters caused by a 50% decrease in the prevalence of chronic diseases
in a synthetic population. CHD—coronary heart disease, COPD—chronic obstructive pulmonary disease,
CVD—cerebrovascular disease, IMV—invasive mechanical ventilation

The disease
with reduced
prevalence

Change
in number
of deaths

Change in number
of patients on IMV
at the admission

Change
in number of IMV

usage days

Change
in number of total
years of life lost

Hypertension −8.73% −2.57% −3.31% −6.9%
Obesity −1.38% −0.47% −0.49% −1.3%
Diabetes −0.51% −0.82% −0.37% −0.3%
Cancer −0.52% = −0.26% −0.4%
CHD −4.61% −5.87% −3.31% −2.9%
COPD −1.96% = −1.02% −1.5%
CVD −1.25% = −0.59% −0.9%
Hypertension
and diabetes

−9.06% −3.20% −3.58% −7.1%

Hypertension,
CVD, CHD

−12.97% −7.45% −6.31% −9.6%

All cardiovascular
diseases

−22.31% −20.74% −12.95% −19.5%

All diseases −23.1% −21.24% −12.35% −19.7%

Reduction in the prevalence of several diseases simultaneously has a smaller effect than the sum
of the effects of individual disease prevalence reductions. A 50% reduction in the prevalence of all
diseases led to a 23% decrease in the number of deaths, a 12% decrease in the number of IMV
days, and a 20% decrease in years of life lost. Thus, a 1% reduction in the quantity of people with
chronic diseases leads to a 0.4% decrease in the number of COVID-19 deaths. Moreover, up to 96%
of mortality was attributable to the high prevalence of cardiovascular diseases.

Model results showed that the high prevalence of chronic diseases in the population leads to a
significant increase in mortality from infectious disease. In addition, chronic diseases increase the
workload on healthcare resources, as illustrated by the prolonged usage of artificial lung ventilation
and intensive care equipment due to the increased likelihood of high severity of the condition upon
hospitalization. The relative decrease in years of life lost was smaller than that of the number of
deaths. This is due to the fact that the decrease in the number of deaths mainly occurs in older
age groups.

5. CONCLUSION

A model of the COVID-19 epidemic in a population heterogeneous in terms of chronic diseases
was developed. According to the model’s findings, a high prevalence of chronic non-communicable
diseases is a major risk factor for increased mortality from infectious diseases in the population.

The model helped identify the diseases that have the greatest impact on mortality: hypertension
and coronary heart disease. It was noted that a reduction in the prevalence of obesity and diabetes,
which do not directly influence the course of COVID-19, also leads to a decrease in COVID-19
mortality in the population.

The ratio of the reduction in the prevalence of chronic diseases to the consequential decrease
in the number of COVID-19 deaths was estimated to be 1% to 0.4%. Moreover, up to 96% of
mortality was attributable to cardiovascular diseases.

This work is one of the first to study the relationship between infection parameters in a popula-
tion and the prevalence of chronic diseases. This analysis can be applied when developing policies to
reduce the burden of chronic diseases in the population. The proposed approach can be broadened
and applied in the study of the influence of chronic diseases on the course and outcomes of other
infectious diseases, such as influenza, rhinovirus, and hepatitis C.
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Abstract—For multi-criteria decision-making problems, by analogy with qualitative probability,
the concepts of complete and partial qualitative importance are introduced as binary relations
satisfying certain postulated properties. A new definition of a non-strict preference relation
on the set of decision alternatives, generated by qualitative importance, is proposed, and its
properties are examined. Analytical rules for pairwise comparison of alternatives in terms
of preference are provided. The new preference relations are compared with those developed
earlier for problems in which only individual criteria are initially ordered by importance. It is
shown that when all criteria are completely ordered by importance, the two preference relations
coincide.

Keywords : multi-criteria decision-making problems, ordering criteria by importance, criteria
importance theory
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1. INTRODUCTION

This article is a continuation of the authors’ work [1], which provided a survey of the literature on
criteria importance theory (CIT) for problems in which groups of criteria are ordered by importance,
demonstrated the relevance of the theory, and outlined directions for further research. Based
on recent results obtained for single-criterion decision-making problems under uncertainty with
qualitative probability and ordinal utility [2], extended preference and indifference relations are
introduced in this article for multi-criteria problems with ordinal criteria on the set of vector
outcomes (and thus on the set of decision alternatives). The properties of these relations are
examined, and simple decision rules for pairwise comparison of alternatives in terms of preference
are provided. The relationship between the new non-strict preference relations and the relations
previously used for problems in which only individual criteria are ordered by importance is studied
in detail.

2. MATHEMATICAL MODEL AND BASIC DEFINITIONS
FROM THE CRITERIA IMPORTANCE THEORY

Consider the following mathematical model of the decision-making situation [1]:

〈X, f, Z0, R〉 ,

here X is the set of solution options; f = (f1, . . . , fm) is a vector criterion consisting of m > 2
individual criteria fi; Z0 ⊆ (−∞,+∞) is the range of criteria values (the “criteria scale”); R is
the decision makers (DM) non-strict preference. Each criterion fi is a function defined on X
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and taking values from Z0. Each option x from the set X is characterized by its vector estimate
y(x) = f(x) = (f1(x), . . . , fm(x)). The set of all vector estimates is Z = Zm

0 . Further, it is assumed
that the criteria scale is ordinal: it is only known that preferences increase along their scale: the
higher the estimate z ∈ Z0, the more preferable it is.

