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LINEAR SYSTEMS
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Abstract—A discrete-time linear system with second-order integral control constraints is con-
sidered. The properties of the limit reachable and null-controllable sets of the system are
investigated. Necessary and sufficient conditions for the boundedness of these sets are ob-
tained, including for uncontrollable systems. It is proved that these sets are ellipsoids, when
they are bounded, and their support function is constructed explicitly. Numerical simulations
are performed.

Keywords : discrete-time systems, controllability, reachability, limit reachable set, limit control-
lable set, integral constraints on control
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1. INTRODUCTION

The study of reachable and null-controllable sets is an actual problem in mathematical control
theory. From an applied perspective, these sets can be used to design controllers, test the solvability
of boundary value problems, and analyze process quality. For example, this approach is used in
the following modern works: [1–5]. When studying controllability and reachability, limit reachable
and null-controllable sets are also important. This is because, for systems with constrained control,
classical Kalman rank conditions are insufficient to judge the reachability of particular states in an
arbitrary finite time.

It should be noted that, based on the mathematical apparatus and methods used to solve analysis
and synthesis problems, dynamic systems in control theory are divided into two fundamental classes:
discrete-time systems and continuous-time systems. However, due to the development of digital
technologies, continuous systems are now often studied by discretization and reduction to discrete
analogs [6]. This underscores the relevance of developing effective numerical methods for studying
discrete-time systems. For the reasons described above, methods for constructing limit reachable
and null-controllable sets are of interest. For discrete time, these methods reduce to calculating
the limit of a sequence of compact sets.

For general systems, the only accessible approach to solving this problem is to examine individual
states for reachability and controllability, which essentially amounts to a pointwise construction of
the desired sets [7–9]. For the class of linear systems, various analytical methods are available,
based on the application of convex and functional analysis. A well-established method involves
considering the limit reachable and null-controllable sets as fixed points of contractive mappings
in the Hausdorff space [10, 11]. This approach allows, on the one hand, to use the simple iteration
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864 IBRAGIMOV

method to approach a fixed point, and on the other hand, to construct external estimates of the
limit sets with an arbitrary order of accuracy.

The majority of the presented results concern systems with geometric constraints on control. In
the case of integral constraints, the situation is more complex: the reachable and null-controllable
sets are not polyhedra even under scalar control [12], and their description in recurrent form is
impossible using standard mathematical constructions [13]. Currently, in [14], a generalization of
the approach based on the principle of contraction mappings [10, 11] is proposed for systems with
integral constraints on scalar control. Separately, in [14, Lemma 3], a description of the reachable
and null-controllable sets in the form of ellipsoids is obtained for second-order constraints and a
diagonalizable matrix of the system.

The goal of this paper is to generalize [14] to the case of linear systems with an arbitrary
dynamic matrix and second-order integral constraints on vector control. Specifically, it is necessary
to establish necessary and sufficient conditions for the boundedness of the limit reachable and null-
controllable sets in terms of the system parameters and to obtain an explicit description of them
by a support function or Minkowski functional.

The paper is structured as follows. Section 2 introduces the concepts of limit reachable and null-
controllable sets and states the problem. Section 3 formulates necessary and sufficient conditions
for the boundedness of these sets. Section 4 describes the structure of limit reachable and null-
controllable sets for linear systems with second-order integral constraints. Section 5 demonstrates
the theoretical results obtained by numerical simulation.

2. PROBLEM STATEMENT

A linear stationary system with discrete time and integral second-order control constraints
(A,B,H, t) is considered:

x(k + 1) = Ax(k) +Bu(k), k ∈ N ∪ {0},
∞∑
k=0

u(k)THu(k) � t2,
(1)

where x(k)∈Rn is the state vector, u(k)∈Rm is the control vector, H ∈Rm×m is a positive definite
symmetric matrix, A∈Rn×n, B ∈Rn×m are the system matrices, t > 0 is the parameter defining
the integral constraint.

For system (1), let Yt,2,∞ denote the limit reachable set, which is the set of those states into
which system (1) can be transferred from the origin in a finite number of steps:

Yt,2,∞ =

{
x ∈ R

n : ∃N ∈ N, u(0), . . . , u(N − 1) ∈ R
m,

N−1∑
k=0

u(k)THu(k) � t2, x(0) = 0, x(N) = x

}
. (2)

Similarly, for system (1) we denote by Xt,2,∞ the limit null-controllable set, which is the set of
those states from which system (1) can be transferred to the origin in a finite number of steps:

Xt,2,∞ =

{
x ∈ R

n : ∃N ∈ N, u(0), . . . , u(N − 1) ∈ R
m,

N−1∑
k=0

u(k)THu(k) � t2, x(0) = x, x(N) = 0

}
. (3)
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DESCRIPTION OF LIMIT REACHABLE AND NULL-CONTROLLABLE SETS 865

It is required to obtain an exact description of the sets Yt,2,∞ and Xt,2,∞ in terms of their
Minkowski functionals and support functions, and also to determine necessary and sufficient con-
ditions for boundedness.

Remark 1. The notations for sets (2) and (3) are chosen in accordance with [12, 14]. In these
papers, arbitrary ordering of constraints r ∈ (1;+∞) is allowed, and similar sets are denoted by
Yt,r,∞ and Xt,r,∞. This paper focuses on the study of an important special case of quadratic
constraints defined by a positive-definite quadratic form, which determines the presence of the
sign 2 in the indices Yt,2,∞ and Xt,2,∞.

3. NECESSARY AND SUFFICIENT CONDITIONS
FOR THE BOUNDEDNESS OF LIMIT SETS

As demonstrated in [12, Theorems 2, 3] and [15, Theorem 3], the conditions for the boundedness
of the limit reachable and 0-controllable sets are determined by the relation between the matrices
A and B. Denote by h1, . . . , hn ∈ R

n \ {0} the real Jordan basis of the matrix A [16, Section 3.4,
Chapter 3], consisting of its eigenvectors and associated vectors or their imaginary and real parts.
Consider the following invariant subspaces:

L<1 = Lin{h : h corresponds to the eigenvalue λ, |λ| < 1},
L>1 = Lin {h : h corresponds to the eigenvalue λ, |λ| > 1}.

Let us group the elements of the real Jordan basis as follows:

h1,1, . . . , h1,n1 , . . . , hM,1, . . . , hM,nM
, (4)

where hi,j ∈Rn is the adjoint vector of the matrix A of rank j corresponding to the eigenvalue
λi ∈R, or hi,j = (hrei,j h

im
i,j )∈Rn×2 are the real and imaginary parts of the adjoint vector of the

matrix A of rank j corresponding to the eigenvalue λi ∈C. Then the real Jordan form of the
matrix A consists of M cells, and ni or 2ni is the dimension of the ith cell, depending on the type
of the eigenvalue. Moreover, by [16, Theorem 3.4.5], the following representation is true:

A = SΛS−1,

S =
(
h1,1, . . . , h1,n1 , . . . , hM,1, . . . , hM,nM

)
,

Λ = diag(J1, . . . , JM ).

(5)

For all i = 1,M , the Jordan cell Ji has one of the following two forms:

Ji =

⎛
⎜⎜⎜⎜⎜⎝
λi 1 · · · 0

0 λi
. . . 0

...
...

. . . 1
0 0 · · · λi

⎞
⎟⎟⎟⎟⎟⎠ ∈ R

ni×ni , λi ∈ R, (6)

Ji =

⎛
⎜⎜⎜⎜⎜⎝
riAϕi I · · · O

O riAϕi

. . . O
...

...
. . . I

O O · · · riAϕi

⎞
⎟⎟⎟⎟⎟⎠ ∈ R

2ni×2ni , λi = rie
iϕi ∈ C. (7)

Here and below, Aϕ and I ∈ R
2×2 denote the rotation matrix and the identity matrix, respectively:

Aϕ =

(
cosϕ sinϕ
− sinϕ cosϕ

)
, I =

(
1 0
0 1

)
.

The following criterion for the boundedness of the sets Yt,2,∞ and Xt,2,∞ is valid.
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866 IBRAGIMOV

Theorem 1. Let the sets Yt,2,∞ and Xt,2,∞ in system (1) be defined by relations (2) and (3),
respectively, B = (b1, . . . , bm). Then

1) Yt,2,∞ is bounded if and only if b1, . . . , bm ∈ L<1;
2) Xt,2,∞ is bounded if and only if detA �= 0 and b1, . . . , bm ∈ L>1.

The proof of Theorem 1 and all subsequent statements is given in the Appendix.

Example 1. Let us consider for n = 3 and m = 2 matrices

A =

⎛
⎜⎝1 0 1
1 1 0
0 1 1

⎞
⎟⎠
⎛
⎜⎝2 0 0
0 0.9 1
0 0 0.9

⎞
⎟⎠
⎛
⎜⎝1 0 1
1 1 0
0 1 1

⎞
⎟⎠

−1

, B =

⎛
⎜⎝1 −11 1
2 0

⎞
⎟⎠ , H =

(
1 0
0 1

)
.

Generally speaking, in the classical sense, for discrete-time system (1), the matrix A is not stable,
since it has an eigenvalue λ1 = 2, which is greater than 1 in absolute value. At the same time, the
following representation is valid:

L<1 = Lin

⎧⎪⎨
⎪⎩
⎛
⎜⎝01
1

⎞
⎟⎠ ,
⎛
⎜⎝10
1

⎞
⎟⎠
⎫⎪⎬
⎪⎭ , b1 =

⎛
⎜⎝01
1

⎞
⎟⎠+

⎛
⎜⎝10
1

⎞
⎟⎠ ∈ L<1, b2 =

⎛
⎜⎝01
1

⎞
⎟⎠−

⎛
⎜⎝10
1

⎞
⎟⎠ ∈ L<1.

It follows that the condition of item 1 of Theorem 1 is satisfied and the limit reachable set Yt,2,∞
of the system (A,B,H, t) is bounded.

On the other hand, if for m = 1 we choose

B = (2, 2, 0)T, H = 1,

then the following formulas will be correct:

L>1 = Lin

⎧⎪⎨
⎪⎩
⎛
⎜⎝11
0

⎞
⎟⎠
⎫⎪⎬
⎪⎭ , b1 = 2

⎛
⎜⎝11
0

⎞
⎟⎠ ∈ L>1.

Then the system (A,B,H, t) will satisfy the conditions of item 2 of Theorem 1, and the limit
null-controllable set Xt,2,∞ will be bounded.

4. DESCRIPTION OF LIMIT REACHABLE AND NULL-CONTROLLABLE SETS
IN THE FORM OF ELLIPSOIDS

Theorem 1 defines necessary and sufficient conditions for the boundedness of sets (2) and (3),
but does not specify their structure. In the case of boundedness, the sets Yt,2,∞ and Xt,2,∞ are
ellipsoids. A similar result was obtained in [14, Lemma 3], but only in the case of scalar control
and a diagonalizable matrix A. For system (1), the problem of constructing matrices of quadratic
forms of the ellipsoids Yt,2,∞ and Xt,2,∞ reduces to the summation of matrix series. Let us present
the theoretical information, which is necessary for this.

Lemma 1. Let in system (1) B = (b1, . . . , bm).

1) If b1, . . . , bm ∈ L<1, then the following series converges:

HY
�
=

∞∑
k=0

AkBH−1BT(Ak)T;

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026



DESCRIPTION OF LIMIT REACHABLE AND NULL-CONTROLLABLE SETS 867

2) if detA �= 0 and b1, . . . , bm ∈ L>1, then the following series converges:

HX
�
=

∞∑
k=1

A−kBH−1BT(A−k)T.

To describe the limit reachable and null-controllable sets of system (1), we generalize the concept
of an ellipsoid. The classical definition assumes that for some positive definite symmetricH ∈ R

m×m

and t > 0, an ellipsoid is a set

U =
{
u ∈ R

m : uTHu � t2
}
.

