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Abstract—This paper considers the problem of minimum-energy control of a linear singularly
perturbed system with three groups of variables changing at significantly different rates. Asymp-
totic approximations to the solution of this problem are constructed in the form of open-loop
control and feedback control. The main advantage is that the proposed computational proce-
dures decompose the original problem into three unperturbed optimal control problems of lower
dimension.
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1. INTRODUCTION

In the mathematical theory of optimal processes, considerable attention is given to optimization
problems for singularly perturbed systems containing small parameters at some derivatives. This
is due to the efficiency of asymptotic solution methods for such problems, which decompose the
original problem into lower-dimensional optimal control ones. Moreover, the asymptotic approach
avoids integrating singularly perturbed systems, which are stiff. Integration of such systems en-
tails serious challenges manifested in high computational cost and the inevitable accumulation of
computational errors. The first works on optimal control problems with singular perturbations ad-
dressed dynamic systems containing only two groups of variables with significantly different rates
of change, the so-called slow and fast variables; see the reviews [1-4]. Subsequently, following the
needs of applications, researchers considered optimization of systems with several groups of fast
variables containing parameters of different orders of smallness at the derivatives. Such works were
surveyed in [5]. This paper is devoted to constructing asymptotic approximations, in the form of
open-loop control and feedback control, to the solution of the minimum-energy control problem for
a singularly perturbed system with two groups of fast variables. The approach to constructing such
approximations was first presented in [6]. Note that a similar problem for a two-tempo singularly
perturbed system was studied in [7].

2. PROBLEM STATEMENT

In the class of r-dimensional control actions u(t) = (u1(t),...,ur(t)), t € T = [t«, t*], with piece-
wise continuous components, we consider a time-invariant optimal control problem of the form

Tt =A1x+ By + Ciz + Diu, x(ty) = s,
py = Asx + Boy + Coz + Dau,  y(ts) = ys, (1)
u?% = Asx + Bsy + Csz + Dsu, 2(ty) = 24,
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886 KALININ, LAVRINOVICH
z(t*) =0, y(t*)=0, =2(t*)=0, (2)

t*
1
J(u) = 3 /uTPudt — min, (3)
tx

where p is a small positive parameter; ¢, and t* are given time instants (t. < t*); = is the ni-di-
mensional vector of slow variables; finally, ¥ and z are the vectors of fast variables of dimensions
ng and ng, respectively. The other elements of the problem have compatible dimensions. In the
performance criterion (3), P is a positive definite symmetric matrix.

Assumption 1. The matrices Cs and B = By — CQC?’_lBE} are stable, i.e., the real parts of all
their eigenvalues are negative.

Let us introduce concepts to clarify the meaning of asymptotic approximations to the solution
of this problem.

Definition 1. A control u(") (t,p), t € T, with piecewise continuous components is called an
asymptotically suboptimal (open-loop) control of order N (N =0,1,2,...) if it transfers the dy-
namic system (1) to a state of order O(uN*1) and differs from the optimal control, in terms of the
performance criterion (3), by a quantity of the same order of smallness.

Definition 2. A vector function u(") (z,y, z,t, p) is called an asymptotically suboptimal feedback
control of order N if, for any initial state (Z., s, 2«, tx), tx < t*, we have uN) (x,, ys, 24, te, 1) =
u) (ts, 1), where @) (t,p), t € T, is an asymptotically suboptimal control of order N in prob-
lem (1)—(3).

This paper is devoted to designing asymptotically suboptimal controls in problem (1)—(3). In
addition, an asymptotically suboptimal feedback control of zero order is designed.

To shorten the notation, we will adopt the following designations:

Ay By C1 Dy
Alp) = | As/u Bao/pu Co/p |, D)= | D2/u
Az/u? Bs/u? Cs/p? D3 /p®

3. FIRST BASIC PROBLEM

The essence of the asymptotically suboptimal control design approach proposed below lies in
the asymptotic expansion of the initial values (at the time instant ¢*) of the adjoint variables in
integer powers of the small parameter. The leading coefficients of these expansions are determined
by the initial values of the adjoint variables in three unperturbed optimal control problems of lower
dimension. The first of these is the degenerate problem

& = Agx + Dou, x(ty) = x4, x(t*) =0,
1 y
Ji(u) = o) /uTPudt — min,

ty

(4)

where
Ag= Ay — C1C3 A3 — (B — C1C5'B3) B (Ay — CoC5 1 Ag),
Dy = D; —CiC3'D3 — (B — C1C5'B3)B™'Dy, Dy = Dy — CoC3 ' Ds.
It will be called the first basic problem.