The DM’s preferences are modeled on Z using a non-strict preference relation R (yRz means
that the vector estimate y is no less preferable than z). The relation R is a (partial) quasi-order,
i.e., it is reflexive and transitive, and generates an indifference relation I and a (strict) preference
relation P as follows: yIz ⇔ yRz∧zRy; yPz ⇔ yRz∧¬zRy (i.e., zRy is not true). The relation R is
unknown and must be reconstructed based on information about the DM’s preferences. In the
absence of such information, only the strict preference relation P∅ (the Pareto relation) can be
defined on the set of vector estimates Z: yP∅z ⇔ (yi > zi, i = 1, . . . ,m, y 6= z). Let R∅ be the
union of P∅ and the vector equality relation.

To extend the relation P∅, additional information Ω about the DM’s preferences is required,
namely, information about the importance of criteria, for example, a message like “One group of
criteria is more important than another”. Let us provide basic definitions of equality and superiority
in importance for disjoint groups of criteria. For simplicity, we will further denote criteria by their
numbers, i.e., for example, the criterion fi will be denoted as i, and the group (set) of criteria with
numbers i1, . . . , iq will be denoted as A = {i1, . . . , iq}.

Let A and B be disjoint nonempty groups of criteria, and in a vector estimate y all compo-
nents yi with numbers from A are equal to each other and all components yi with numbers from B
are equal to each other (i.e., yi = yj for i, j ∈ A and for i, j ∈ B). Denote yAB vector estimates
with such a structure. Denote yA↔B the vector estimate obtained from yAB by replacing each
component yj, j ∈ B, with (any) component yi, i ∈ A, and replacing each component yi, i ∈ A,
with (any) component yj, j ∈ B.

Definition 1. Criteria groups A and B are equally important (A ∼ B) when all vector estimates
yAB and yA↔B are equal in preference (indifferent).

Definition 2. A group of criteria A is more important than a group of criteria B (A ≻ B) when
any vector estimate yAB such that yi > yj for i ∈ A and j ∈ B is preferable to yA↔B.

According to these definitions, the messages A ∼ B and A ≻ B define on the set Z the indiffer-
ence relation IA∼B and preference relation PA≻B, respectively:

yIA∼Bz ⇔ y = yAB, z = yA↔B, yi 6= yj, i ∈ A, j ∈ B; (1)

yPA≻Bz ⇔ y = yAB, z = yA↔B, yi > yj, i ∈ A, j ∈ B.

On the other hand, information Ω defines on the set 2M of all subsets of the set of criteria
(numbers) M = {1, . . . ,m} the importance relation %Ω:

If A ∼ B ∈ Ω or B ∼ A ∈ Ω then A ∼Ω B; if A ≻ B ∈ Ω then A ≻Ω B.

Each importance statement A ∼Ω B and A ≻Ω B generates on the set of vector estimates Z
according to (1) a corresponding relation Rω, namely the preference relation Pω or indifference
relation Iω. Based on this information, the non-strict preference relation RΩ (a reflexive and
transitive relation) is defined on the set Z as the transitive closure of the union of all relations Rω

and the relation R∅:

RΩ = T

[(
⋃

ω∈Ω

Rω

)
⋃
R∅

]
, (2)

where T is the symbol of the transitive closure operation of a binary relation. According to (2) the
relation yRΩz is true if and only if there exists a chain of the form

yRω1u1, u1Rω2u2, . . . , ur−1Rωrz, (3)
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where uk are vector estimates, and ωk are messages from Ω (so that Rωk is Pωk or Iωk depending
on the meaning of ωk) or the symbol ∅. The relation of non-strict preference RΩ generates the
relations of preference PΩ and indifference IΩ in the manner indicated above.

3. QUALITATIVE IMPORTANCE OF CRITERIA

Qualitative importance is a binary relation % on the set 2M of all subsets of the set of criteria
(numbers) M = {1, . . . ,m}: the notation A % B means that the group of criteria A is no less
important than the group of criteria B. This relation gives rise to the relations of strict superiority
in importance ≻ and equal importance ∼. Qualitative importance is called complete, if it has the
following properties (they are postulated as axioms):

C1. Comparability : A % B or B % A is true for any A and B.

C2. Transitivity : from A % B and B % C it follows A % C.

C3. Nontriviality : A ≻ ∅ for any A 6= ∅.

C4. Additivity : if A ∩C = B ∩C = ∅, then the relations A % B and A ∪C % B ∪C are either
true or not true simultaneously.

Note that the validity of properties C1–C4 implies the validity of property

C5. Reflexivity : A % A for any A.

Qualitative importance is called partial, if it has properties C2–C5.