In this case U is determined by the Minkowski functional [17, §15, Chapter III].
However, this definition is not suitable for describing ellipsoidal sets whose dimension is less

than the dimension of the space. In this case, it turns out to be more convenient to define the
set U in terms of the support function [17, §4, Chapter I]. For a non-negative definite symmetric
H̃ ∈ R

m×m and t > 0, an ellipsoid is defined as a set U ⊂ R
m whose support function is given by

the equality

S(p,U) �
= sup

u∈U
pTu = t

√
pTH̃p. (8)

If the matrix H̃ is positive definite and, as a consequence, non-singular, then the representation for
the Minkowski functional is also true:

μ(u,U) �
= inf{γ > 0: u ∈ γU} = 1

t

√
uTH̃−1u. (9)

Example 2. Consider a two-dimensional circle in three-dimensional space:

U =
{
u ∈ R

3 : u21 + u22 � 1, u3 = 0
}
.

The set U can be considered as an ellipsoid in the general sense, although it is not described
by a single inequality for a quadratic form. Nevertheless, the support function U satisfies the
representation

S(p,U) =
√
p21 + p22 =

√
pTH̃p, H̃ =

⎛
⎜⎝1 0 0
0 1 0
0 0 0

⎞
⎟⎠ .

Here H ∈ R
3×3 is non-negative definite and degenerate, which does not allow us to use it to go to

formula (9) for the Minkowski functional.

Theorem 2. Let HY ,HX ∈ R
n×n be taken from Lemma 1. Then

1) if Yt,2,∞ is bounded, then the following representation for the support function is valid:

S(p,Yt,2,∞) = t
√
pTHYp ;

2) if Xt,2,∞ is bounded, then the following representation for the support function is valid:

S(p,Xt,2,∞) = t
√
pTHX p.

Theorem 2 states that, in the case of boundedness, Yt,2,∞ and Xt,2,∞ are ellipsoids. Transition
to a description using the Minkowski functional is possible only if the matrices HY and HX are
invertible. This property can be guaranteed, for example, in the special case of control systems.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026



868 IBRAGIMOV

Lemma 2. Let the controllability condition be satisfied for the system (1):

rank (B AB . . . An−1B) = n.

Then

1) if b1, . . . , bm ∈ L<1, then detHY �= 0;
2) if detA �= 0 and b1, . . . , bm ∈ L>1, then detHX �= 0.

Due to Lemma 2, Theorem 2 and expressions (8)–(9), in the case of controlled system (1), the
following representation for the Minkowski functional is valid:

μ(x,Yt,2,∞) =
1

t

√
xTH−1

Y x, μ(x,Xt,2,∞) =
1

t

√
xTH−1

X x.

Remark 2. The matrices HY and HX are usually called the Gramians of a discrete-time linear
system. If the matrix A is Schur, i.e., all its eigenvalues are less than 1 in absolute value, then HY
is a solution to the discrete Lyapunov equation [18, Theorem K.2]:

P = APAT +BH−1BT.

A large number of numerical methods are known for solving this equation [19, 20]. Also, one
common analytical approach is to use the canonical Jordan decomposition of the matrix A [21].
Further in the article, we will refine this approach for a more general case, which is defined by
Theorem 1 and allows for matrices A other than Schur matrices, and construct an explicit form for
the Gramians HY and HX .

Although Theorem 2 defines the structure of sets (2) and (3) of system (1), their construction is
reduced to calculating the matrix series from Lemma 1 for HY and HX . To calculate these series,
we use the canonical Jordan form of the matrix A [16, Theorem 3.1.11]:

A = SΛS−1,

S ∈ C
n×n, detS �= 0, Λ = diag(J1, . . . , JM ) ∈ C

n×n,

Ji = λiI + Pni ∈ C
ni×ni , Pni =

⎛
⎜⎜⎜⎜⎜⎝
0 1 · · · 0

0 0
. . . 0

...
...

. . . 1
0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎠ ∈ R

ni×ni , i = 1,M,

n1 + . . .+ nM = n.

(10)

Here λi ∈ C is an eigenvalue of the matrix A of multiplicity ni.

In notation (10) for all i, j = 1,M we define the matrices Dij ∈ C
ni×nj from the following rela-

tions: ⎛
⎜⎝
D11 . . . D1M
...

. . .
...

DM1 . . . DMM

⎞
⎟⎠ �

= S−1BH−1BT(S−1)T,

for λiλj �= 1 we introduce matrices

Γij
�
=

ni−1∑
r=0

nj−1∑
q=0

min{r,q}∑
l=0

(r + q − l)!
(r − l)!(q − l)!l!

λr−l
i λq−l

j

(1− λiλj)r+q−l+1
P r
ni
Dij(P

q
nj
)T.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026



DESCRIPTION OF LIMIT REACHABLE AND NULL-CONTROLLABLE SETS 869

Theorem 3. Let HY and HX be taken from Lemma 1. Then

1) if b1, . . . , bm ∈ L<1, then

HY = S

⎛
⎜⎜⎝

ΓY
11 . . . ΓY

1M
...

. . .
...

ΓY
M1 . . . ΓY

MM

⎞
⎟⎟⎠ST,

where for all i, j = 1,M in the case |λi| � 1 or |λj | � 1 it is true that ΓY
ij = O, or in the case

|λi|, |λj | ∈ [0; 1) it is true that ΓY
ij = Γij ;

2) if detA �= 0 and b1, . . . , bm ∈ L>1, then

HX = S

⎛
⎜⎝

ΓX
11 . . . ΓX

1M
...

. . .
...

ΓX
M1 . . . ΓX

MM

⎞
⎟⎠ST,

where for all i, j = 1,M , in the case |λi| � 1 or |λj| � 1, ΓX
ij = O, or in the case |λi|, |λj | ∈ (1;+∞),

ΓX
ij = −Γij.

In general, the matrices in decomposition (10), and therefore the matrices Γij, may be complex.
However, as a result of the transformations, HY and HX will turn out to be real.

Example 3. Consider the matrices

A =

( √
2
√
2

−√2 √2

)
, B =

(
1 0
0 1

)
, H =

(
2 1
1 2

)
.

The matrix A has complex conjugate eigenvalues λ1 =
√
2+ i
√
2, λ2 =

√
2− i
√
2 and the following

expansion of form (10):

A =

(
−i i
1 1

)(√
2 + i

√
2 0

0
√
2− i

√
2

)(
−i i
1 1

)−1

.

Due to Theorem 1, the limit null-controllable set Xt,2,∞ is bounded, and in the notation of Theo-
rem 3 it is true that M = 2, n1 = n2 = 1 and

S−1BH−1BT
(
S−1
)T

=

(
i
2 1

1 − i
2

)
.

This leads to the following values:

−ΓX
11 =

1−1∑
r=0

1−1∑
q=0

min{r,q}∑
l=0

(r + q − l)!
(r − l)!(q − l)!l!

λr−l
1 λq−l

1

(1− λ1λ1)r+q−l+1
P r
1D11(P

q
1 )

T =
1

1− (
√
2 + i

√
2)2

i

2
,

−ΓX
22 =

1

1− (
√
2− i

√
2)2

(
− i

2

)
, − ΓX

12 = −ΓX
21 =

1

1− (
√
2 + i

√
2)(
√
2− i

√
2)
,

HX =

(
22
51 − 1

17

− 1
17

46
51

)
, S(p,Xt,2,∞) =

√
22

51
p21 −

2

17
p1p2 +

46

51
p22.
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870 IBRAGIMOV

5. NUMERICAL EXPERIMENTS

Let us demonstrate the results of Theorems 1–3 by numerical simulation. Consider various
discrete-time systems of form (1) with bounded reachable sets Yt,2,∞. First, we construct these sets
explicitly using Theorem 3. Then, we generate a set of admissible processes and plot their terminal
states as elements of the limit reachable set. All numerical values will be rounded to four decimal
places.

Example 4. Let us consider system (1) for n = m = 2 and the following parameter values:

A =

(
0.8791 −1.1321
0.6429 0.0934

)
= S

(
0.4863 + 0.7573i 0

0 0.4863 − 0.7573i

)
S−1,

S =

(
0.7986 0.7986

0.2771 − 0.5342i 0.2771 + 0.5342i

)
,

B =

(
1 1
1 −1

)
, H =

(
2 1
1 2

)
, t = 1.

The matrix A has a pair of complex conjugate eigenvalues λ1,2 = 0.4863± 0.7573i, whose absolute
values are strictly less than 1. Therefore, by Theorem 1, the set Yt,2,∞ is bounded, and by Theo-
rem 2, it is an ellipsoid. The matrix HY can be calculated explicitly by Theorem 3. The following
values are valid:

M = 2, n1 = n2 = 1,

D11 = −1.5609 − 0.2711i, D12 = D21 = 2.0836, D22 = −1.5609 + 0.2711i.

This leads to the equality

HY = S

⎛
⎜⎜⎝

D11

1− λ1λ1
D12

1− λ1λ2
D21

1− λ2λ1
D22

1− λ2λ2

⎞
⎟⎟⎠ST =

(
12.9553 3.9416
3.9416 7.8973

)
.

Limit reachable set (2) and terminal states of various processes are shown in Fig. 1.
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Fig. 1. The set Yt,2,∞ and various terminal states for the system (A,B,H, t) from Example 4.
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Fig. 2. The set Yt,2,∞ and various terminal states for the system (A,B,H, t) from Example 5.

Example 5. Let us consider system (1) for n = m = 2 and the following values:

A =

(
−1.3315 −0.0769
2.7692 −0.4085

)
= S

(
−0.87 1

0 −0.87

)
S−1,

S =

(
−1 1
6 7

)
, B =

(
1 1
1 −1

)
, H =

(
1 0.5
0.5 2

)
, t = 1.

The matrix A has one real eigenvalue λ1 = −0.87, whose absolute value is strictly less than 1.
Therefore, by Theorem 1, the set Yt,2,∞ is bounded, and by Theorem 2, it is an ellipsoid. The
matrix HY can be calculated explicitly using Theorem 3. The following values are valid:

M = 1, n1 = 2, D11 =

(
0.2975 −0.2739
−0.2739 0.2975

)
.

This leads to the equality

HY = S

(
D11

1− λ21
+
λ1D11P

T
2(

1− λ21
)2 +

λ1P2D11(
1− λ21

)2 +
P2D11P

T
2(

1− λ21
)2 + 2

λ21P2D11P
T
2(

1− λ21
)3
)
ST

=

(
57.9130 −259.9758
−259.9758 1241.6945

)
.

Limit reachable set (2) and terminal states of various processes are shown in Fig. 2.

Example 6. Let us consider system (1) for n = 3, m = 2, and the following values:

A =

⎛
⎜⎝−0.8421 −0.0196 0.0976

0.3013 −0.9058 0.1081
−0.1239 −0.0093 −0.9540

⎞
⎟⎠ = S

⎛
⎜⎝−0.8910 + 0.1270i 0 0

0 −0.8910 − 0.1270i 0
0 0 −0.92

⎞
⎟⎠S−1,

S =

⎛
⎜⎝ 0.1703 + 0.3405i 0.1703 − 0.3405i −0.1562

0.8513 0.8513 0.9370
−0.3575 + 0.0511i −0.3575 − 0.0511i 0.3123

⎞
⎟⎠ , B =

⎛
⎜⎝1 1
2 0
1 1

⎞
⎟⎠ , H =

(
1 0
0 1

)
.
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Fig. 3. The set Yt,2,∞ and various terminal states for the system (A,B,H, t) from Example 6.

We also assume that t = 1. The matrix A has a pair of complex conjugate eigenvalues λ1,2 =
−0.8910 ± 0.1270i and one real eigenvalue λ3 = −0.92, whose absolute values are strictly less
than 1. Therefore, by Theorem 1, the set Yt,2,∞ is bounded, and by Theorem 2, it is an ellipsoid.
The matrix HY can be calculated explicitly using Theorem 3, similarly to Example 4:

M = 3, n1 = n2 = n3 = 1,

HY =

⎛
⎜⎝7.5669 4.6171 1.4047

4.6171 20.2330 −5.4371
1.4047 −5.4371 26.3126

⎞
⎟⎠ .