Assumption 2. The dynamic system in problem (4) is completely controllable [8], i.e.,

rank (DQ, AQDo, AgDo, ... 7A81_1D0) =n.
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Under this assumption, admissible controls exist in the first basic problem, and hence it has
a unique solution representing a normal extremal [9]. In other words, Pontryagin’s maximum
principle [10] in this case can be stated as follows: let w(t) and 2°(¢), t € T, be an optimal control
and an optimal trajectory, respectively, in problem (4); then there exists a solution ¢%(t), t € T, of
the adjoint system ¢ = —Ag) such that

w0 (#) Dou(t) — %ﬂT(t)Pﬂ(t) = max (wOT(t)Dou _ %fm) L teT

This condition directly implies

a(t) = P~ IDEy0(t), teT. (6)
With \g = 9°(t*), we have
W) = ARy (t), ¢ (t)Do = A\ ®o(t), teT, (7)
where
Oo(t) = Fo(t)Dy, teT, (8)

and Fy(t), t € T, is a matrix function of dimensions (n; X n1) representing the solution of the
initial-value problem

By = —Fodg, Fo(t*) = En,. 9)
Due to (6), (7), and the Cauchy formula,
2O (t*) = Fo(t.)zs 4+ Siho, (10)
where
-
S = / B ()P~ BT (t)dt. (11)
b

Under Assumption 2, this matrix is nonsingular, which can easily be verified using the implicit
controllability criterion [11]. Since Ag is uniquely defined, according to the stated maximum prin-
ciple, the optimal control in the first basic problem is associated with a unique vector of adjoint
variables.

4. SECOND BASIC PROBLEM

At the second stage of computations, we solve an infinite-horizon optimal control problem of
the form
dy —1 — (%
L0 (12)
y(—o0) =0, Ja(u) = 3 / u" Puds — min,
—0o0

further called the second basic problem.
Assumption 3. The controllability condition
rank (D4, BDg4, B®D,, ... ,B”2—1D4) — Ny

holds.

This assumption ensures the existence of admissible controls in the second basic problem, im-
plying in turn that problem (12) has a unique solution [9] and is normal. In this case, Pontryagin’s
maximum principle [10] for the problem can be stated as follows: let u*(s) and y*(s), s <0, be
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888 KALININ, LAVRINOVICH

an optimal control and an optimal trajectory, respectively, in problem (12); then there exists a
solution Il (s), s < 0, of the adjoint system

d

—1IIyp = —BTIIy
ds

such that
1 1
T (s)Dyu*(s) — §u*T(s)Pu*(s) = max <H¢T(5)D4u — §uTPu> , s<0.

This condition directly yields

u*(s) = P'DJTIy(s), s<O0. (13)
With oy = II1)(0), we have
Iyt (s) =04 G(s), ' (s)Dy =0og1IP(s), s<0, (14)
where
[Id(s) = G(s)Dg, s<0, (15)
and G(s), s < 0, is a matrix function of dimensions (ng X ng) satisfying the differential equation
% =—-GB, G(0)=E,,. (16)

By the implicit controllability criterion [11], under Assumption 3, the matrix
0
Sy = / 11®(s) P~ 107 (s)ds (17)
—00

is nonsingular. Based on (13), (14), and the Cauchy formula, we obtain
y*(O) = 520'0, (18)

and, according to the above maximum principle, the optimal control in the second basic problem
is associated with a unique vector of adjoint variables.

5. THIRD BASIC PROBLEM

The third basic problem has the form

d
= = Cyz+ Dyu,  2(0) = G5 ' Dy((@(t") +u*(0)),
17 (19)
z(—00) =0, J3(u)= 3 / u" Pudr — min.

Assumption 4. The controllability condition
rank (Dg, Cng, 032D3, ce ,Cg3_1D3) = N3

holds.

This assumption ensures the existence of admissible controls in the third basic problem. There-
fore, problem (19) has a unique solution [9] and is normal. In this case, Pontryagin’s maximum
principle [10] for the problem can be stated as follows: let u.(7) and z.(7), 7 < 0, be an optimal
control and an optimal trajectory, respectively, in problem (19); then there exists a solution Qv (7),

7 < 0, of the adjoint system
d

_ _ T
Qv = —CfQu
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such that

QU (7) Dy (7) ~ Jul(r)Pus(r) = max (QUT(n)Dgu— u™Pu), 7 <0.

This condition directly implies

u (1) = PIDIQuy(r), T <0. (20)
With xo = Q¢(0), we have
QYT (r) =xoGi(r), Q¥ (7)Ds = xgQ®(1), 7 <0, (21)
where
Q®(7) = G1(7)Ds, 7 <0, (22)

and G1(7), 7 < 0, is a matrix function of dimensions (n3 X n3) satisfying the differential equation

dG
d—Tl = —G1C5, G1(0) = E,. (23)

By the implicit controllability criterion [11], under Assumption 4, the matrix
0
Sy = / QO(7)P1QOT (r)dr (24)
—00

is nonsingular. Based on (20), (21), and the Cauchy formula, we obtain

Zx (0) = S3X0> (25>

and, according to the above maximum principle, the optimal control in the third basic problem is
associated with a unique vector of adjoint variables.