It should be noted that the postulated properties of qualitative importance are similar to the
axioms of qualitative probability. (A detailed discussion of the properties of qualitative probability
which are often unusual and far from obvious can be found in [3].) The difference lies only in the
formulation of the axiom of nontriviality: qualitative probability requires only non-strict superiority
for each event A, and therefore A ∼ ∅ is allowed for A 6= ∅. This is explained by the fact that the
axiom of nontriviality for probability covers cases of im-possible elementary events encountered in
practice. For qualitative importance, statement A ∼ ∅ means taking into account a criterion that
has no significance at all. But if a set of criteria is formed in compliance with known requirements,
which include non-redundancy and minimal dimension, then such a result should be considered as
a violation of the specified requirements. This would mean adjusting the mathematical model of
the problem situation by removing the corresponding criterion from the vector criterion. Therefore,
for qualitative importance, it is natural to accept the requirement that A ≻ ∅ for each A 6= ∅ (i.e.,
for every criterion).

Positive numbers β1, . . . , βm are called qualitative (additive) importance values of criteria, con-
sistent with the qualitative importance % , if they have the following property:

A ∼ B ⇒
∑

i∈A

βi =
∑

i∈B

βi; A ≻ B ⇒
∑

i∈A

βi >
∑

i∈B

βi.

If the importance values of criteria are normalized, i.e., equal to 1 in total, then they are
called qualitative importance coefficients of criteria and are designated α1, . . . , αm. The theory
of qualitative probability indicates that for m > 4 qualitative importance values (and, of course,
coefficients) may not exist [2, 3].

The complete or partial importance of criteria can be assessed by carrying out (with varying
degrees of completeness) a procedure of pairwise comparisons of non-empty disjoint groups of
criteria A and B, comparing by preference the corresponding vector estimates of the form yAB

and yA↔B and using the same considerations and procedure as when obtaining information on the
qualitative importance of individual criteria. The procedure is described in detail in [3]. Having
received a sufficient amount of information Ω, it is necessary to check it for consistency and, if
necessary, correct it [1]. And, finally, construct % as an additive-transitive closure of the importance
relation %Ω, for example, using the matrix method specified in [1].
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4. PREFERENCE AND INDIFFERENCE RELATIONS

Let us first extend the definitions of equality and superiority in importance to the general case
where criteria groups A and B may intersect or be empty. Consider a vector estimate y ∈ Z such
that yi = a for i ∈ A ∪B, i.e., all of its components with numbers from A and B are equal to a ∈ Z0.
Let b ∈ Z0 and y′ = (y ‖ yi = b, i ∈ A) ∈ Z be the vector estimate obtained from y by replacing all
of its components with numbers from A with b, and y′′ = (y ‖ yj = b, j ∈ B) ∈ Z be the vector
estimate obtained from y by replacing all of its components with numbers from B with b.

Definition 3. Criteria groups A and B are equally important (A ∼ B), when all vector estimates
y′ and y′′ are equally preferable.

Definition 4. A non-empty group of criteria A is more important than a group of criteria B
(A ≻ B), when any vector estimate y′ with b > a is preferable to a vector estimate y′′.

Note that according to Definition 3, A ∼ A is true, and according to Definition 4, if A ⊃ B, then
A ≻ B; in particular, if A 6= ∅, then A ≻ ∅.

We will introduce the definition of the relations R%, and thus the relations P% and I% on the set
of vector estimates Z = Zm

0 based on a given qualitative importance % (complete or only partial)
axiomatically, i.e., we will specify a system of axioms that these relations must satisfy. First outline
the class of binary relations.

Axiom 1. The relation R% is reflexive.

Axiom 2. The relation R% is transitive.

If these axioms are satisfied for R%, then the relation P% is strict partial order, and the relation
I% is equivalence.

Axiom 3 (Pareto axiom). If the first vector estimate is not less than the second vector estimate
component-wise, and at least one component of the first is greater than the corresponding compo-
nent of the second, then the first vector estimate is preferable to the second: if yi > zi, i = 1, . . . ,m,
y 6= z, then yP%z.

Consider two groups of criteria A, B and two vector estimates y, z ∈ Z such that yi = zj = a,
i ∈ A, j ∈ B, i.e., all their components with numbers from A and B are equal to a ∈ Z0. Let b ∈ Z0

and y′ = (y ‖ yi = b, i ∈ A) ∈ Z and z′ = (z ‖ zj = b, j ∈ B) ∈ Z. We will say that vector estimates
y and z are changed (respectively improved, worsened) in the same way according to groups of
criteria A and B if they are replaced by y′ and z′ for arbitrary b and a (respectively for b > a, for
b < a).

Axiom 4 (preference conservation). Let two vector estimates be improved in the same way
according to two equally important groups of criteria A and B; if these vector estimates are of
equal preference, then they will remain so; if the first vector es-timate is preferable to the second,
then it will remain preferable to the second: for A ∼ B and a < b, if yI%z then y′I%z′, and if yP%z
then y′P%z′.

Axiom 5 (preference strengthening). If two vector estimates, the first of which is no less prefer-
able than the second, are improved in the same way according to two groups of criteria, the first
of which is more important than the second, then the first of the obtained vector estimates will be
preferable to the second: for A ≻ B and a < b, if yR%z then y′P≻z′.