Limit reachable set (2) and terminal states of various processes are shown in Fig. 3.

Example 7. Let us consider system (1) for n = 3, m = 2, and the following values:

A =

⎛
⎜⎝−0.4838 −0.1586 −0.24121.9715 0.2153 3.1897

−1.1023 0.3068 −0.5215

⎞
⎟⎠ = S

⎛
⎜⎝0.95 0 0

0 −0.87 1

0 0 −0.87

⎞
⎟⎠S−1,

S =

⎛
⎜⎝−1 1 3

6 7 1
2 −3 0

⎞
⎟⎠ , B =

⎛
⎜⎝1 0
1 1
0 2

⎞
⎟⎠ , H =

(
1 1
1 2

)
, t = 1.

The matrix A has a real non-multiple eigenvalue λ1 = 0.95 and a real multiple eigenvalue λ2 =
−0.87, whose absolute values are strictly less than 1. Therefore, by Theorem 1, the set Yt,2,∞ is
bounded, and by Theorem 2, it is an ellipsoid. The matrix HY can be calculated explicitly using
Theorem 3, similarly to Example 5:

M = 2, n1 = 1, n2 = 2,

HY =

⎛
⎜⎝ 11.1345 52.5427 −32.4125

52.5427 735.8157 −266.4128
−32.4125 −266.4128 136.2212

⎞
⎟⎠ .

Limit reachable set (2) and terminal states of various processes are shown in Fig. 4.
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Fig. 4. The set Yt,2,∞ and various terminal states for the system (A,B,H, t) from Example 7.

In Examples 4–7, only the construction of limit reachable sets (2) is considered, since the nu-
merical modeling of its elements is simpler compared to the null-controllable sets (3). At the same
time, according to Theorems 1–3, the construction of the set Xt,2,∞ is similar. It should also be
noted that the case m = 1 is considered in detail in [14] and is therefore not presented here.

6. CONCLUSION

This paper solves the problem of constructing limit reachable and null-controllable sets for
discrete-time linear systems with second-order integral constraints. Necessary and sufficient con-
ditions for the boundedness of these sets are formulated in the form of Theorem 1, which reduces
to the relationship between the matrix B and the eigensubspaces L<1 and L>1. For controllable
systems, these conditions are equivalent to a constraint on the spectral radius of the matrix A for
reachable sets and the matrix A−1 for null-controllable sets, respectively. It is also proved that, in
the case of boundedness, the sets Yt,2,∞ and Xt,2,∞ are ellipsoids. Their support function is con-
structed explicitly by the Jordan decomposition of the matrix A, which is formulated as Theorem 3.
To confirm the obtained theoretical results, numerical experiments were conducted for systems of
different dimensions, with different types of eigenvalues of the matrix A.
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APPENDIX

Let us introduce into R
n the dot product and the vector norm by the formulas

〈x, y〉 �
= xTy =

n∑
i=1

xiyi, ‖x‖ �
=
√
〈x, y〉 =

√√√√ n∑
i=1

x2i .

Proof of Theorem 1. Without loss of generality, we assume that the elements of basis (4) are
grouped in such a way that for the class M0 �M the following representation is valid:

L<1 = Lin
{
hi,j : i = 1,M0, j = 1, ni

}
.
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For each u(k) ∈ R
m we define the expansion in basis (4):

Bu(k) =
M∑
i=1

ni∑
j=1

hi,jαi,j(k),

where αi,j(k) ∈ R if λi ∈ R, and αi,j(k) ∈ R
2 if λi ∈ C. Taking into account representation (5), the

following equalities hold:

S−1Bu(k) = vec (α1,1(k), . . . , α1,n1(k), . . . , αM,1(k), . . . , αM,nM
(k)) ,⎛

⎜⎝
β1
...
βM

⎞
⎟⎠ �

=
N−1∑
k=0

ΛkS−1Bu(N − k − 1)

=

⎛
⎜⎜⎜⎜⎜⎜⎝

N−1∑
k=0

Jk
1 vec (α1,1(N − k − 1), . . . , α1,n1(N − k − 1))

...
N−1∑
k=0

Jk
M vec (αM,1(N − k − 1), . . . , αM,nM

(N − k − 1))

⎞
⎟⎟⎟⎟⎟⎟⎠ , N ∈ N.

Let b1, . . . , bm ∈ L<1. Then for any k ∈ N ∪ {0}, i = M0 + 1,M and all j = 1, ni, αi,j(k) = 0,
and therefore βi = 0.

Let i = 1,M0. Let representation (6) holds for the Jordan cell Ji. Let us introduce the matrix

P =

⎛
⎜⎜⎜⎜⎜⎝
0 1 · · · 0

0 0
. . . 0

...
...

. . . 1
0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎠ ∈ R

ni×ni .

Note the following property of the matrix P :

(P lx)j =

{
xj+l, j + l � ni,

0, j + l > ni,
=

{
xj+l, l � ni − j,
0, l > ni − j.

Let C l
k denotes the binomial coefficients. According to Newton’s binomial theorem

Jk
i = (λiI + P )k =

k∑
l=0

C l
kλ

k−l
i P l,

⎛
⎜⎝
βi,1
...

βi,ni

⎞
⎟⎠ �

= βi =
N−1∑
k=0

Jk
i

⎛
⎜⎝
αi,1(N − k − 1)

...
αi,ni(N − k − 1)

⎞
⎟⎠ =

N−1∑
k=0

k∑
l=0

C l
kλ

k−l
i P l

⎛
⎜⎝
αi,1(N − k − 1)

...
αi,ni(N − k − 1)

⎞
⎟⎠ .

Taking into account the properties of the matrix P , for all j = 1, ni the following representation is
valid:

βi,j =
N−1∑
k=0

min{k,ni−j}∑
l=0

C l
kλ

k−l
i αi,j+l(N − k − 1). (A.1)

Assuming N − 1 � ni − j, we change the order of summation:

βi,j =
ni−j∑
l=0

N−1∑
k=l

C l
kλ

k−l
i αi,j+l(N − k − 1) =

ni−j∑
l=0

N−l−1∑
k=0

C l
k+lλ

k
i αi,j+l(N − k − l − 1). (A.2)
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We take into account that u(k), by (1), belongs to the ellipsoidal set U = {u ∈ R
m : uTHu � t2},

which is compact. Then, by the Weierstrass theorem [22, Chapter VII, §2, Section 2] and the
continuous dependence of the numbers αi,j(k) on u(k), there exists a number αmax > 0 such that
for all k ∈ N∪{0}, i = 1,M , j = 1, ni, the constraint |αi,j(k)| � αmax holds. The following estimate
is valid:

|βi,j | �
ni−j∑
l=0

N−l−1∑
k=0

C l
k+l|λi|k|αi,j+l(N − k − l − 1)| � αmax

ni−j∑
l=0

∞∑
k=0

C l
k+l|λi|k

=
ni−j∑
l=0

αmax

(1− |λi|)l+1
=

(ni − j + 1)αmax

(1− |λi|)ni−j+1
� niαmax

(1− |λi|)ni
.

We will finally get

‖βi‖2 =
ni∑
j=1

|βi,j |2 � n3iα
2
max

(1− |λi|)2ni
. (A.3)

Let representation (7) be valid for the Jordan cell Ji. Setting P ∈ R
2ni×2ni , we obtain from

Newton’s binomial theorem

Jk
i =
(
diag (riAϕi , . . . , riAϕi) + P 2

)k
=

k∑
l=0

C l
kdiag

(
rk−l
i A(k−l)ϕi

, . . . , rk−l
i A(k−l)ϕi

)
P 2l,

⎛
⎜⎝
βi,1
...

βi,ni

⎞
⎟⎠ �

= βi =
N−1∑
k=0

Jk
i

⎛
⎜⎝
αi,1(N − k − 1)

...
αi,ni(N − k − 1)

⎞
⎟⎠

=
N−1∑
k=0

k∑
l=0

diag
(
rk−l
i A(k−l)ϕi

, . . . , rk−l
i A(k−l)ϕi

)
P 2l

⎛
⎜⎝
αi,1(N − k − 1)

...
αi,ni(N − k − 1)

⎞
⎟⎠ .

Taking into account the properties of the matrix P , for all j = 1, ni the following representation is
valid:

βi,j =
N−1∑
k=0

min{k,ni−j}∑
l=0

C l
kr

k−l
i A(k−l)ϕi

αi,j+l(N − k − 1). (A.4)

Assuming N − 1 � ni − j, we change the order of summation:

βi,j =
ni−j∑
l=0

N−1∑
k=l

C l
kr

k−l
i A(k−l)ϕi

αi,j+l(N − k − 1) (A.5)

=
ni−j∑
l=0

N−l−1∑
k=0

C l
k+lr

k−l
i A(k−l)ϕi

αi,j+l(N − k − l − 1).

We take into account that u(k), by (1), belongs to the ellipsoidal set U = {u∈Rm: uTHu� t2},
which is compact. Then, by Weierstrass’s theorem [22, Chapter VII, §2, Section 2] and the contin-
uous dependence of the two-dimensional vectors αi,j(k) on u(k), there exists a number αmax > 0
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such that for all k ∈ N ∪ {0}, i = 1,M , j = 1, ni, the constraint ‖αi,j(k)‖ � αmax holds. The fol-
lowing estimate is valid:

‖βi,j‖ �
ni−j∑
l=0

N−l−1∑
k=0

C l
k+lr

k
i ‖Akϕi

αi,j+l(N − k − l − 1)‖

=
ni−j∑
l=0

N−l−1∑
k=0

C l
k+lr

k
i ‖αi,j+l(N − k − l − 1)‖ � αmax

ni−j∑
l=0

∞∑
k=0

C l
k+lr

k
i

=
ni−j∑
l=0

αmax

(1− ri)l+1
=

(ni − j + 1)αmax

(1− ri)ni−j+1
� niαmax

(1− ri)ni
.

We will finally get

‖βi‖2 =
ni∑
j=1

‖βi,j‖2 � n3iα
2
max

(1− ri)2ni
. (A.6)

We take into account the inequalities (A.3) and (A.6) and obtain for all N � n and the condition
x(0) = 0 the estimate

‖x(N)‖ (1)
=

∥∥∥∥∥S
N−1∑
k=0

ΛkS−1Bu(k)

∥∥∥∥∥ � ‖S‖
⎛
⎝M0∑

i=1

‖βi‖2
⎞
⎠

1
2

� ‖S‖
(
M0n

3α2
max

) 1
2(

1− max
i=1,M0

|λi|
)n ,

i.e., by definition Yt,2,∞ is bounded.

Now suppose that for some m̃ = 1,m the condition bm̃ �∈ L<1 is satisfied. I.e., there exists
u ∈ R

m such that in the expansion over basis (4)

Bu =
M∑
i=1

ni∑
j=1

hi,jαi,j

For some i =M0 + 1,M and j = 1, ni, it is true that αi,j �= 0. Fix these i, j, and N � n. Without
loss of generality, we assume that either j = ni or αi,j+1 = . . . = αi,ni = 0. Let Ji satisfy represen-
tation (6). Choose

u(N − k − 1) =

√
6t sgn(λki )

(k + 1)π

u√
uTHu

, k = 0, N − 1.