Let us emphasize: the initial values o9 and xo of the adjoint variable vectors are the only
information about the solutions of the second and third basic problems used below to design
asymptotically suboptimal controls. There is no need to construct the optimal controls u*(s),
s <0, and wu4(7), 7 <0, which (incidentally) is impossible during the numerical solution of the
problem. In the second and third basic problems, the Hamiltonian along the optimal control is
zero. By utilizing this property at s = 0 and 7 = 0, we establish the conditions for the vectors og
and xo :

1
§UOT DyP~ D og + oo Dau(t*) = 0,
1 _ - _
§X0TD3P 'D3x0 + xoDs(u(t*) + P~'Djog) = 0.
After solving the basic problems, we find the vectors
T
Vg =00 — ((Bl — Clcg_lBg)B_l) Ao,
AT AT (26)
0 = X0 — (0103 ) Ao + (0203 ) 20

and compile the matrix

Sl On1 Xng 077,1 Xn3
Io=1| Io1  S2  Opyxng (27)
I3p I3 S3
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of dimensions (nj + ng + n3) X (n1 + n2 + n3). The blocks Sy, Sz, and S3 are given by formu-
las (11), (17), and (24), and

Iy = —B! (AQ — 0203_1143) S+ (Dg — 0203_1D3) + 52 (B_1D4>T,
Iy =—C5t (A351 + Baloy + D3P_1Do> + 53 (Cg_lD?))Ta
I35 = —03_1 (BQSQ + D3P_1D0> + S3 (Cg_ng)T .

As noted above, Sy, So, and S3 are nonsingular matrices, and hence detly # 0.

6. ASYMPTOTIC ANALYSIS OF THE SOLUTION OF THE ORIGINAL PROBLEM

One can speak of asymptotically suboptimal controls only if problem (1)—(3) is solvable. We
will show that under Assumptions 1-4, problem (1)-(3) with a sufficiently small number p has a
unique optimal control representing a normal extremal. In other words, Pontryagin’s maximum
principle [10] can be stated as follows: let u’(¢, u), t € T, be an optimal control in problem (1)—(3);
then there exists a solution ¥ (¢, i), ¥3(t, ), (¢, ), t € T, of the adjoint system

Y1 = — ATy — ATps — A ebs,
phy = — By — BY by — B, (28)
s = —Clapy — Coaby — Cgabs
such that
(1) = P~ (DY () + D wba(t, p) + D3 ws(t, ), teT. (29)

Theorem 1. Under Assumptions 1-4, problem (1)—~(3) has a unique solution u°(t,pu), t €T,
representing a normal extremal of the form (29), where (V9 (t, 1), ¥3(t, 1), VS, 1)), t € T, is the
vector of adjoint variables corresponding, by the maximum principle, to the optimal control. The
values M) = P (t*, w), v(p) = L(t*, 1), and n(u) = Y3(t*, 1) admit the asymptotic expansions

AR) ~ Ao+ > 1N, v(p) ~vo+ > o, n(p) ~no+ > 1, (30)
k=1 k=1 k=1

in which vy and 1y are given by formulas (26) while Ao, 0g, and xo are the initial values of the
adjoint variables in the basic problems.

Proof. We introduce the vectors 6 = (\,v,n) and 6y = (Ao, 10, m0) and denote by 1 (¢, 0, 1),
Po(t,0, 1), ¥3(t,0,u), t € T, 0 € RT3 the solution of the adjoint system (28) with the initial
conditions

i) = A o(t) = v, () =n. (31)

Let x(t,0, 1), y(t,0, ), z(t,0,u), t € T, 0 € RMT"2113 he the trajectory of system (1) generated
by the control

u(t,0, 1) = P~1 (D (t, 0, p) + DY o(t,0, 1) + Dy tis(t,0, 1)), tET. (32)
We will show that the left-hand sides of the equations
a(t*,0,p) =0, y(t*.0,u)=0, =2(t",0,u)=0 (33)

can be asymptotically expanded in integer powers of the small parameter, and obtain formulas for
the coefficients of these expansions.
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Consider the fundamental matrix F(t,u), t € T, of dimensions (n; + ng + n3) x (n1 + n2 + n3)
as the solution of the initial-value problem

F= _FA(/J')7 F(t*) = Eni4ngtns- (34)
It is convenient to represent the solution of this singularly perturbed equation in the block form

Fl(tvu) FQ(tmu) F3(tvu)
F(ta N) = F4(t7 Ng Fj (t7 /J’) Fg (ta Ng s
t

where F;, i = 1,9, are matrices of dimensions nq X nq, n1 X no, N1 X ng, No X N1, Ny X Ny, Ny X N3,
n3 X ni, ng X ng, and ng x ng, respectively. Using the method of boundary functions [12], they can
be expanded into asymptotic series:

Filt i) ~ 32 i (Fa(t) + TIeFi(s) + QuFA(r)),
prar (35)

s=t—t")/u, T=t—t/u? teT, i=1,9.
We emphasize that these are asymptotic expansions uniform with respect to ¢t € T'. Note also that

the matrix functions I F;(s), s < 0, and Qi F;(7), 7 < 0, called the boundary terms, have the upper
bounds

i Fi(s)]| < Bixexp(viks), [|QrFi(s)]] < Box exp(yors) (36)