Axioms 4 and 5 express the following simple idea, which is most clearly formulated for the case
of two criteria. Suppose it is possible to change the preference of each of the two vector estimates
by changing the initial identical values of only one of the two criteria by the same amount. If the
criteria are equally important, then it makes no difference which criterion is changed. If the first
criterion is more important than the second, then it is preferable to improve the value of the
more important criterion and worsen the value of the less important criterion. In an even more
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general form, the idea is well known: if two problems are being solved (for example, the assault of
two strongholds) and the completeness of their solutions is equal, then it is reasonable to devote
additional indivisible resources (reserves) to solving the more important problem. If the problems
are equally important, then both methods of using resources are equally preferable.

The system of Axioms 1–5 provides a recursive (inductive) definition of relations R%, P%, I%,
starting with relations yI%y, which are true for any y ∈ Z.

Example 1. Assume that Z0 = {1, 2, 3, 4} and the following consistent information about the
importance of m = 3 criteria is provided: 1 ≻ 2, 2 ∼ 3, {2, 3} ≻ 1. Using the additive-transitive
closure of these relations the following complete qualitative importance is obtained:

{1, 2, 3} ≻ {1, 2} ∼ {1, 3} ≻ {2, 3} ≻ 1 ≻ 2 ∼ 3 ≻ ∅.

Start with y = (2, 2, 2). Since {2, 3} ≻ 1, then (2, 3, 3)P%(3, 2, 2) according to Axiom 5. And since
1 ≻ 2, then (4, 3, 3)P%(3, 4, 2). It is convenient to represent these conclusions as a double chain
(the arrows are drawn from the more preferable vector estimates to the less preferable ones), because
it is necessary to change the vector estimates in each pair in the same way:

(2, 2, 2) ← (2, 3, 3)← (4, 3, 3)
↓23≻1 ↓1≻2

(2, 2, 2) ← (3, 2, 2)← (3, 4, 2) .

Therefore (4, 3, 3)P%(3, 4, 2). Double chains like the one presented can be called explanatory : they
clearly show why one of the vector estimates is preferable to the other (or why they are indifferent).

If the groups A and B are not empty and do not intersect, then for the vector estimates involved
in the formulations of Axioms 4 and 5, z′ = y′A↔B is satisfied in case y = z. Consequently, in the
general case, the relationR% includes the relation RΩ (see (2)).

Remark. The deterioration of vector estimates can also be taken into account in the following
analogs of Axioms 4 and 5:

Axiom 4⋆: for A ∼ B and a > b, if yI%z then y′I%z′, and if yP%z then y′P%z′.

Axiom 5⋆: for A ≺ B and a > b, if yR%z then y′P%z′.

It can be shown that the system of Axioms 1, 2, 3, 4⋆, 5⋆ is equivalent to the system of Axioms 1–5
in the sense that it defines the same relations R%, P%, I%. Double chains using Axioms 4⋆ and 5⋆

are decreasing. Thus, Axioms 4⋆ and 5⋆ can be used instead of Axioms 4 and 5. The combined use
of Axioms 4, 5, 4⋆, and 5⋆ does not extend the relations R%, P%, I%.

The decision rules presented below are based on the development of ideas from the theory of
qualitative importance of criteria in multi-criteria decision-making problems [1]. Introduce the set
of components of vector estimates y and z, ordered in non-decreasing order:

W (y, z) = {y1} ∪ · · · ∪ {ym} ∪ {z1} ∪ · · · ∪ {zm} = {w1, . . . , wq},

where q 6 2m and depend on y and z, w1 < · · · < wq. Define 2(q − 1) sets of component numbers:

Mk (y) = {i ∈M | yi > wk}, Mk (z) = {i ∈M | zi > wk}, k = 2, 3, . . . , q.

Lk (y) = {i ∈M | yi 6 wk}, Lk (z) = {i ∈M | zi 6 wk}, k = q − 1, q − 2, . . . , 1.

The following two theorems are reformulations of the corresponding theorems from [2] as applied
to multicriteria problems.

Theorem 1. The relation yR%z is true if and only if all of the following relations are true

Mk (y) %Mk (z) , k = 2, 3, . . . , q. (4)

Furthermore, if in (4) all % are ∼, then yI%z; otherwise (when (4) contains ≻) yP%z is true.
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Theorem 2. The relation yR%z is true if and only if all of the following relations are true

Lk (y) - Lk (z) , k = q − 1, q − 2, . . . , 1. (5)

Furthermore, if in (5) all - are ∼, then yI%z; otherwise (when (5) contains ≺) yP%z is true.

Note that if we have a set Z0 = {1, . . . , q}, then it can be used in the role of W (y, z).

Example 2. Under the conditions of Example 1 compare the vector estimates y = (4, 3, 3) and
z = (3, 4, 2) by preference using Theorem 1. We have W (y, z) = {2, 3, 4}, q = 3 and

k = 2, w2 = 3, M2(y) = {1, 2, 3} ≻ {1, 2} =M2(z);

k = 3, w3 = 4, M3(y) = {1} ≻ {2} =M3(z).