Then, on the one hand,

N−1∑
k=0

u(k)THu(k) =
N−1∑
k=0

(√
6t sgn(λki )

(k + 1)π

)2
uTHu√

uTHu
√
uTHu

<
6t2

π2

∞∑
k=0

1

(k + 1)2
= t2,

i.e., the selected control actions are admissible for system (1). On the other hand, for this control,
according to (A.2), βi,j satisfies the relation

βi,j =
ni−j∑
l=0

N−l−1∑
k=0

C l
k+lλ

k
i αi,j+l(N − k − l − 1) =

N−1∑
k=0

λki αi,j(N − k − 1)

=
N−1∑
k=0

|λi|k
√
6t

(k + 1)π

αi,j√
uTHu

�
√
6tαi,j

π
√
uTHu

N−1∑
k=0

1

k + 1
N→∞−−−−→ +∞.
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Let Ji satisfy representation (7). Choose an increasing sequence k1, k2, . . . ∈ N ∪ {0} such
that the condition |ϕikp| mod 2π < π

6 holds for all p ∈ N. Such a sequence exists. For the

case ϕi = 2π K ′
K ′′ , it suffices to set kp = pK ′′. For the opposite case, by Weyl’s theorem, the set

{kϕi mod 2π : k ∈ N ∪ {0}} is dense in [0; 2π). Set for all k = 0, kN

u(kN − k) =
⎧⎪⎨
⎪⎩
0, k �∈ {k1, . . . , kN},√
6t

pπ

u√
uTHu

, k = kp ∈ {k1, . . . , kN}.

Then
kN∑
k=0

u(k)THu(k) =
N∑
p=1

(√
6t

pπ

)2
uTHu√

uTHu
√
uTHu

<
6t2

π2

∞∑
p=1

1

p2
= t2,

i.e., the selected control actions are admissible for system (1). On the other hand, for this control,
according to (A.5), βi,j satisfies the relation

‖βi,j‖2 =

〈ni−j∑
l=0

kN−l∑
k=0

C l
k+lr

k
i Akϕi

αi,j+l(kN − k − l),
ni−j∑
l=0

kN−l∑
k=0

C l
k+lr

k
i Akϕi

αi,j+l(kN − k − l)
〉

=

〈
kN∑
k=0

rki Akϕi
αi,j(kN − k),

kN∑
k=0

rki Akϕi
αi,j(kN − k)

〉

=

〈
N∑
p=1

r
kp
i Akpϕi

αi,j(kN − kp),
N∑
q=1

r
kq
i Akqϕi

αi,j(kN − kq)
〉

=
N∑
p=1

N∑
q=1

r
kp+kq
i

〈
A(kp−kq)ϕi

αi,j(kN − kp), αi,j(kN − kq)
〉

=
N∑
p=1

N∑
q=1

r
kp+kq
i

6t2

π2pq

‖αi,j‖2
uTHu

cos(ϕi(kp − kq)) �
N∑
p=1

N∑
q=1

6t2

π2pq

‖αi,j‖2
2uTHu

=
‖αi,j‖2
uTHu

3t2

π2

⎛
⎝ N∑

p=1

1

p

⎞
⎠
⎛
⎝ N∑

q=1

1

q

⎞
⎠ N→∞−−−−→ +∞.

Thus, since ∥∥∥∥∥∥
kN∑
k=0

ΛkS−1Bu(kN − k)
∥∥∥∥∥∥ = ‖S−1x(kN + 1)‖ � ‖S−1‖‖x(kN + 1)‖,

then

‖x(kN + 1)‖ � 1

‖S−1‖

∥∥∥∥∥∥
kN∑
k=0

ΛkS−1Bu(kN − k)
∥∥∥∥∥∥ =

(
M∑
l=1
‖βl‖2

) 1
2

‖S−1‖ � ‖βi,j‖‖S−1‖
N→∞−−−−→ +∞.

Therefore, Yt,2,∞ is unbounded by definition.

Now we prove item 2. If detA = 0, then there exists an element of the real Jordan basis
hi,j ∈Rn \ {0} corresponding to the eigenvalue λi = 0. Then, by (1), the inclusion Lin {hi,j}⊂Xt,2,∞
holds, which means that set (3) is unbounded. If detA �= 0, then by the definitions of (2) and (3),
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the set Yt,2,∞ for the system (A,B,H, t) and the set Xt,2,∞ for the system (A−1, A−1B,H, t) coin-
cide. This implies item 2.

Theorem 1 is proved.

Proof of Lemma 1. Without loss of generality, we will assume that the elements of basis (4) are
grouped in such a way that for some M0 �M the following representation is true:

L<1 = Lin
{
hi,j : i = 1,M0, j = 1, ni

}
.

Since H−1 is positive definite and symmetric, it satisfies the Cholesky decomposition [16, Corol-
lary 7.2.9], i.e., there exists a lower triangular non-singular matrix L ∈ R

m×m such thatH−1 = LLT.
In terms of (5), we introduce the notation

⎛
⎜⎝
γ1,1(k) . . . γ1,m(k)

...
. . .

...
γM,1(k) . . . γM,m(k)

⎞
⎟⎠ �

= ΛkS−1BL,

where γi,1(k), . . . , γi,m(k) are vectors whose dimension coincides with the dimension of the Jordan
block Ji. Then, from the inclusion b1, . . . , bm ∈ L<1, it follows that γi,l(k) = 0 if i = M0 + 1,M ,
l = 1,m. In the case i = 1,M0, the vectors γi,l(k) are the product of the powers of the Jordan
blocks Jk

i and the corresponding blocks of the matrix S−1BL. Consequently, the order of smallness
of the elements of the vectors γi,l(k) coincides with the order of smallness of the elements Jk

i , which,
according to the reasoning from [16, Section 3.2.5], can be estimated from above by the quantity

kni |λi|k � knλkmax, where λmax
�
= max{|λ| : λ is eigenvalue of A, |λ| < 1}.

From here, by the sufficient condition for convergence [22, Chapter III, §1, Section 4, Corollary 2],

it follows that the matrix series
∞∑
k=0

γi,l(k)γj,l(k)
T converges elementwise for all i, j = 1,M .

Consider the chain of equalities

HY =
∞∑
k=0

AkBH−1BT(Ak)T = S

( ∞∑
k=0

ΛkS−1BH−1BT(S−1)T(Λk)T
)
ST

= S
∞∑
k=0

m∑
l=1

⎛
⎜⎝
γ1,l(k)γ1,l(k)

T . . . γ1,l(k)γM,l(k)
T

...
. . .

...
γM,l(k)γ1,l(k)

T . . . γM,l(k)γM,l(k)
T

⎞
⎟⎠S−1

=
m∑
l=1

S

⎛
⎜⎜⎜⎜⎜⎝

∞∑
k=0

γ1,l(k)γ1,l(k)
T . . .

∞∑
k=0

γ1,l(k)γM,l(k)
T

...
. . .

...
∞∑
k=0

γM,l(k)γ1,l(k)
T . . .

∞∑
k=0

γM,l(k)γM,l(k)
T

⎞
⎟⎟⎟⎟⎟⎠S

−1.

From the convergence of the matrix series in the extreme right-hand side of these relations follows
clause 1 of the Lemma 1.

Item 2 of the lemma follows from item 1 due to the fact that the eigenvalues of A are mutually
inverse to the eigenvalues of A−1.

Lemma 1 is proved.
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Proof of Theorem 2. Let us prove item 1. For arbitrary N ∈ N, u(0), . . . , u(N − 1) ∈ R
m,

p ∈ R
n \ {0}, we introduce the notations

p0 =

⎛
⎜⎜⎜⎝
(
AN−1B

)T
p

...
BTp

⎞
⎟⎟⎟⎠ ∈ R

mN , u0 =

⎛
⎜⎝

u(0)
...

u(N − 1)

⎞
⎟⎠ ∈ R

mN , H0 =

⎛
⎜⎝
H . . . O
...

. . .
...

O . . . H

⎞
⎟⎠ ∈ R

mN×mN .

Then by definition (2) we get

S(p,Yt,2,∞) = sup
x∈Yt,2,∞

〈p, x〉 = sup
N∈N

max
N−1∑
k=0

u(k)THu(k)�t2

〈
p,

N−1∑
k=0

AkBu(N − k − 1)

〉

= sup
N∈N

max
N−1∑
k=0

u(k)THu(k)�t2

N−1∑
k=0

〈(
AkB

)T
p, u(N − k − 1)

〉
= sup

N∈N
max

uT
0 H0u0�t2

〈p0, u0〉 .

Taking into account the invertibility of the matrix H0 and definitions (8), (9), it is true that

S(p,Yt,2,∞) = sup
N∈N

t
√
pT0H

−1
0 p0 = t sup

N∈N

√√√√pT N−1∑
k=0

AkBH−1BT(Ak)Tp

= t

√√√√pT ∞∑
k=0

AkBH−1BT(Ak)Tp = t
√
pTHYp.

The last transition is correct, since by Lemma 1 the corresponding series converges to HY .
Item 2 of the theorem follows from the fact that if detA �= 0, then due to definitions (2) and (3)

the set Yt,2,∞ for the system (A,B,H, t) and the set Xt,2,∞ for the system (A−1, A−1B,H, t) coin-
cide.

Theorem 2 is proved.

Proof of Lemma 2. Let us prove item 1. The series
∞∑
k=0

AkBH−1BT(Ak)T, due to Lemma 1,

converges to a non-negative definite symmetric matrix HY . The following representation holds:

n−1∑
k=0

AkBH−1BT(Ak)T = (B . . . An−1B)

⎛
⎜⎝
H−1 . . . O
...

. . .
...

O . . . H−1

⎞
⎟⎠
⎛
⎜⎝

BT

...
(An−1B)T

⎞
⎟⎠ .

Moreover, according to the controllability condition, each of the factors is a matrix of full rank.
Consequently, their product is also a matrix of full rank [16, Section 0.4.6], which means that

det
n−1∑
k=0

AkBH−1BT(Ak)T �= 0. Since
n−1∑
k=0

AkBH−1BT(Ak)T is also non-negative definite and sym-

metric by construction, this matrix turns out to be positive definite. Then HY is also positive
definite, since it can be represented as the sum of positive definite and non-negative definite ma-
trices:

HY =
∞∑
k=n

AkBH−1BT(Ak)T +
n−1∑
k=0

AkBH−1BT(Ak)T.

Item 2 of the lemma follows from the fact that the eigenvalues of A are mutually inverse to the
eigenvalues of A−1.

Lemma 2 is proved.
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Lemma 3. Let r, q ∈ N ∪ {0}, and let λ, μ ∈ C be numbers such that |λ| < 1, |μ| < 1. Then

∞∑
k=max{r,q}

Cr
kC

q
kλ

k−rμk−q =

min{r,q}∑
l=0

(r + q − l)!
(r − l)!(q − l)!l!

λq−lμr−l

(1− λμ)r+q−l+1
.

Proof of Lemma 3. To prove the lemma, we use the well-known formula for |α| < 1:

∞∑
k=0

Cr
k+rα

k =
1

(1− α)r+1
. (A.7)

We choose neighborhoods of zero in the complex planeOδ1(0),Oδ2(0) ⊂ C so that for any x ∈ Oδ1(0)
and y ∈ Oδ2(0) the following inequalities hold:

|(x+ λ)(y + μ)| < 1,∣∣∣∣ x(y + μ)

1− λ(y + μ)

∣∣∣∣ < 1,

∣∣∣∣ yλ

1− λμ
∣∣∣∣ < 1.

Such neighborhoods exist because |λ| < 1, |μ| < 1. Consider the function G : Oδ1(0)×Oδ2(0)→ C

of the following form:

G(x, y) =
1

1− (x+ λ)(y + μ)
.