for all i = 1,9, k = 0,1,..., where B, Bok, Y1k, and 7o are positive constants. Let us provide
several leading coefficients of the expansions (35), needed to prove the theorem:
Fio=Fy, Fio=KF, Fyo=MF, Fo=0, i=23,05680,
Fy = FoL, Fsy = KFyL, Fyi=MERL, Fq=0, i=36,0,
F3p = —Fy(C1 + LCy)C5 !, Fygo = —KFy(Cy + LC2)C3 Y, Foo = —MFy(Cy + LC2)Cy Y,
I Fy = ~GK, TIgFs =G, T F; = Cy'BsGK,
MyFy = —C3 'B3G, TIhF; =0, i=1,23,6,9,
L Fy=—-LG, TL1F;3=0, ILF=-GCyC5', (37)
I Fy = O3 'B3GCyCyt, Mo F3 = LGCLC5 Y,
QoF; =0, i=1,6, QoFy=G1C;'4s,
QoFs = G105 'Bs, QoFy = Gy,
QFy =0,Qi1F3 =0, QiF; = (205 'GiCy ' By,
Q1Fs = CoC G, QoF3 = C105'Gh.
Here, K = —B~1(Ay — CoC5' A3), M = —C3 (A3 — B3K), and L = —(B; — C1C5 ' B3)B~!, while

Fy, G, and G are the solutions of equations (9), (16), and (23), respectively.
Note that

OF (8,0, 1) = NTFL(E, ) + T Fu(t, ) + P Fr(t, ),
by (8,0, 1) = AT Fy(t, 1) + pv U By (¢, ) + pPn Fy(t, ),
121 (t,0, 1) = N F3(t, ) + pv Fo(t, p) + 1°n' Fo(t, p).
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Therefore, due to (35) and (37), we arrive at the asymptotic expansions

wi(ta 0, M) ~ Z Mk (wik(t¢ 9) + kai(sv 0) + kai(Tv 0)) )

k=0

(38)
s=(t—t")/u, T=(t—t)/u? teT, i=1,23,

where

Pio(t,0) = N Fo(t),  vao(t,0) = AT Fo(t)L,
P30(t,0) = =\TFy(t)(C1 — LCy)Cy
G (s,0) =0, TI3aba(s,0) = — (ATL—0T) G(s),
T 45 (s, 0) = (ATL - VT) G(s)CoC5 Y,

Qo (1,0) =0, Qqia(7,60) =0,
QTws(r,0) = (\TC1C5 ! + VT ol 4 07) Ga(r),
Vi (t,0) = AT F () + v Fyp 1 (t) + 07 Frg_olt),
t),

Vo (t,0) = AT Fo o1 (t) + v  Fs () + 1" Fy 1 (
V3(t,0) = N Fs 0 (t) + v1 Fo i1 (t) + 07 Fo i (t)

(39)
I 1 (s,0) = AT T Fi(s) 4 oIy Fu(s) 4+ 1" o Fr(s),
I 2 (s, 0) = N Ty Fa(s) + vIp Fs(s) + 1" 1 Fy(s),
I 3(s,0) = N T2 F3(s) + vl Fs(s) + ' T Fo(s),
Qi1 (7,0) = A" QrFL(7) + v Q1 Fu(7) + 1" Qr—oFr(7)
Qp (7, 0) = X' Qri1 Fa(7) + v QrF5(7) + 1" Qr-1Fs(7)
Qr3(7,0) = A Qrr2F3(7) + v Qri1 Fo(7) + 1" Qi Fo(7)
F; 1(t) =0, II_;1Fy(s)=0,Q_1F7(r) =0,
k>1, teT, s<0, 7<0.

9
9
9

These expansions are uniform in the domain ||§ — 0y|| < €y, t € T, with a positive number €.
Note that from (7), (14), (21), (26), and (39) it follows that

Yro(t, 00) = Ot),  ao(t,b0) = LT¢O(t),
danlt,00) = — ((C1 — LCo)C5 1) w0(0), teT.

(40)
T
Moyia(s, Bo) = T(s), Thotis(s, 0) = — (CoC5") Th(s), s <0,
Qos(t,60) = Qy(r), 7<0.
In view of (38), the control (29) also admits the asymptotic expansion
U(t, 97 :u) ~ Z :U“k (uk (tv 0) + Hku(s> 9) + Qku(Ta 9)) ’ (41)
k=0

s=(t—t)/u, T=(@-t)/u* teT,
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where
ug(t,0) = P~ (D 1i(t,0) + Dy thoi(t,0) + D3 s (t, 0)),
u(s,0) = P~ DT (s,0) + D apa(s, 0) + DI Mjps(s, 6)), (12)
Qru(r,0) = P™H (D Qi1 (7,0) + Dy Quipa(7,0) + D3 Qraps(7,0)),
teT, s<0, 7<0, k=012,....

Along with formulas (5), (6), (13), (20), and (40), the conditions Iy (s,8) = 0, Qo1 (7,0) = 0,
and Qo2 (7,0) = 0 hold. Consequently,

U,O(t, 90) = H(t), te T, HOU,(S, 90) = u*(s)’ S < 0’
Qou(t,00) = us(r), 7<O0.