Therefore yP%z is true. Now compare the vector estimates u = (1, 2, 3) and v = (3, 1, 1) using
Theorem 2. We have W (u, v) = {1, 2, 3}, q = 3 and

k = 2, w2 = 2, L2(u) = {1, 2} ≻ {2, 3} = L2(v);

k = 1, w1 = 1, L1(u) = {1} ≺ {2, 3} = L1(v).

Therefore, the vector estimates u and v are not comparable in preference.

Let the criteria f1, . . . , fm have a quantitative “physical” scale, which is interval [4] or of a
higher level (for example, monetary income), and α1, . . . , αm are qualitative importance coefficients
consistent with the qualitative importance %. Construct a weighted sum

m∑

i=1

αiϕ (fi (x)) =
m∑

i=1

αiϕ (yi) ,

where ϕ is an increasing function (in generalized criteria it is called a normalizing function). The
value of the weighted sum is briefly denoted as y(α).

Theorem 3. If yR%z then y(α) > z(α). Furthermore, if yP%z then y(α) > z(α), and if yI%z
then y(α) = z(α).

The proofs of this and the following theorems are given in the Appendix. Theorem 3 shows the
possibility of using, if necessary, additive value functions (in particular, generalized criteria) for
further analysis of a multi-criteria problem solved using the CIT.

5. PROBLEMS WITH INDIVIDUAL CRITERIA ORDERED BY IMPORTANCE

Consider problems in which only individual criteria are comparable in importance, i.e., the
set Ω contain only messages of the form i ≻ j and i ∼ j. A binary relation %̇ on the set of
criteria (numbers)M that satisfies the axioms of reflexivity and transitivity is referred to as ordinal
importance. If all criteria are ordered, then the importance is complete; otherwise, it is partial.

Assume that A,B ∈M , in the formulation of the Axioms 1–5. Then the system of Axioms 1–5

on the basis of a given ordinal importance %̇ (complete or only partial) defines the relation R%̇ on
the set of vector estimates Z. It turns out that this relation coincides with R% in the case when
the information Ω concerns the importance of only individual criteria, i.e., when the qualitative
importance % is an extension (continuation) of the ordinal importance %̇ on 2M .

Theorem 4. R% = R%̇ in the case of ordinal importance.

The following example shows that the relations R% and R%̇ for the qualitative importance %

and ordinal importance %̇ generated by information Ω can be wider than the relation RΩ.
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Example 3. Let m = 4, Z0 = {1, 2, 3, 4} and Ω = {1 ≻ 3, 2 ≻ 3, 2 ≻ 4}. It is easy to verify, that
transitive closure does not change the relation %Ω. We will not write out the partial relation of
qualitative importance %: the validity of the relations that arise during the analysis for the pairs
of sets under consideration (taking into account the properties of C2 and C4) will be obvious. For
y = (3, 4, 1, 2) and z = (2, 1, 4, 3) we have W (y, z) = Z0, q = 4. Taking into account Theorem 1,
we obtain:

k = 2, w2 = 2 : M2(y) = {1, 2, 4} ≻ {1, 3, 4} =M2(z);

k = 3, w3 = 3 : M3(y) = {1, 2} ≻ {3, 4} =M3(z);

k = 4, w4 = 4 : M4(y) = {2} ≻ {3} =M4(z),

so yP%z is true. According to Theorem 4, yP %̇z is also true. However, it is impossible to construct
an explanatory chain (3), so y and z are not comparable with respect to RΩ.

It turns out, however, that in the case where information Ω concerns the importance of only
individual criteria and on its basis all criteria can be ordered by importance, the relations R%

and RΩ coincide.

Theorem 5. R% = RΩ in the case of complete ordinal importance.

Example 4. Assume that additional information 4 ≻ 1 became known in Example 3. Then all
criteria are ordered by importance: 2 ≻ 4 ≻ 1 ≻ 3. Now the explanatory chain (3) appears:

y = (3, 4, 1, 2)P 1≻3(1, 4, 3, 2)P 2≻3(1, 3, 4, 2)P 2≻4(1, 2, 4, 3)P 2≻1(2, 1, 4, 3) = z,

so yPΩz is true. The same result is obtained by adding the statement 4 ∼ 1 to Ω, which also allows
us to completely non-strictly order all criteria by importance: 2 ≻ 4 ∼ 1 ≻ 3.

Thus, Theorem 5 shows that in the case of complete ordinal importance, the non-strict prefer-
ence relation introduced earlier in the CIT is not extended, and therefore any suitable previously
developed decision rules from this theory can be used.

6. CONCLUSION

This article introduces the concepts of complete and partial qualitative importance and ax-
iomatically defines the non-strict preference relation on a set of decision options based on these
concepts. In general, this relation is broader than a similar relation previously introduced in the
criteria importance theory (CIT).

The presented fairly simple decision rules allow us to analyze multi-criteria problems with the
information on the relative importance of not only individual criteria, but also groups of criteria
with an ordinal scale.

It is shown that in the case of a complete ordering of individual criteria by importance, the non-
strict preference relation introduced earlier in the CIT is not expanded, and any suitable previously
developed decision rules from this theory can be used.

The obtained results form the basis for further development of the CIT for problems with groups
of criteria ordered by importance, having more sophisticated scales than the ordinal one.