On the one side,

G(x, y)
(A.7)
=

∞∑
k=0

(x+ λ)k(y + μ)k =
∞∑
k=0

k∑
r=0

k∑
q=0

Cq
kC

r
kλ

k−rμk−qxryq

=
∞∑
r=0

∞∑
q=0

⎛
⎝ ∞∑

k=max{r,q}
Cq
kC

r
kλ

k−rμk−q

⎞
⎠xryq. (A.8)

On the other hand, from the definitions of δ1 and δ2 we obtain

G(x, y) =
1

1− λ(y + μ)− x(y + μ)
=

1

1− λ(y + μ)

1

1− x(y+μ)
1−λ(y+μ)

(A.7)
=

1

1− λ(y + μ)

∞∑
r=0

(
x(y + μ)

1− λ(y + μ)

)r
=

∞∑
r=0

xr(y + μ)r
1

(1− λ(y + μ))r+1

=
∞∑
r=0

r∑
l=0

xrC l
ry

lμr−l 1

(1− λμ)r+1

1(
1− yλ

1−λμ

)r+1

(A.7)
=

∞∑
r=0

r∑
l=0

∞∑
q=0

xrC l
ry

lμr−l 1

(1− λμ)r+1
Cr
r+q

(
yλ

1− μλ
)q

=
∞∑
r=0

r∑
l=0

∞∑
q=l

xrC l
ry

lμr−l 1

(1− λμ)r+1
Cr
r+q−l

(
yλ

1− μλ
)q−l

=
∞∑
r=0

r∑
l=0

∞∑
q=l

C l
rC

r
r+q−lμ

r−lλq−l

(1− λμ)q+r−l+1
xryq =

∞∑
r=0

∞∑
q=0

⎛
⎝min{r,q}∑

l=0

C l
rC

r
r+q−lμ

r−lλq−l

(1− λμ)q+r−l+1

⎞
⎠xryq. (A.9)
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Since G(x, y) is analytic on its domain by construction, it can be represented as a power series in
a unique way [23, Section A, Chapter I]. Therefore, from the representations (A.8) and (A.9) it
follows that Lemma 3 is true.

Lemma 4. Let r, q ∈ N ∪ {0}, and let λ, μ ∈ C be numbers such that |λ| > 1, |μ| > 1. Then

∞∑
k=1

Cr
k+r−1C

q
k+q−1λ

−k−rμ−k−q =

min{r,q}∑
l=0

(r + q − l)!
(r − l)!(q − l)!l!

(−1)lλq−lμr−l

(λμ− 1)r+q−l+1
.

Proof of Lemma 4. We choose neighborhoods of zero in the complex plane Oδ1(0),Oδ2(0) ⊂ C

so that for any x ∈ Oδ1(0) and y ∈ Oδ2(0) the following inequalities hold:

|(λ− x)| > 1, |(μ − y)| > 1,∣∣∣∣ x(μ− y)
λ(μ − y)− 1

∣∣∣∣ < 1,

∣∣∣∣ yλ

λμ− 1

∣∣∣∣ < 1.

Such neighborhoods exist because |λ| > 1, |μ| > 1. Consider the function F : Oδ1(0)×Oδ2(0)→ C

of the following form:

F (x, y) =
1

(λ− x)(μ − y)− 1
.

On the one side,

F (x, y) =
1

(λ− x)(μ− y)
1

1− (λ− x)−1(μ− y)−1

(A.7)
=

1

(λ− x)(μ − y)
∞∑
k=0

(λ− x)−k(μ− y)−k =
∞∑
k=0

1

(λ− x)k+1

1

(μ− y)k+1

=
∞∑
k=0

1

(λμ)k+1

1(
1− x

λ

)k+1

1(
1− y

μ

)k+1

(A.7)
=

∞∑
k=0

1

(λμ)k+1

∞∑
r=0

Cr
k+r

(
x

λ

)r ∞∑
q=0

Cq
k+q

(
y

μ

)q

=
∞∑
r=0

∞∑
q=0

∞∑
k=0

Cr
k+rC

q
k+qλ

−r−k−1μ−q−k−1xryq

=
∞∑
r=0

∞∑
q=0

( ∞∑
k=1

Cr
k+r−1C

q
k+q−1λ

−r−kμ−q−k

)
xryq. (A.10)

On the other hand,

F (x, y) =
1

λ(μ− y)− 1− x(μ− y) =
1

λ(μ− y)− 1

1

1− x(μ−y)
λ(μ−y)−1

(A.7)
=

1

λ(μ − y)− 1

∞∑
r=0

(
x(μ − y)

λ(μ− y)− 1

)r
=

∞∑
r=0

xr(μ − y)r
(λμ− 1− λy)r+1

=
∞∑
r=0

r∑
l=0

xrC l
r(−y)lμr−l 1

(λμ− 1)r+1

1(
1− yλ

λμ−1

)r+1
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(A.7)
=

∞∑
r=0

r∑
l=0

∞∑
q=0

xrC l
r(−y)lμr−l 1

(λμ − 1)r+1
Cr
r+q

(
yλ

λμ− 1

)q

=
∞∑
r=0

r∑
l=0

∞∑
q=l

xrC l
r(−y)lμr−l 1

(λμ− 1)r+1
Cr
r+q−l

(
yλ

λμ− 1

)q−l

=
∞∑
r=0

r∑
l=0

∞∑
q=l

(−1)lC l
rC

r
r+q−lμ

r−lλq−l

(λμ− 1)q+r−l+1
xryq

=
∞∑
r=0

∞∑
q=0

⎛
⎝min{r,q}∑

l=0

(−1)lC l
rC

r
r+q−lμ

r−lλq−l

(1− λμ)q+r−l+1

⎞
⎠xryq. (A.11)

Since F (x, y) is analytic on its domain by construction, it can be represented as a power series in
a unique way [23, Section A, Chapter I]. Therefore, from the representations (A.10) and (A.11) it
follows that Lemma 4 is true.

Proof of Theorem 3. Let us prove item 1. Due to (10) and the definition of HY

HY = S

( ∞∑
k=0

ΛkS−1BH−1BT(S−1)T(Λk)T
)
ST

= S

⎛
⎜⎝ ∞∑

k=0

⎛
⎜⎝

Jk
1D11(J

k
1 )

T . . . Jk
1D1M (Jk

M )T

...
. . .

...
(Jk

M )TDM1(J
k
1 )

T . . . Jk
MDMM (Jk

M )T

⎞
⎟⎠
⎞
⎟⎠ST,

i.e., it is true that

HY
ij =

∞∑
k=0

Jk
i Dij(J

k
j )

T.

From the inclusion b1, . . . , bm ∈ L<1 and (10) it follows that Dij = O if |λi| � 1 or |λj | � 1, i.e.,
HY

ij = O. Otherwise, we take into account that for k � n0 the equality P
k
n0

= O holds, and consider
the series ∞∑

k=0

Jk
i Dij(J

k
j )

T =
∞∑
k=0

(λiI + Pni)
kDij

(
λjI + PT

nj

)k

=
∞∑
k=0

min{k,ni−1}∑
r=0

min{k,nj−1}∑
q=0

Cr
kλ

k−r
i P r

ni
DijC

q
kλ

k−q
j (P q

nj
)T

=
ni−1∑
r=0

nj−1∑
q=0

∞∑
k=max{r,q}

Cr
kC

q
kλ

k−r
i λk−q

j P r
ni
Dij(P

q
nj
)T.

Then, taking into account Lemma 3, item 1 is proved.

Now we prove item 2. Due to (10) and the definition of HX

HX = S

( ∞∑
k=1

Λ−kS−1BH−1BT(S−1)T(Λ−k)T
)
ST

= S

⎛
⎜⎜⎝ ∞∑

k=1

⎛
⎜⎜⎝

J−k
1 D11(J

−k
1 )T . . . J−k

1 D1M (J−k
M )T

...
. . .

...

(J−k
M )TDM1(J

−k
1 )T . . . J−k

M DMM (J−k
M )T

⎞
⎟⎟⎠
⎞
⎟⎟⎠ST,
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i.e., it is true that

HX
ij =

∞∑
k=1

J−k
i Dij(J

−k
j )T.

According to [16, Section 3.2.5] the following representation is valid for the Jordan cell:

J−k
i =

ni−1∑
r=0

(−1)rCr
k+r−1

1

λk+r
i

P r
ni
. (A.12)

From the inclusion b1, . . . , bm ∈ L>1 and (10) it follows that Dij = O if |λi| � 1 or |λj | � 1, i.e.,
HX

ij = O. Otherwise, we take into account that for k � n0 the equality P
k
n0

= O holds, and consider
the series ∞∑

k=1

Jk
i Dij(J

k
j )

T =
∞∑
k=1

(λiI + Pni)
−kDij

(
λjI + PT

nj

)−k

(A.12)
=

∞∑
k=0

ni−1∑
r=0

nj−1∑
q=0

(−1)r+qCr
k+r−1C

q
k+q−1

1

λk+r
i

1

λk+q
j

P r
ni
Dij(P

q
nj
)T

=
ni−1∑
r=0

nj−1∑
q=0

∞∑
k=1

Cr
k+r−1C

q
k+q−1(−λi)−k−r(−λj)−k−qP r

ni
Dij(P

q
nj
)T.

Then, taking into account Lemma 4, item 2 is proved.

Theorem 3 is proved.
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Abstract—This paper considers the problem of minimum-energy control of a linear singularly
perturbed system with three groups of variables changing at significantly different rates. Asymp-
totic approximations to the solution of this problem are constructed in the form of open-loop
control and feedback control. The main advantage is that the proposed computational proce-
dures decompose the original problem into three unperturbed optimal control problems of lower
dimension.

Keywords : small parameter, singularly perturbed system, quadratic functional, optimal control,
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1. INTRODUCTION

In the mathematical theory of optimal processes, considerable attention is given to optimization
problems for singularly perturbed systems containing small parameters at some derivatives. This
is due to the efficiency of asymptotic solution methods for such problems, which decompose the
original problem into lower-dimensional optimal control ones. Moreover, the asymptotic approach
avoids integrating singularly perturbed systems, which are stiff. Integration of such systems en-
tails serious challenges manifested in high computational cost and the inevitable accumulation of
computational errors. The first works on optimal control problems with singular perturbations ad-
dressed dynamic systems containing only two groups of variables with significantly different rates
of change, the so-called slow and fast variables; see the reviews [1–4]. Subsequently, following the
needs of applications, researchers considered optimization of systems with several groups of fast
variables containing parameters of different orders of smallness at the derivatives. Such works were
surveyed in [5]. This paper is devoted to constructing asymptotic approximations, in the form of
open-loop control and feedback control, to the solution of the minimum-energy control problem for
a singularly perturbed system with two groups of fast variables. The approach to constructing such
approximations was first presented in [6]. Note that a similar problem for a two-tempo singularly
perturbed system was studied in [7].

2. PROBLEM STATEMENT

In the class of r-dimensional control actions u(t) = (u1(t), . . . , ur(t)), t ∈ T = [t∗, t∗], with piece-
wise continuous components, we consider a time-invariant optimal control problem of the form

ẋ = A1x+B1y + C1z +D1u, x(t∗) = x∗,
μẏ = A2x+B2y + C2z +D2u, y(t∗) = y∗,

μ2ż = A3x+B3y + C3z +D3u, z(t∗) = z∗,
(1)
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886 KALININ, LAVRINOVICH

x(t∗) = 0, y(t∗) = 0, z(t∗) = 0, (2)

J(u) =
1

2

t∗∫
t∗

uTPudt→ min, (3)

where μ is a small positive parameter; t∗ and t∗ are given time instants (t∗ < t∗); x is the n1-di-
mensional vector of slow variables; finally, y and z are the vectors of fast variables of dimensions
n2 and n3, respectively. The other elements of the problem have compatible dimensions. In the
performance criterion (3), P is a positive definite symmetric matrix.

Assumption 1. The matrices C3 and B = B2 − C2C
−1
3 B3 are stable, i.e., the real parts of all

their eigenvalues are negative.

Let us introduce concepts to clarify the meaning of asymptotic approximations to the solution
of this problem.

Definition 1. A control u(N)(t, μ), t ∈ T , with piecewise continuous components is called an
asymptotically suboptimal (open-loop) control of order N (N = 0, 1, 2, . . . ) if it transfers the dy-
namic system (1) to a state of order O(μN+1) and differs from the optimal control, in terms of the
performance criterion (3), by a quantity of the same order of smallness.

Definition 2. A vector function u(N)(x, y, z, t, μ) is called an asymptotically suboptimal feedback
control of order N if, for any initial state (x∗, y∗, z∗, t∗), t∗ < t∗, we have u(N)(x∗, y∗, z∗, t∗, μ) =
u(N)(t∗, μ), where u(N)(t, μ), t ∈ T , is an asymptotically suboptimal control of order N in prob-
lem (1)–(3).