Based on the Cauchy formula, we have

(43)

.Z'(t*,g,/.L) Lk
y(t*,0,1) | = F(ta, ) | ys /F t, ) D(p)u(t, 0, p)dt.
z(t*,0, 1) Zs

According to (5), (35)-(39), (41), and (42), this vector function admits the asymptotic expansion

oo

a(t*,0,p) ~ > pFap(0),  y(t*,0,p) Zu yi(0
k=0
(44)
2(t*,0, 1) ZM 2 (0

where
t*

20(8) = Fo(t. )z + / Fo(t) Douo(t, 0)dt,

0
vo(6) = Kao(6) + / $)Da(uo (£, 0) + Tou(s, 6))ds,

(45)
20(60) = Mao(6) + / —C;  ByG(s) Da (o (", 0) + Tou(s, 6))ds

n / G (7) Dy (wo (£, 8) + TTou(0, 8) + Qou(r, 8))dr,

25(8) = Fu(t9)zs + For(t)ys + Fyi(t?) z*—i—/z Fii_y(t) Dy (t, 0))dt
t. p=0

L )

+/Z B j—p(t) Doy (t, 0) dt+/z (Fsr2-p(t) Dauy(t, 0))dt

i, p=0 t, P=2
0 r—1
+ / ST P k1 p(#%) + Ty Fi () D (up (7, 0) + Tyu(s, 6)))ds

_Oopo
k

+ / 20 (Fopp(t*) + Ty Fa(s)) Do (u (£, 0) + Tu(s, 0)))ds
o0 P=
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+ 0 :f%l)((FM_pH(t*) + M1 Fy8)) D (up(t5, 0) + Myu(s, 0)))ds
+ /0 ]§<<F1,k_2_p<t*> + g9, F1(0) + Qr_opFi (7)) D1 (uy(t*, 6)
- +HILu(0,6)) + Qpu(r, 6))dr
+ /0 g((FQ,k-l-p(t*) + g1 F(0) + Qp—1-pFa(7)) Dauy(t*, 6)
+HILu(0,6)) + Qpu(r, 6))dr
/0 ;«Fs,k-p(t*) + M F5(0) + Qu—pF3(7)) D3 (up(t*, 0)

+IL,u(0,0)) + Qpu(r,0))dr, k> 1.

For yi(0), zk(0), k > 1, analogous formulas hold with the only difference being that the matrices
Fui, Fo, F3i, ILFy, 1 Ey, 11 F3, QiFy, QiFs, and Q;F3 are replaced by Fy;, Fs;, Fei, 11 Fy, IL; F5,
HZ‘FG, QZ‘F4, Q,;F5, and QzFG (in the first case) and by F7z'7 Fg,;, ng‘, H,;F'y, HZ'Fg, HZ'FQ, QiF% Q,;Fg,
and Q;Fy (in the second case).

Using the implicit function theorem, we verify that system (33) is uniquely solvable for § under
sufficiently small y. It can be written in the form

RO, 1) = 0. (46)

According to (44), the uniform asymptotic expansion
R(0,1) ~ Y p" Ry, (0) (47)
k=0

holds in the domain [|§ — 0| < €y, where Ri(6) = (z(0),yx(0), zk(0)).

With R(6,0) = Ry(6), the vector function R(6, 1) becomes continuous together with its partial
derivatives with respect to the components of the vector € in the domain ||6 — 6| < €9, 0 < p < po,
where pg is a sufficiently small positive number.

Due to (43), (45), and the Cauchy formula, we have x(p) = 2°(t*) = 0. The matrix function
G(s), s <0, is a solution of the initial-value problem (16), and since G(s) — 0 as s = —o0,

0 0
/ G(s) Dauo(t*, 00)ds = / (-%B—lm(uo(t*,eo)) ds = —B~" Dy (uo(t*, 6).

—00
At the same time, conditions (43) and the Cauchy formula give

0
[ G)Dallyu(s, B0)ds = —y*(0) = B~ Dauo(t*, o).

Hence, from the second formula of (45), we obtain yo(6py) = 0.
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Similarly, since the matrix function G1(7), 7 < 0, is a solution of the initial-value problem (23)
and G1(7) = 0 as 7 — —o0,

/ G () Ds (uo(t*, 60) + Tou(0, 60)) dr

_ / (- %45 Datug(e o) + o0, o) ) dr

= —C5 D3 (ug(t*,0p) + ou(0, 6p)).

At the same time, from (43) and the Cauchy formula it follows that
/ Gl (T)Dngu(T, 90)d7’ = —Z*(O) = Cg_ng(U,o(t*, 00) + HQU(O, 90))
Consequently, in view of the third formula of (45) and
0
/ —CnggG(s)D4(u0(t*,9) + HO(S,H))dS = Cg_lBg(Kxo(ao) - yo(ao)) =0

we obtain z(6p) = 0. Thus, R(6y,0) = Ro(6) = 0.

Taking into account (8), (15), (22), (37), (39), and (42), direct differentiation of the vector
function (45) yields 0R(6y,0)/00 = ORy(0y)/00 = Iy (see (27)). Since this Jacobian matrix is non-
singular, the conditions of the implicit function theorem hold for system (46) or, equivalently,
for system (33). According to this theorem, a vector function 6(u) = (A(w), v(r), n(p)) satistying
equations (33) is uniquely defined in some right-hand nelghborhood 0 < p < py of zero; it is contin-
uous, and §(0) = 0y = (Ao, v0,M0). Therefore, the control u®(t, u) = u(t, 8, ), t € T, is admissible in
problem (1)—(3) for sufficiently small x, and it satisfies the maximum principle with the vector of

adjoint variables {(t, i) = 1 (t, 0(n), 1), U3t ) = a(t, 0(p), ), Y3(t, 1) = 3(t,0(p), ), t € T
moreover, it represents a normal extremal. Hence, u’(t, ), t € T, is the unique optimal control in

problem (1)—(3).