The presented results are useful for the initial analysis of political, social, and other decision-
making problems in which preference information (criteria importance and their scales) is initially
qualitative (non-numerical).
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APPENDIX

A.1. PROOF OF THEOREM 3

If yR%z is true, then there exists a double chain in which the first node consists of two equal
vector estimates y0 = z0, and the last node consists of y and z.

Consider two arbitrarily chosen adjacent nodes of this double chain, where the vector estimates s
and t are involved in the first node, and the relation A % B is used to obtain vector estimates u
and v in the second node. So, we have

∑
i∈A αi >

∑
i∈B αi or

∑
i∈A\B αi −

∑
i∈B\A αi > 0, where

the inequalities are strict in case A ≻ B, and become equalities when A ∼ B. The components of
the vector estimates u and v with numbers from A and B are represented by some same number c,
so that:

ui =





c+ l, i ∈ A,
c, i ∈ B \ A,
si, i 6∈ A ∪B;

vi =





c+ l, i ∈ B,
c, i ∈ A \B,
ti, i 6∈ A ∪B.

The following equalities are true (note that if the summation is performed over empty set of
indices, then it is equal to zero by definition):

[u(α)− v(α)] − [s(α)− t(α)] =

[
∑

i∈M

αiϕ(ui)−
∑

i∈M

αiϕ(vi)

]
−

[
∑

i∈M

αiϕ(si)−
∑

i∈M

αiϕ(ti)

]

=





∑

i∈A\B

αiϕ(c+ l) +
∑

i∈A∩B

αiϕ(c+ l) +
∑

i∈B\A

αiϕ(c) +
∑

i∈M\(A∪B)

αiϕ(si)




−




∑

i∈B\A

αiϕ(c+ l) +
∑

i∈A∩B

αiϕ(c + l) +
∑

i∈A\B

αiϕ(c) +
∑

i∈M\(A∪B)

αiϕ(ti)









−





∑

i∈A\B

αiϕ(c) +
∑

i∈A∩B

αiϕ(c) +
∑

i∈B\A

αiϕ(c) +
∑

i∈M\(A∪B)

αiϕ(si)




−



∑

i∈B\A

αiϕ(c) +
∑

i∈A∩B

αiϕ(c) +
∑

i∈A\B

αiϕ(c) +
∑

i∈M\(A∪B)

αiϕ(ti)






=
∑

i∈A\B

αiϕ(c + l) +
∑

i∈B\A

αiϕ(c) −
∑

i∈B\A

αiϕ(c+ l)−
∑

i∈A\B

αiϕ(c)

= (ϕ(c+ l)− ϕ(c))



∑

i∈A\B

αi −
∑

i∈B\A

αi


 = δ > 0,

therefore

u(α) − v(α) > s(α)− t(α) + δ.

Since y0(α)− z0(α) = 0 in the first node of the double chain, then the difference u(α) − v(α)
does not decrease and remains non-negative when moving along the chain to the right. Therefore
y(α) > z(α). Furthermore, if yP%z, then a relation of the form A ≻ B will be encountered at least
once in the chain and therefore y(α) > z(α) will be true; otherwise, if yI%z, then all relations will
be of the type A ∼ B and the equality y(α) = z(α) will be true. Theorem 3 is proved.

To prove Theorems 4 and 5, we will need one auxiliary statement that characterizes the structure
of pairs of criteria groups related by qualitative importance in the case of ordinal importance under
consideration.
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Lemma 1. If the qualitative importance % is obtained by extending the ordinal importance %̇

on 2M , then the groups of criteria A and B in any relation A % B can be divided into separate
criteria as follows:

A = i1 ∪ i2 ∪ · · · ∪ inA
, ip 6= ir for p 6= r;

B = j1 ∪ j2 ∪ · · · ∪ jnB
, jp 6= jr for p 6= r; (A.1)

nA > nB; ip%̇jp, p = 1, . . . , nB .

A.2. PROOF OF LEMMA 1

We will use the mathematical induction method. At the first step of constructing the relation %

it contains all pairs (i, j) ∈ %̇ and (i,∅), i ∈M , for which the conditions of Lemma 1 are satisfied.
At each subsequent step we will add one new relation to the obtained relation, applying the rules
of additivity or transitivity to the existing relations.

Suppose that conditions of Lemma 1 are satisfied for all pairs A % B at the step k of constructing
the relation %. Let the following additivity rule be applied at the step (k + 1): if A % B and
A ∩ C = B ∩ C = ∅ then A ∪ C % B ∪ C. Partition (A.1) for the relation A ∪ C % B ∪ C can be
obtained from the existing partition (A.1) for the relation A % B by simply adding pairs ip%̇ip for
all ip ∈ C.

Now let the following additivity rule be applied at the step (k+1): if A % B and A ⊇ C, B ⊇ C
then A\C % B \C. Partition (A.1) for the relation A\C % B \C can be obtained from the existing
partition (A.1) for the relation A % B by first transforming it so that it contains pairs ip%̇ip for
all ip ∈ C, and then excluding all these pairs. Such a transformation can always be carried out.