This paper is devoted to designing asymptotically suboptimal controls in problem (1)–(3). In
addition, an asymptotically suboptimal feedback control of zero order is designed.

To shorten the notation, we will adopt the following designations:

A(μ) =

⎛
⎜⎝ A1 B1 C1

A2/μ B2/μ C2/μ
A3/μ

2 B3/μ
2 C3/μ

2

⎞
⎟⎠ , D(μ) =

⎛
⎜⎝ D1

D2/μ
D3/μ

2

⎞
⎟⎠ .

3. FIRST BASIC PROBLEM

The essence of the asymptotically suboptimal control design approach proposed below lies in
the asymptotic expansion of the initial values (at the time instant t∗) of the adjoint variables in
integer powers of the small parameter. The leading coefficients of these expansions are determined
by the initial values of the adjoint variables in three unperturbed optimal control problems of lower
dimension. The first of these is the degenerate problem

ẋ = A0x+D0u, x(t∗) = x∗, x(t∗) = 0,

J1(u) =
1

2

t∗∫
t∗

uTPudt→ min,
(4)

where

A0 = A1 − C1C
−1
3 A3 − (B1 −C1C

−1
3 B3)B

−1(A2 − C2C
−1
3 A3),

D0 = D1 −C1C
−1
3 D3 − (B1 − C1C

−1
3 B3)B

−1D4, D4 = D2 − C2C
−1
3 D3.

(5)

It will be called the first basic problem.

Assumption 2. The dynamic system in problem (4) is completely controllable [8], i.e.,

rank
(
D0, A0D0, A

2
0D0, . . . , A

n1−1
0 D0

)
= n1.
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Under this assumption, admissible controls exist in the first basic problem, and hence it has
a unique solution representing a normal extremal [9]. In other words, Pontryagin’s maximum
principle [10] in this case can be stated as follows: let u(t) and x0(t), t ∈ T , be an optimal control
and an optimal trajectory, respectively, in problem (4); then there exists a solution ψ0(t), t ∈ T , of
the adjoint system ψ̇ = −AT

0 ψ such that

ψ0T(t)D0u(t)− 1

2
uT(t)Pu(t) = max

u∈Rr

(
ψ0T(t)D0u− 1

2
uTPu

)
, t ∈ T.

This condition directly implies

u(t) = P−1DT
0 ψ

0(t), t ∈ T. (6)

With λ0 = ψ0(t∗), we have

ψ0T(t) = λT0 F0(t), ψ0T(t)D0 = λT0 Φ0(t), t ∈ T, (7)

where

Φ0(t) = F0(t)D0, t ∈ T, (8)

and F0(t), t ∈ T , is a matrix function of dimensions (n1 × n1) representing the solution of the
initial-value problem

Ḟ0 = −F0A0, F0(t
∗) = En1 . (9)

Due to (6), (7), and the Cauchy formula,

x0(t∗) = F0(t∗)x∗ + S1λ0, (10)

where

S1 =

t∗∫
t∗

Φ0(t)P
−1ΦT

0 (t)dt. (11)

Under Assumption 2, this matrix is nonsingular, which can easily be verified using the implicit
controllability criterion [11]. Since λ0 is uniquely defined, according to the stated maximum prin-
ciple, the optimal control in the first basic problem is associated with a unique vector of adjoint
variables.

4. SECOND BASIC PROBLEM

At the second stage of computations, we solve an infinite-horizon optimal control problem of
the form

dy

ds
= By +D4u, y(0) = B−1D4u(t

∗),

y(−∞) = 0, J2(u) =
1

2

0∫
−∞

uTPuds→ min,
(12)

further called the second basic problem.

Assumption 3. The controllability condition

rank
(
D4, BD4, B

2D4, . . . , B
n2−1D4

)
= n2

holds.

This assumption ensures the existence of admissible controls in the second basic problem, im-
plying in turn that problem (12) has a unique solution [9] and is normal. In this case, Pontryagin’s
maximum principle [10] for the problem can be stated as follows: let u∗(s) and y∗(s), s � 0, be
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888 KALININ, LAVRINOVICH

an optimal control and an optimal trajectory, respectively, in problem (12); then there exists a
solution Πψ(s), s � 0, of the adjoint system

d

ds
Πψ = −BTΠψ

such that

ΠψT(s)D4u
∗(s)− 1

2
u∗T(s)Pu∗(s) = max

u∈Rr

(
ΠψT(s)D4u− 1

2
uTPu

)
, s � 0.

This condition directly yields

u∗(s) = P−1DT
4 Πψ(s), s � 0. (13)

With σ0 = Πψ(0), we have

ΠψT(s) = σT0 G(s), ΠψT(s)D4 = σT0 ΠΦ(s), s � 0, (14)

where

ΠΦ(s) = G(s)D4, s � 0, (15)

and G(s), s � 0, is a matrix function of dimensions (n2 × n2) satisfying the differential equation

dG

ds
= −GB, G(0) = En2 . (16)

By the implicit controllability criterion [11], under Assumption 3, the matrix

S2 =

0∫
−∞

ΠΦ(s)P−1ΠΦT(s)ds (17)

is nonsingular. Based on (13), (14), and the Cauchy formula, we obtain

y∗(0) = S2σ0, (18)

and, according to the above maximum principle, the optimal control in the second basic problem
is associated with a unique vector of adjoint variables.

5. THIRD BASIC PROBLEM

The third basic problem has the form

dz

dτ
= C3z +D3u, z(0) = C−1

3 D3((u(t
∗) + u∗(0)),

z(−∞) = 0, J3(u) =
1

2

0∫
−∞

uTPudτ → min .
(19)

Assumption 4. The controllability condition

rank
(
D3, C3D3, C

2
3D3, . . . , C

n3−1
3 D3

)
= n3

holds.

This assumption ensures the existence of admissible controls in the third basic problem. There-
fore, problem (19) has a unique solution [9] and is normal. In this case, Pontryagin’s maximum
principle [10] for the problem can be stated as follows: let u∗(τ) and z∗(τ), τ � 0, be an optimal
control and an optimal trajectory, respectively, in problem (19); then there exists a solution Qψ(τ),
τ � 0, of the adjoint system

d

dτ
Qψ = −CT

3 Qψ

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026
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such that

QψT(τ)D3u∗(τ)− 1

2
uT∗ (τ)Pu∗(τ) = max

u∈Rr

(
QψT(τ)D3u− 1

2
uTPu

)
, τ � 0.

This condition directly implies

u∗(τ) = P−1DT
3 Qψ(τ), τ � 0. (20)

With χ0 = Qψ(0), we have

QψT(τ) = χT
0G1(τ), QψT(τ)D3 = χT

0QΦ(τ), τ � 0, (21)

where

QΦ(τ) = G1(τ)D3, τ � 0, (22)

and G1(τ), τ � 0, is a matrix function of dimensions (n3 × n3) satisfying the differential equation

dG1

dτ
= −G1C3, G1(0) = En3 . (23)

By the implicit controllability criterion [11], under Assumption 4, the matrix

S3 =

0∫
−∞

QΦ(τ)P−1QΦT(τ)dτ (24)

is nonsingular. Based on (20), (21), and the Cauchy formula, we obtain

z∗(0) = S3χ0, (25)

and, according to the above maximum principle, the optimal control in the third basic problem is
associated with a unique vector of adjoint variables.

Let us emphasize: the initial values σ0 and χ0 of the adjoint variable vectors are the only
information about the solutions of the second and third basic problems used below to design
asymptotically suboptimal controls. There is no need to construct the optimal controls u∗(s),
s � 0, and u∗(τ), τ � 0, which (incidentally) is impossible during the numerical solution of the
problem. In the second and third basic problems, the Hamiltonian along the optimal control is
zero. By utilizing this property at s = 0 and τ = 0, we establish the conditions for the vectors σ0
and χ0 :

1

2
σT0 D4P

−1DT
4 σ0 + σ0D4u(t

∗) = 0,

1

2
χT
0D3P

−1DT
3 χ0 + χ0D3(u(t

∗) + P−1DT
4 σ0) = 0.

After solving the basic problems, we find the vectors

ν0 = σ0 −
(
(B1 −C1C

−1
3 B3)B

−1
)T

λ0,

η0 = χ0 −
(
C1C

−1
3

)T
λ0 +

(
C2C

−1
3

)T
ν0

(26)

and compile the matrix

I0 =

⎛
⎜⎝ S1 0n1×n2 0n1×n3

I21 S2 0n2×n3

I31 I32 S3

⎞
⎟⎠ (27)
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890 KALININ, LAVRINOVICH

of dimensions (n1 + n2 + n3)× (n1 + n2 + n3). The blocks S1, S2, and S3 are given by formu-
las (11), (17), and (24), and

I21 = −B−1
(
A2 − C2C

−1
3 A3

)
S1 +

(
D2 − C2C

−1
3 D3

)
+ S2

(
B−1D4

)T
,

I31 = −C−1
3

(
A3S1 +B2I21 +D3P

−1D0

)
+ S3

(
C−1
3 D3

)T
,

I32 = −C−1
3

(
B2S2 +D3P

−1D0

)
+ S3

(
C−1
3 D3

)T
.

As noted above, S1, S2, and S3 are nonsingular matrices, and hence detI0 �= 0.

6. ASYMPTOTIC ANALYSIS OF THE SOLUTION OF THE ORIGINAL PROBLEM

One can speak of asymptotically suboptimal controls only if problem (1)–(3) is solvable. We
will show that under Assumptions 1–4, problem (1)–(3) with a sufficiently small number μ has a
unique optimal control representing a normal extremal. In other words, Pontryagin’s maximum
principle [10] can be stated as follows: let u0(t, μ), t ∈ T, be an optimal control in problem (1)–(3);
then there exists a solution ψ0

1(t, μ), ψ
0
2(t, μ), ψ

0
3(t, μ), t ∈ T, of the adjoint system

ψ̇1 = −AT
1 ψ1 −AT

2 ψ2 −AT
3 ψ3,

μψ̇2 = −BT
1 ψ1 −BT

2 ψ2 −BT
3 ψ3,

μ2ψ̇3 = −CT
1 ψ1 − CT

2 ψ2 − CT
3 ψ3

(28)

such that

u0(t, μ) = P−1
(
DT

1 ψ1(t, μ) +DT
2 ψ2(t, μ) +DT

3 ψ3(t, μ)
)
, t ∈ T. (29)

Theorem 1. Under Assumptions 1–4, problem (1)–(3) has a unique solution u0(t, μ), t ∈ T ,
representing a normal extremal of the form (29), where (ψ0

1(t, μ), ψ
0
2(t, μ), ψ

0
3(t, μ)), t ∈ T , is the

vector of adjoint variables corresponding, by the maximum principle, to the optimal control. The
values λ(μ) = ψ0

1(t
∗, μ), ν(μ) = ψ0

2(t
∗, μ), and η(μ) = ψ0

3(t
∗, μ) admit the asymptotic expansions

λ(μ) ∼ λ0 +
∞∑
k=1

μkλk, ν(μ) ∼ ν0 +
∞∑
k=1

μkνk, η(μ) ∼ η0 +
∞∑
k=1

μkηk, (30)

in which ν0 and η0 are given by formulas (26) while λ0, σ0, and χ0 are the initial values of the
adjoint variables in the basic problems.