As mentioned, the expansion (47) is uniform in the domain |6 — 6y|| < €g, and its coefficients are
linear functions. Then the solution 6(u) = (A(u),v(u),n(p)) of system (33) admits the asymptotic
expansions (30). The proof of Theorem 1 is complete.

7. CONSTRUCTION OF ASYMPTOTICALLY SUBOPTIMAL CONTROLS

Using the theorem and related formulas, we present the algorithm for constructing asymptotic
approximations to the solution of problem (1)-(3).

The vector function

u(O) (t,/.L) = P_I(DlTwl(tae(]mu) + DQTwQ(t)90>:U“) + D?,T¢3(t>90>ﬂ))a te Ta

is an asymptotically suboptimal control of zero order in the original problem. Note that it can
be formed immediately after solving the basic problems. An asymptotically suboptimal control of
order N > 1 has the form

WM (t, 1) = P7HDT 1 (8, 0™ (1), 1) + Do (t, 0™ (), 1) + D3 s (t,0N) (u, ), teT, (48)
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where

N
0™ (1) =3~ 10k, 6k = (i vieo i) (49)
k=0

To construct the control (48), it is necessary to find the coefficients of the asymptotic series (30).
This can be done by the method of undetermined coefficients with the expansion (47). More
precisely, we expand, using Taylor’s formula, the vector function

N
> iR (O ()

k=0
in the powers of u up to order N inclusive and equate the coefficients to zero, starting with that
of . The resulting nonsingular systems of linear algebraic equations,

k—1
OR;(6
Ioby = —Ri(0o), Ioby = —Rp(60) — > 52 O)Ok_j, k> 2, (50)
j=1

serve to successively find the vectors 0, k = 1, N. (Here, we take into account that the coefficients of
the expansions (47) are linear vector functions.) Note that, due to the structure (27) of the Jacobian
matrix Iy, systems (50) decouple. Solving these systems successively yields the vectors 8y, k = 1, N,
and the polynomials (49). As mentioned above, the control (48) is asymptotically suboptimal of
order N in the original problem. To construct this control, it is necessary to solve the Cauchy
problem for the adjoint system (28) with the initial conditions

ZM Moy ot ZM vk, P3(t” ZM M-

The adjoint system is smgularly perturbed and, consequently, stiff. Integratlon of stiff systems
can be avoided by replacing the vector functions 1;(t,0, ), i = 1,3, in (48) by their asymptotic
approximations

N
wa) (t, 0, N) = Z :U’k(l/}zk (t, 0) + kal (57 9) + ka’ (T’ 9))’

k=0
=({t—tx)/p, T=(@t—t)/u? teT, i=1,3.

The vector function
a®™ (t, 1) = P~H DT (8,6™) (1), ) + D3 SN (1,0 (1), 1) + DY S (8,60 () p)),  teT,

along with (48), is an asymptotically suboptimal control of order N in problem (1)-(3). In partic-
ular, it follows from (5), (6), (13), (20), (39), and (40) that

7O (¢, p) = P~ (DFw® () + DI (¢ — ) /) + DY Qu ((t — )/1?))
=a(t) +u ((t—t)/p) +ue ((E—1)/u?), teT.

Formulas (41) and (43) also indicate that this is an asymptotically suboptimal control of zero order.
Note that the control (51) is independent of the initial states y., z. of the fast variable vectors and,
for small u, substantially differs from the solution w(t), t € T', of the first basic problem only in the
boundary layer (i.e., in some left-hand neighborhood of the point ¢t*).

(51)

The constructed asymptotics can be used to find the optimal control u°(¢, ), t € T, in prob-
lem (1)—(3) for a given value of p. For this purpose, one should follow the finishing procedure [13],
i.e., find the roots of system (46) by Newton’s method with #0V)(11) as an initial approximation.
To avoid integrating stiff systems, one can take the approximation I instead of the exact matrix
OR(0,1)/08.
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8. ASYMPTOTICALLY SUBOPTIMAL DESIGN

Asymptotically suboptimal open-loop controls, of course, depend on the initial state (., Yu, 24, t+)
of the dynamic system. Previously, this dependence has been neglected by supposing a given initial
state. In the current section, devoted to the asymptotically suboptimal design of a feedback control
of zero order, we will be concerned with this dependence. From now on, let the matrix C' be a
function of t, t, < t*. The time instant t* is still assumed given.

From equality (10) we have
WO(t) = Xo = =S (t:) Fo(ts )z, (52)
which implies, together with (7),
PO(t) = —Fg (£) ST (B) Fo (). (53)
Due to (6) and (18),
(0) = o0 = Sy 'y*(0) = =Sy ' B~ Dyu(t*) = =S5 ' B~ DyP~' Dy (t*). (54)
Hence, taking (14) and (52) into account, we obtain
e (s) = GT(s5)Sy ' B Dy P~ DY FF () ST (t) Fo(te) s, s < 0. (55)
In view of (6), (13), and (25),

Q(0) = xo = S5 '2*(0) = —S3 O3 D3 (T(t*) + u*(0))
= —S3'Cy ' D3P~ (Dy (") + Dy TIIp(0)).