Suppose that there are two pairs i%̇j and t%̇i for some i ∈ C in the partition (A.1) for A % B.
Then, taking into account the transitivity of %̇, they can be replaced by the pairs i%̇i and t%̇j.
And this should be done with each number i ∈ C.

Let the transitivity rule be applied at the step (k + 1): if A % B and B % C then A % C.
Partition (A.1) for the relation A % C can be obtained from the existing partitions (A.1) for the
relations A % B and B % C. We have:

A = i1 ∪ i2 ∪ · · · ∪ inA
, ip 6= ir for p 6= r;

B = j1 ∪ j2 ∪ · · · ∪ jnB
, jp 6= jr for p 6= r;

C = t1 ∪ t2 ∪ · · · ∪ tnC
, tp 6= tr for p 6= r;

nA > nB > nC ; ip%̇jp, p = 1, . . . , nB; jp%̇tp, p = 1, . . . , nC .

Using the transitivity of the relation %̇ the required partition (A.1) for the relation A % C is
obtained: ip%̇tp, p = 1, . . . , nC . Lemma 1 is proved.

A.3. PROOF OF THEOREM 4

Since %̇ ⊆% on 2M , we have R%̇ ⊆ R%. Therefore, it suffices to prove that R%̇ ⊇ R%. Let
yR%z be true for some vector estimates y, z ∈ Z. Then according to Theorem 1 the relations (4)
are satisfied. Introduce vector estimates yk and zk, k = 1, . . . , q − 1:

yki =

{
yi, yi 6 wk,
wk, yi > wk;

zki =

{
zi, zi 6 wk,
wk, zi > wk.

Construct a double chain starting with vector estimates y1 = z1 = (w1, . . . , w1) and using only
statements i%̇j. According to Lemma 1 there exists a partition (A.1) for the relationM2(y) %M2(z)
from (4). Denote n = |M2(z)| for convenience. Let u

1 = y1, v1 = z1. Improve the vector estimates
up and vp, p = 1, . . . , n in the same way from a = w1 to b = w2 according to criteria ip and jp for

each pair ip%̇jp, p = 1, . . . , n, from (A.1) one by one. According to Axioms 4 and 5 for each such
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improvement we obtain up+1R%̇vp+1, p = 1, . . . , n. Note that y2R∅un+1 and z2 = vn+1. According

to Axiom 2 (transitivity), we obtain y2R%̇z2.

Next, similarly use the relation M3(y) %M3(z) from (4) to construct a double chain starting
with vector estimates y2 and z2. Since M2(y) ⊇M3(y) and M2(z) ⊇M3(z) the improvements of
the vector estimates in the same way from a = w2 to b = w3 according to the criteria from M3(y)

andM3(z) are possible in this case. As a result, we similarly obtain y3R%̇z3. Continue the described

procedure until at step k = q, using the relation Mq(y) %Mq(z) from (4), we obtain yqR%̇zq, which

means yR%̇z. Theorem 4 is proved.

A.4. PROOF OF THEOREM 5

In the general case R% ⊇ RΩ, therefore it is sufficient to prove that R% ⊆ RΩ in the case of
complete ordinal importance. We will use the well-known analytical decision rule to check yRΩzin
the case of complete ordinal importance. In this case, there exist ordinal coefficients of the criteria
importance—positive numbers αo

1, . . . , α
o
m, equal in sum to one, for which the following conditions

are satisfied i∼̇j ⇒ αo
i = αo

j , i≻̇j ⇒ αo
i > αo

j . Introduce the numbers

αik =

{
αo
i , yi > wk

0, yi < wk
, i ∈M, k = 2, . . . , q.

Arrange all components of the vector αk(y) = (α1k, α2k, . . . , αmk) in non-increasing order, and
denote the resulting vector as αk

ց(y). The following decision rule holds [3]:

yRΩz ⇔ αk
ց(y) ≧ αk

ց(z), k = 2, . . . , q, (A.2)

here ≧ is the sign of vector non-strict inequality for n-dimensional vectors (n > 2): a ≧ b⇔ ai > bi,
i = 1, . . . , n.

Let yR%z be true for some vector estimates y, z ∈ Z. According to Theorem 1 the relations (4)
are satisfied. For arbitrary k = 2, . . . , q we will prove that the relation Mk(y) %Mk(z) implies
αk
ց(y) ≧ αk

ց(z). Note that the numbers αik(y) are not equal to zero for i ∈Mk(y). Therefore, the

vector αk(y) consists of nonzero components with indices from Mk(y). According to Lemma 1 the
relation Mk(y) %Mk(z) has a partition A.1. Therefore, there also exists a corresponding pairwise
partition of the components of the vectors αk(y) and αk(z):

αi1k(y) > αj1k(z), αi2k(y) > αj2k(z), . . . , αimk(y) > αjmk(z).