Proof. We introduce the vectors θ = (λ, ν, η) and θ0 = (λ0, ν0, η0) and denote by ψ1(t, θ, μ),
ψ2(t, θ, μ), ψ3(t, θ, μ), t ∈ T , θ ∈ Rn1+n2+n3 , the solution of the adjoint system (28) with the initial
conditions

ψ1(t
∗) = λ, ψ2(t

∗) = ν, ψ3(t
∗) = η. (31)

Let x(t, θ, μ), y(t, θ, μ), z(t, θ, μ), t ∈ T, θ ∈ Rn1+n2+n3 , be the trajectory of system (1) generated
by the control

u(t, θ, μ) = P−1
(
DT

1 ψ1(t, θ, μ) +DT
2 ψ2(t, θ, μ) +DT

3 ψ3(t, θ, μ)
)
, t ∈ T. (32)

We will show that the left-hand sides of the equations

x(t∗, θ, μ) = 0, y(t∗, θ, μ) = 0, z(t∗, θ, μ) = 0 (33)

can be asymptotically expanded in integer powers of the small parameter, and obtain formulas for
the coefficients of these expansions.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026



OPTIMIZATION OF TRANSIENTS 891

Consider the fundamental matrix F (t, μ), t ∈ T, of dimensions (n1 + n2 + n3)× (n1 + n2 + n3)
as the solution of the initial-value problem

Ḟ = −FA(μ), F (t∗) = En1+n2+n3 . (34)

It is convenient to represent the solution of this singularly perturbed equation in the block form

F (t, μ) =

⎛
⎜⎝ F1(t, μ) F2(t, μ) F3(t, μ)
F4(t, μ) F5(t, μ) F6(t, μ)
F7(t, μ) F8(t, μ) F9(t, μ)

⎞
⎟⎠ ,

where Fi, i = 1, 9, are matrices of dimensions n1 × n1, n1 × n2, n1 × n3, n2 × n1, n2 × n2, n2 × n3,
n3 × n1, n3 × n2, and n3 × n3, respectively. Using the method of boundary functions [12], they can
be expanded into asymptotic series:

Fi(t, μ) ∼
∞∑
k=0

μk(Fik(t) + ΠkFi(s) +QkFi(τ)),

s = (t− t∗)/μ, τ = (t− t∗)/μ2, t ∈ T, i = 1, 9.

(35)

We emphasize that these are asymptotic expansions uniform with respect to t ∈ T . Note also that
the matrix functions ΠkFi(s), s � 0, and QkFi(τ), τ � 0, called the boundary terms, have the upper
bounds

‖ΠkFi(s)‖ � β1k exp(γ1ks), ‖QkFi(s)‖ � β2k exp(γ2ks) (36)

for all i = 1, 9, k = 0, 1, . . . , where β1k, β2k, γ1k, and γ2k are positive constants. Let us provide
several leading coefficients of the expansions (35), needed to prove the theorem:

F10 = F0, F40 = KF0, F70 =MF0, Fi0 = 0, i = 2, 3, 5, 6, 8, 9,

F21 = F0L, F51 = KF0L, F81 =MF0L, Fi1 = 0, i = 3, 6, 9,

F32 = −F0(C1 + LC2)C
−1
3 , F62 = −KF0(C1 + LC2)C

−1
3 , F92 = −MF0(C1 + LC2)C

−1
3 ,

Π0F4 = −GK, Π0F5 = G, Π0F7 = C−1
3 B3GK,

Π0F8 = −C−1
3 B3G, Π0Fi = 0, i = 1, 2, 3, 6, 9,

Π1F2 = −LG, Π1F3 = 0, Π1F6 = −GC2C
−1
3 ,

Π1F9 = C−1
3 B3GC2C

−1
3 , Π2F3 = LGC2C

−1
3 ,

Q0Fi = 0, i = 1, 6, Q0F7 = G1C
−1
3 A3,

Q0F8 = G1C
−1
3 B3, Q9F0 = G1,

Q1F2 = 0, Q1F3 = 0, Q1F5 = C2C
−1
3 G1C

−1
3 B3,

Q1F6 = C2C
−1
3 G1, Q2F3 = C1C

−1
3 G1.

(37)

Here, K = −B−1(A2 − C2C
−1
3 A3), M = −C−1

3 (A3 −B3K), and L = −(B1 − C1C
−1
3 B3)B

−1, while
F0, G, and G1 are the solutions of equations (9), (16), and (23), respectively.

Note that

ψT
1 (t, θ, μ) = λTF1(t, μ) + μνTF4(t, μ) + μ2ηTF7(t, μ),

μψT
2 (t, θ, μ) = λTF2(t, μ) + μνTF5(t, μ) + μ2ηTF8(t, μ),

μ2ψT
3 (t, θ, μ) = λTF3(t, μ) + μνTF6(t, μ) + μ2ηTF9(t, μ).
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Therefore, due to (35) and (37), we arrive at the asymptotic expansions

ψi(t, θ, μ) ∼
∞∑
k=0

μk (ψik(t, θ) + Πkψi(s, θ) +Qkψi(τ, θ)) ,

s = (t− t∗)/μ, τ = (t− t∗)/μ2, t ∈ T, i = 1, 2, 3,

(38)

where

ψT
10(t, θ) = λTF0(t), ψT

20(t, θ) = λTF0(t)L,

ψT
30(t, θ) = −λTF0(t)(C1 − LC2)C

−1
3 ,

ΠT
0 ψ1(s, θ) = 0, ΠT

0 ψ2(s, θ) = −
(
λTL− νT

)
G(s),

ΠT
0 ψ3(s, θ) =

(
λTL− νT

)
G(s)C2C

−1
3 ,

QT
0 ψ1(τ, θ) = 0, QT

0 ψ2(τ, θ) = 0,

QT
0 ψ3(τ, θ) =

(
λTC1C

−1
3 + νTC2C

−1
3 + ηT

)
G1(τ),

ψT
1k(t, θ) = λTF1k(t) + νTF4,k−1(t) + ηTF7,k−2(t),

ψT
2k(t, θ) = λTF2,k+1(t) + νTF5,k(t) + ηTF8,k−1(t),

ψT
3k(t, θ) = λTF3,k+2(t) + νTF6,k+1(t) + ηTF9,k(t),

ΠT
k ψ1(s, θ) = λTΠkF1(s) + νΠk−1F4(s) + ηTΠk−2F7(s),

ΠT
k ψ2(s, θ) = λTΠk+1F2(s) + νΠkF5(s) + ηTΠk−1F8(s),

ΠT
k ψ3(s, θ) = λTΠk+2F3(s) + νΠk+1F6(s) + ηTΠkF9(s),

QT
k ψ1(τ, θ) = λTQkF1(τ) + νTQk−1F4(τ) + ηTQk−2F7(τ),

QT
k ψ2(τ, θ) = λTQk+1F2(τ) + νTQkF5(τ) + ηTQk−1F8(τ),

QT
k ψ3(τ, θ) = λTQk+2F3(τ) + νTQk+1F6(τ) + ηTQkF9(τ),

F7,−1(t) = 0, Π−1F7(s) = 0, Q−1F7(τ) = 0,

k � 1, t ∈ T, s � 0, τ � 0.

(39)

These expansions are uniform in the domain ‖θ − θ0‖ � ε0, t ∈ T , with a positive number ε0.
Note that from (7), (14), (21), (26), and (39) it follows that

ψ10(t, θ0) = ψ0(t), ψ20(t, θ0) = LTψ0(t),

ψ30(t, θ0) = −
(
(C1 − LC2)C

−1
3

)T
ψ0(t), t ∈ T,

Π0ψ2(s, θ0) = Πψ(s), Π0ψ3(s, θ0) = −
(
C2C

−1
3

)T
Πψ(s), s � 0,

Q0ψ3(τ, θ0) = Qψ(τ), τ � 0.

(40)

In view of (38), the control (29) also admits the asymptotic expansion

u(t, θ, μ) ∼
∞∑
k=0

μk (uk(t, θ) + Πku(s, θ) +Qku(τ, θ)) ,

s = (t− t∗)/μ, τ = (t− t∗)/μ2, t ∈ T,
(41)
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where

uk(t, θ) = P−1(DT
1 ψ1k(t, θ) +DT

2 ψ2k(t, θ) +DT
3 ψ3k(t, θ)),

Πku(s, θ) = P−1(DT
1 Πkψ1(s, θ) +DT

2 Πkψ2(s, θ) +DT
3 Πkψ3(s, θ)),

Qku(τ, θ) = P−1(DT
1 Qkψ1(τ, θ) +DT

2 Qkψ2(τ, θ) +DT
3 Qkψ3(τ, θ)),

t ∈ T, s � 0, τ � 0, k = 0, 1, 2, . . . .

(42)

Along with formulas (5), (6), (13), (20), and (40), the conditions Π0ψ1(s, θ) = 0, Q0ψ1(τ, θ) = 0,
and Q0ψ2(τ, θ) = 0 hold. Consequently,

u0(t, θ0) = u(t), t ∈ T, Π0u(s, θ0) = u∗(s), s � 0,

Q0u(τ, θ0) = u∗(τ), τ � 0.
(43)

Based on the Cauchy formula, we have⎛
⎜⎝ x(t∗, θ, μ)
y(t∗, θ, μ)
z(t∗, θ, μ)

⎞
⎟⎠ = F (t∗, μ)

⎛
⎜⎝ x∗
y∗
z∗

⎞
⎟⎠+

t∗∫
t∗

F (t, μ)D(μ)u(t, θ, μ)dt.

According to (5), (35)–(39), (41), and (42), this vector function admits the asymptotic expansion

x(t∗, θ, μ) ∼
∞∑
k=0

μkxk(θ), y(t∗, θ, μ) ∼
∞∑
k=0

μkyk(θ),

z(t∗, θ, μ) ∼
∞∑
k=0

μkzk(θ),

(44)

where

x0(θ) = F0(t∗)x∗ +
t∗∫

t∗

F0(t)D0u0(t, θ)dt,

y0(θ) = Kx0(θ) +

0∫
−∞

(G(s)D4(u0(t
∗, θ) + Π0u(s, θ))ds,

z0(θ) =Mx0(θ) +

0∫
−∞
−C−1

3 B3G(s)D4(u0(t
∗, θ) + Π0u(s, θ))ds

+

0∫
−∞

G1(τ)D3(u0(t
∗, θ) + Π0u(0, θ) +Q0u(τ, θ))dτ,

(45)

xk(θ) = F1k(t
∗)x∗ + F2k(t

∗)y∗ + F3k(t
∗)z∗ +

t∗∫
t∗

k∑
p=0

(F1,k−p(t)D1up(t, θ))dt

+

t∗∫
t∗

k∑
p=0

(F2,k−p(t)D2up(t, θ))dt+

t∗∫
t∗

k+2∑
p=2

(F3,k+2−p(t)D3up(t, θ))dt

+

0∫
−∞

k−1∑
p=0

((F1,k−1−p(t
∗) + Πk−1−pF1(s))D1(up(t

∗, θ) + Πpu(s, θ)))ds

+

0∫
−∞

k∑
p=0

((F2,k−p(t
∗) + Πk−pF2(s))D2(up(t

∗, θ) + Πpu(s, θ)))ds
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+

0∫
−∞

k+1∑
p=0

((F3,k−p+1(t
∗) + Πk+1−pF3s))D3(up(t

∗, θ) + Πpu(s, θ)))ds

+

0∫
−∞

k−2∑
p=0

((F1,k−2−p(t
∗) + Πk−2−pF1(0) +Qk−2−pF1(τ))D1(up(t

∗, θ)

+Πpu(0, θ)) +Qpu(τ, θ))dτ

+

0∫
−∞

k−1∑
p=0

((F2,k−1−p(t
∗) + Πk−1−pF2(0) +Qk−1−pF2(τ))D2up(t

∗, θ)

+Πpu(0, θ)) +Qpu(τ, θ))dτ
0∫

−∞

k∑
p=0

((F3,k−p(t
∗) + Πk−pF3(0) +Qk−pF3(τ))D3(up(t

∗, θ)

+Πpu(0, θ)) +Qpu(τ, θ))dτ, k � 1.

For yk(θ), zk(θ), k � 1, analogous formulas hold with the only difference being that the matrices
F1i, F2i, F3i, ΠiF1, ΠiF2, ΠiF3, QiF1, QiF2, and QiF3 are replaced by F4i, F5i, F6i, ΠiF4, ΠiF5,
ΠiF6, QiF4, QiF5, and QiF6 (in the first case) and by F7i, F8i, F9i, ΠiF7, ΠiF8, ΠiF9, QiF7, QiF8,
and QiF9 (in the second case).