Considering (21), (52), and (54), the above expression yields
QY(1) = G1 (1)S5'C5 ' DsP~H(Dy + Dy Sy ' B™'DyP~' Dy ) O () Fo(te) s

According to formulas (51), (53), and (55), the asymptotically suboptimal control of zero order
at the initial time instant can be represented as

7O (., p) = P~ (D = DYG((t. — t+)/p) S5 B~ D4P~ DY F (t.)
-DTG, ((t* — 1) /,ﬁ) S;'C5 ' Dyt (DOT + DESQ‘lB_lD4P_1D(JT)> ST () Fo(t)s.

Since (4, Ys, 2«, t«) is an arbitrary initial state of the dynamic system, by Definition 2, the vector
function

7O (2,y, 2,t,1) = P71 (Dg — DYGT (¢ — t+)/p) S5 ' B~ Dy P~ DY Fy' (1)
(56)
— DYGy ((t—t9)/p?) S5'C5 ' D3P~ (DY + DICG ' B= DyP' DY) ) ST (1) Fo(H)2

represents an asymptotically suboptimal feedback control of zero order in the original problem.
Note that this feedback is independent of the current position of the fast variables.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026



898 KALININ, LAVRINOVICH

9. EXAMPLE

As an illustrative example, we consider a control model for the horizontal rectilinear motion of
two bodies with significantly different small masses and an elastic coupling:

T =y, &g=2z,
Wy = —kxi + kro — 1y + diwy,  p2z2 = kxy — kxo — oz + daus,
1(ts) = To1,  T2(te) = Tua,  Y(te) = v, 2(ts) = 24,
i(t) = wa(t') = y(t*) = 2(t") =0, (57)

1
T() = 5 /(uf +u2)dt — min.

All constants in this problem are positive, and pu < 1. Assumption 1 holds in this case.

The first basic problem has the form

. k k dq . k k do
Tl = ——a1 + —X2 + —Uui, To = —T1 — —X2 + —Uus,
Ccl cl Ccl C2 C2 C2
T1(ts) = Ty1, T2(ls) = Ty2,
1(t4) 1, T2(ts) 2 (58)

1
()=o) =0, Ji(w) =5 /(ui + u2)dt — min.

12

As is easily verified, the dynamic system in the first basic problem is completely controllable.
According to the maximum principle, the optimal control in problem (58) has the form

_ oy 1 fea(Po1 + Aoz) — (c1do2 — cador) exp((k(c1 + ) (T — 1)) /c1ca)
ul(t) = < + ) )
C1 C1 C9
Ta(t) = d (02(/\01 + Ao2) + (c1ho2 — 02A01lexp((k(01 +c2)(t — t*))/0102)) ’ (59)
Co C1 C9
t € [to,t].

The vector A\g = (A1, \o2) is calculated by

)\0 = Sl_lFo(t*)x*, (60)
where
coexp((k(c1 + co)(t* —t))/cic2) — 1 coexp((k(cr + c2)(t* —1t))/c1ca) — ¢o
Fo(t) _ cy —C1 C1 —C2 :
cr1exp((k(c1 + co)(t* —t))/cica) — 1 crexp((k(cr + c2)(t* —t))/c1ca) — ca
Co — Cq C1 — C2
t € [ts, "],

After solving problem (58), we form the second basic problem

dy o d
s =y tdiuy, y(0) = Clu(t )
0 (61)
y(—o0) =0, Ja(u) =3 / (u? + u3)ds — min.
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Here, u(t), t € [ts,t*], is the solution of problem (58). The dynamic system in the second basic
problem is completely controllable. By the maximum principle, the solution of problem (61) is as
follows:

ui(s) = —2ui(t*) exp(c1s), wu3(s) =0, s<0.

The third basic problem has the form

d d
E ozt daus, 2(0) = —2Wm(tY), 2(—00) =0, Ja(u) =

1
o o 5 (u? 4 u3)dr — min .

\o

g

The dynamic system in this problem is also completely controllable. Based on the maximum
principle, the optimal control in the third basic problem can be represented as

Ue1(7) =0,  usa(7) = —2U2(t") exp(car), 7 <0.
According to (51), the control
WY (t, ) = W (t) — 2m () explea(t — %)/ ),
U9 (t, 1) = Ua(t) — 2Ua(t*) exp(ea(t — t*)/p?), t € [y, t*],

is asymptotically suboptimal of zero order in problem (57).

(62)

When constructing an asymptotically suboptimal feedback control of zero order, we consider
the matrix C in (60) as a function of ¢, : C'= C(t,). In the example,

. dl/Cl 0
DO_ ( 0 d2/02>'

Then, due to (56), the vector function
a0 (@, t, ) = Do(Ez(1 — 2exp((t — t°) /1)) + 2exp((t — *)/u) g (£))C " (1) Fo(t)z

represents an asymptotically suboptimal feedback control of zero order in problem (57).