So, we obtain αk
ց(y) ≧ αk

ց(z). Then, according to (A.2) yRΩz is true. Theorem 5 is proved.
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OBITUARY

ANDREI IVANOVICH KIBZUN

31.07.1951—06.05.2026

Laureate of the Government Prize of the Russian Federation
in the field of science and technology,

Doctor of Physical and Mathematical Sciences, Professor

On May 6, 2026, at the age of 75, Professor Andrei Ivanovich Kibzun passed away. He was an
outstanding Russian scientist in probability theory, stochastic system optimization, probabilistic
methods of systems analysis, stochastic programming, and the optimization of probabilistic and
quantile performance criteria. He was also a talented educator, a remarkable colleague, and a kind
friend.

Andrei Ivanovich Kibzun was born on July 31, 1951, in Khabarovsk. In 1968, he graduated
from the Physics and Mathematics Boarding School No. 18 at Moscow State University, under the
guidance of Academician A.N. Kolmogorov. In 1974, he graduated with honors from the Faculty of
Aircraft Engineering of the Moscow Aviation Institute, and in 1975, he also graduated with honors
from the Faculty of Mechanics and Mathematics of Lomonosov Moscow State University. This
combination of strong engineering and mathematical training allowed him to begin active research
at the Moscow Aviation Institute, where he defended his Candidate’s dissertation in 1978 and his
Doctoral dissertation in 1987. In 1989, A.I. Kibzun was awarded the academic title of Professor.
It is important to note that already in his Candidate’s dissertation, Andrei Ivanovich laid the
foundations of a new scientific direction, which were further developed in his Doctoral dissertation
and later in the work of his students. In 1990, Professor A.I. Kibzun worthily took the baton from
the founder of the Department of Probability Theory and Mathematical Statistics, Academician
V.S. Pugachev, the founder of the Soviet school of statistical control theory. Professor A.I. Kibzun
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preserved the traditions of this school and enriched them by attracting first-class scientists in
stochastic systems, control theory, statistical estimation, and optimization to the department.
In recent years, the main achievements of this school and of Andrei Ivanovich personally have
been new algorithms for solving one-stage and two-stage probabilistic and quantile optimization
problems, based on reduction to deterministic mixed-integer programming problems, as well as the
analysis of these approximations in terms of accuracy and convergence. Under the supervision of
A.I. Kibzun, 10 Doctoral and 20 Candidate’s dissertations in physical and mathematical sciences
have been defended. The efforts of his research team have been supported by more than 20 various
international and Russian grants, including from the Russian Foundation for Basic Research, the
Russian Science Foundation, and the Ministry of Education and Science of the Russian Federation.

The main scientific results of A.I. Kibzun are presented in three monographs on stochastic pro-
gramming with probabilistic criteria and in more than 100 scientific articles. A.I. Kibzun and his
students developed a set of methods for solving stochastic programming problems with probabilis-
tic and quantile criteria, including the confidence method, the deterministic equivalent method,
stochastic quasi-gradient methods, the sample approximation method, and others.

A.I. Kibzun paid great attention to methodological work and to teaching students. A textbook
on probability theory and mathematical statistics, written jointly with colleagues, reflects the
methodology developed by the department for teaching this discipline to engineering and economics
students. For many years, A.I. Kibzun taught a special course, “Applied Stochastic Programming,”
for students of the Department of Probability Theory, in which he presented both the achievements
of world science in this field and the results obtained by the department’s scientific school.

Professor A.I. Kibzun served for many years as a member of the editorial board of the journal
“Avtomatika i Telemekhanika” (Automation and Remote Control), where he prepared 12 thematic
issues on contemporary optimization problems (in 1998, 2003, 2004, 2007, 2011, 2012, and 2017). He
actively worked on the editorial boards of the journals “Vestnik komp’yuternykh i informatsionnykh
tekhnologii” (Herald of Computer and Information Technologies) and “Applied Stochastic Models
in Business and Industry”, and was a member of the Scientific and Methodological Council for
Mathematics and Mechanics of the Ministry of Education and Science of the Russian Federation.

Professor A.I. Kibzun actively participated in scientific and expert activities for 20 years, serving
as a member of the Expert Council on Management, Computer Engineering, and Informatics of the
Higher Attestation Commission under the Ministry of Education and Science of Russia. He shaped
the policy for the certification of highly qualified scientific personnel, prepared the passports for
scientific specialties in systems analysis, information processing, and mathematical modeling. He
was a demanding yet supportive opponent, setting an example for young scientists in the rigor of
mathematical formulations, conscientiousness, and devotion to science.

The merits of Andrei Ivanovich were highly appreciated by the Russian government: as part of
a team of authors, he was awarded the Prize of the Government of the Russian Federation in the
Field of Science and Technology in 1999 for the development and implementation of a methodology
for the high-precision separation of spacecraft of various purposes, and he was awarded the title
“Laureate of the Government Prize of the Russian Federation”.

The entire life of Andrei Ivanovich Kibzun, his high professionalism, his dedication to his work,
his attitude toward people, his love of life, optimism, diligence, and care for his loved ones will
remain a fine example for us. His wise and kind advice helped colleagues, friends, and students.
His constant readiness to listen and support created an atmosphere of genuine respect and trust
around him.

The bright memory of the outstanding scientist and wonderful educator Andrei Ivanovich Kibzun
will forever remain in the hearts of his family, colleagues, students, and friends.

Editorial Board of the journal “Automation and Remote Control,” colleagues and friends
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