To estimate the quality of the above asymptotic approximations to the solution of problem (57),
we computed the resulting states x1(t*, u), zo(t*, p), y(t*, u), and z(t*, u) of the dynamic system
with the control (62) for particular values of the small parameter in the case where k =1, ¢; = 3,
co=1,di=1,dy=2,t, =0,t" =5, 4,1 =5, Tso = —3.0, y. = 2.0, and z, = 1. As it turned out,

x1(5, 0.1) = 0.068161 x2(5, 0.1) = 0.033727
y(5, 0.1) = —0.023323 z(5, 0.1) = —0.011998
x1(5, 0.025) = 0.016755 x2(5, 0.025) = 0.014029
y(5, 0.025) = —0.004879 z(5, 0.025) = —0.000235.

The numerical results are provided with an accuracy of 1076,

10. CONCLUSIONS

This paper has proposed computational procedures for constructing asymptotic approximations
to the solution of the problem in the form of open-loop control and feedback control without the
need to integrate singularly perturbed systems. With the proposed algorithms, the original optimal
control problem decomposes into three unperturbed ones of lower dimension. Such a decomposition
enables efficient solution of optimization problems for dynamic systems with a large number of state
variables. Also, the constructed asymptotic approximations have been used to solve the problem
for given values of the small parameter.
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According to the proof of Theorem 1, under Assumptions 2—4, there exists an admissible control
in the original problem for any initial state of the dynamic system. Therefore, these assumptions
ensure the complete controllability of system (1) for sufficiently small values of p. This result was
first established in [14].

The method serves to study problems containing several groups of fast variables with a hierarchy
of rates of change in integer powers of the small parameter. In this case, the number of problems
in the decomposition of the original problem is equal to that of groups of multi-tempo variables.
Such a generalization introduces nonfundamental modifications into the algorithm, which are easily
traced using the example of the considered problem. At the same time, it leads to cumbersome
formulas. Note also that the above results can be extended to time-varying systems with sufficiently
smooth coefficients without fundamental difficulties.

REFERENCES

1. Dmitriev, M.G. and Kurina, G.A., Singular Perturbations in Control Problems, Autom. Remote Control,
2006, vol. 67, no. 1, pp. 1-43.

2. Kalinin, A.I., Asymptotics of Solutions of Perturbed Optimal Control Problems, J. Comput. Syst. Sci.
Int., 1995, vol. 33, no. 6, pp. 75-84.

3. Zhang, Y., Naidu, D.S., Cai, C., and Zou, Y., Singular Perturbation and Time Scales in Control Theories
and Applications. An Overview 2002-2012, Int. J. Information and Systems Sciences, 2014, vol. 9, no. 1,
pp. 1-36.

4. Kokotovic, P.V. and Khalil, H.K., Singular Perturbations in Systems and Control, New York: IEEE
Press, 1986.

5. Kurina, G.A. and Kalashnikova, M.A., Singularly Perturbed Problems with Multi-Tempo Fast Variables,
Autom. Remote Control, 2022, vol. 83, no. 11, pp. 1679-1723.

6. Kalinin, A.I. and Lavrinovich, L.I., Asymptotics of the Solution of the Transient Optimization Problem
in a Three-Tempo Singularly Perturbed System, Trudy XIV Belorusskoi matematicheskoi konferentsii,
posvyashchennoi 65-letiyu Instituta matematiki NAN Belarusi (Proceedings of XIV Belarusian Mathe-
matical Conference Dedicated to the 65th Anniversary of the Institute of Mathematics of the NAS of
Belarus), Minsk, October 28-November 1, 2024, Minsk: Belaruskaya Navuka, 2024, part 1, pp. 116-117.

7. Kalinin, A.I. and Lavrinovich, L.I., Application of the Small Parameter Method to the Singularly
Perturbed Linear-Quadratic Optimal Control Problem, Autom. Remote Control, 2016, vol. 77, no. 5,
pp. 751-763.

8. Krasovskii, N.N., Teoriya upravleniya dvizheniem: lineinye sistemy (Theory of Control of Motion),
Moscow: Nauka, 1968.

9. Mordukhovich, B.Sh., Existence of Optimal Controls, Journal of Soviet Mathematics, 1977, vol. 7, no. 5,
pp- 795-849.

10. Pontryagin, L.S., Boltyanskii, V.G., Gamkrelidze, R.V., and Mishchenko, E.F., The Mathematical The-
ory of Optimal Processes, New York: Interscience Publishers, 1962.

11. Gabasov, R. and Kirillova, F.M., Optimization of Linear Systems, New York: Plenum Press, 1979.

12. Vasil’eva, A.B., Asymptotic Methods in the Theory of Ordinary Differential Equations with Small Pa-
rameters Multiplying the Highest Derivatives, USSR. Comput. Math. Math. Phys., 1963, vol. 3, no. 4,
pp. 611-642.

13. Gabasov, R. and Kirillova, F.M., Konstruktivnye metody optimizatsii (Constructive Methods of Opti-
mization), part 2, Minsk: Universitetskoe, 1984.

14. Kurina, G.A., Complete Controllability of Various-Speed Singularly Perturbed Systems, Math. Notes,
1992, vol. 52, no. 4, pp. 1029-1033.

This paper was recommended for publication by M.V. Khlebnikov, a member of the Editorial
Board

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026