Using the implicit function theorem, we verify that system (33) is uniquely solvable for θ under
sufficiently small μ. It can be written in the form

R(θ, μ) = 0. (46)

According to (44), the uniform asymptotic expansion

R(θ, μ) ∼
∞∑
k=0

μkRk(θ) (47)

holds in the domain ‖θ − θ0‖ � ε0, where Rk(θ) = (xk(θ), yk(θ), zk(θ)).

With R(θ, 0) = R0(θ), the vector function R(θ, μ) becomes continuous together with its partial
derivatives with respect to the components of the vector θ in the domain ‖θ − θ0‖ < ε0, 0 � μ < μ0,
where μ0 is a sufficiently small positive number.

Due to (43), (45), and the Cauchy formula, we have x0(θ0) = x0(t∗) = 0. The matrix function
G(s), s � 0, is a solution of the initial-value problem (16), and since G(s)→ 0 as s→ −∞,

0∫
−∞

G(s)D4u0(t
∗, θ0)ds =

0∫
−∞

(
−dG(s)

ds
B−1D4(u0(t

∗, θ0)
)
ds = −B−1D4(u0(t

∗, θ0).

At the same time, conditions (43) and the Cauchy formula give

0∫
−∞

G(s)D4Π0u(s, θ0)ds = −y∗(0) = B−1D4u0(t
∗, θ0).

Hence, from the second formula of (45), we obtain y0(θ0) = 0.
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Similarly, since the matrix function G1(τ), τ � 0, is a solution of the initial-value problem (23)
and G1(τ)→ 0 as τ → −∞,

0∫
−∞

G1(τ)D3 (u0(t
∗, θ0) + Π0u(0, θ0)) dτ

=

0∫
−∞

(
−dG1(τ)

dτ
C−1
3 D3(u0(t

∗, θ0) + Π0u(0, θ0))

)
dτ

= −C−1
3 D3(u0(t

∗, θ0) + Π0u(0, θ0)).

At the same time, from (43) and the Cauchy formula it follows that

0∫
−∞

G1(τ)D3Q0u(τ, θ0)dτ = −z∗(0) = C−1
3 D3(u0(t

∗, θ0) + Π0u(0, θ0)).

Consequently, in view of the third formula of (45) and

0∫
−∞
−C−1

3 B3G(s)D4(u0(t
∗, θ) + Π0(s, θ))ds = C−1

3 B3(Kx0(θ0)− y0(θ0)) = 0,

we obtain z0(θ0) = 0. Thus, R(θ0, 0) = R0(θ0) = 0.

Taking into account (8), (15), (22), (37), (39), and (42), direct differentiation of the vector
function (45) yields ∂R(θ0, 0)/∂θ = ∂R0(θ0)/∂θ = I0 (see (27)). Since this Jacobian matrix is non-
singular, the conditions of the implicit function theorem hold for system (46) or, equivalently,
for system (33). According to this theorem, a vector function θ(μ) = (λ(μ), ν(μ), η(μ)) satisfying
equations (33) is uniquely defined in some right-hand neighborhood 0 � μ < μ1 of zero; it is contin-
uous, and θ(0) = θ0 = (λ0, ν0, η0). Therefore, the control u

0(t, μ) = u(t, θ, μ), t ∈ T , is admissible in
problem (1)–(3) for sufficiently small μ, and it satisfies the maximum principle with the vector of
adjoint variables ψ0

1(t, μ) = ψ1(t, θ(μ), μ), ψ
0
2(t, μ) = ψ2(t, θ(μ), μ), ψ

0
3(t, μ) = ψ3(t, θ(μ), μ), t ∈ T ;

moreover, it represents a normal extremal. Hence, u0(t, μ), t ∈ T , is the unique optimal control in
problem (1)–(3).

As mentioned, the expansion (47) is uniform in the domain ‖θ−θ0‖ < ε0, and its coefficients are
linear functions. Then the solution θ(μ) = (λ(μ), ν(μ), η(μ)) of system (33) admits the asymptotic
expansions (30). The proof of Theorem 1 is complete.

7. CONSTRUCTION OF ASYMPTOTICALLY SUBOPTIMAL CONTROLS

Using the theorem and related formulas, we present the algorithm for constructing asymptotic
approximations to the solution of problem (1)–(3).

The vector function

u(0)(t, μ) = P−1(DT
1 ψ1(t, θ0, μ) +DT

2 ψ2(t, θ0, μ) +DT
3 ψ3(t, θ0, μ)), t ∈ T,

is an asymptotically suboptimal control of zero order in the original problem. Note that it can
be formed immediately after solving the basic problems. An asymptotically suboptimal control of
order N � 1 has the form

u(N)(t, μ) = P−1(DT
1 ψ1(t, θ

(N)(μ), μ) +DT
2 ψ2(t, θ

(N)(μ), μ) +DT
3 ψ3(t, θ

(N)(μ, μ)), t ∈ T, (48)
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where

θ(N)(μ) =
N∑
k=0

μkθk, θk = (λk, νk, ηk). (49)

To construct the control (48), it is necessary to find the coefficients of the asymptotic series (30).
This can be done by the method of undetermined coefficients with the expansion (47). More
precisely, we expand, using Taylor’s formula, the vector function

N∑
k=0

μkRk(θ
(N)(μ))

in the powers of μ up to order N inclusive and equate the coefficients to zero, starting with that
of μ. The resulting nonsingular systems of linear algebraic equations,

I0θ1 = −R1(θ0), I0θk = −Rk(θ0)−
k−1∑
j=1

∂Rj(θ0)

∂θ
θk−j, k � 2, (50)

serve to successively find the vectors θk, k = 1, N. (Here, we take into account that the coefficients of
the expansions (47) are linear vector functions.) Note that, due to the structure (27) of the Jacobian
matrix I0, systems (50) decouple. Solving these systems successively yields the vectors θk, k = 1, N,
and the polynomials (49). As mentioned above, the control (48) is asymptotically suboptimal of
order N in the original problem. To construct this control, it is necessary to solve the Cauchy
problem for the adjoint system (28) with the initial conditions

ψ1(t
∗) =

N∑
k=0

μkλk, ψ2(t
∗) =

N∑
k=0

μkνk, ψ3(t
∗) =

N∑
k=0

μkηk.

The adjoint system is singularly perturbed and, consequently, stiff. Integration of stiff systems
can be avoided by replacing the vector functions ψi(t, θ, μ), i = 1, 3, in (48) by their asymptotic
approximations

ψ
(N)
i (t, θ, μ) =

N∑
k=0

μk(ψik(t, θ) + Πkψi(s, θ) +Qkψi(τ, θ)),

s = (t− t∗)/μ, τ = (t− t∗)/μ2, t ∈ T, i = 1, 3.

The vector function

u(N)(t, μ) =P−1(DT
1 ψ

(N)
1 (t, θ(N)(μ), μ)+DT

2 ψ
(N)
2 (t, θ(N)(μ), μ)+DT

3 ψ
(N)
3 (t, θ(N)(μ, )μ)), t∈ T,

along with (48), is an asymptotically suboptimal control of order N in problem (1)–(3). In partic-
ular, it follows from (5), (6), (13), (20), (39), and (40) that

u(0)(t, μ) = P−1
(
DT

0 ψ
(0)(t) +DT

4 Πψ ((t− t∗)/μ) +DT
3 Qψ

(
(t− t)/μ2

))
= u(t) + u∗ ((t− t∗)/μ) + u∗

(
(t− t)/μ2

)
, t ∈ T.

(51)

Formulas (41) and (43) also indicate that this is an asymptotically suboptimal control of zero order.
Note that the control (51) is independent of the initial states y∗, z∗ of the fast variable vectors and,
for small μ, substantially differs from the solution u(t), t ∈ T , of the first basic problem only in the
boundary layer (i.e., in some left-hand neighborhood of the point t∗).

The constructed asymptotics can be used to find the optimal control u0(t, μ), t ∈ T , in prob-
lem (1)–(3) for a given value of μ. For this purpose, one should follow the finishing procedure [13],
i.e., find the roots of system (46) by Newton’s method with θ(N)(μ) as an initial approximation.
To avoid integrating stiff systems, one can take the approximation I0 instead of the exact matrix
∂R(θ, μ)/∂θ.
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8. ASYMPTOTICALLY SUBOPTIMAL DESIGN

Asymptotically suboptimal open-loop controls, of course, depend on the initial state (x∗, y∗, z∗, t∗)
of the dynamic system. Previously, this dependence has been neglected by supposing a given initial
state. In the current section, devoted to the asymptotically suboptimal design of a feedback control
of zero order, we will be concerned with this dependence. From now on, let the matrix C be a
function of t∗, t∗ < t∗. The time instant t∗ is still assumed given.

From equality (10) we have

ψ0(t∗) = λ0 = −S−1
1 (t∗)F0(t∗)x∗, (52)

which implies, together with (7),

ψ0(t∗) = −FT
0 (t∗)S−1

1 (t∗)F0(t∗)x∗. (53)

Due to (6) and (18),

Πψ(0) = σ0 = S−1
2 y∗(0) = −S−1

2 B−1D4u(t
∗) = −S−1

2 B−1D4P
−1DT

0 ψ
0(t∗). (54)

Hence, taking (14) and (52) into account, we obtain

Πψ(s) = GT(s)S−1
2 B−1D4P

−1DT
0 F

T
0 (t∗)S−1

1 (t∗)F0(t∗)x∗, s � 0. (55)

In view of (6), (13), and (25),

Qψ(0) = χ0 = S−1
3 z∗(0) = −S−1

3 C−1
3 D3(u(t

∗) + u∗(0))

= −S−1
3 C−1

3 D3P
−1(DT

0 ψ(t
∗) +DT

4 TΠψ(0)).

Considering (21), (52), and (54), the above expression yields

Qψ(τ) = GT
1 (τ)S

−1
3 C−1

3 D3P
−1(DT

0 +DT
4 S

−1
2 B−1D4P

−1DT
0 )C

−1(t∗)F0(t∗)x∗.

According to formulas (51), (53), and (55), the asymptotically suboptimal control of zero order
at the initial time instant can be represented as

u(0)(t∗, μ) = P−1
(
DT

0 −DT
4 G

T((t∗ − t∗)/μ
)
S−1
2 B−1D4P

−1DT
0 F

T
0 (t∗)

−DT
3 G1

(
(t∗ − t∗)/μ2

)
S−1
3 C−1

3 D3P
−1
(
DT

0 +DT
4 S

−1
2 B−1D4P

−1DT
0 )
)
S−1
1 (t∗)F0(t∗)x∗.

Since (x∗, y∗, z∗, t∗) is an arbitrary initial state of the dynamic system, by Definition 2, the vector
function

u(0)(x, y, z, t, μ) = P−1
(
DT

0 −DT
4 G

T ((t− t∗)/μ)S−1
2 B−1D4P

−1DT
0 F

T
0 (t)

−DT
3 G1

(
(t− t∗)/μ2

)
S−1
3 C−1

3 D3P
−1
(
DT

0 +DT
4 C

−1
0 B−1D4P

−1DT
0

) )
S−1
1 (t)F0(t)x

(56)

represents an asymptotically suboptimal feedback control of zero order in the original problem.
Note that this feedback is independent of the current position of the fast variables.
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9. EXAMPLE

As an illustrative example, we consider a control model for the horizontal rectilinear motion of
two bodies with significantly different small masses and an elastic coupling:

ẋ1 = y, ẋ2 = z,

μẏ = −kx1 + kx2 − c1y + d1u1, μ2ż = kx1 − kx2 − c2z + d2u2,

x1(t∗) = x∗1, x2(t∗) = x∗2, y(t∗) = y∗, z(t∗) = z∗,
x1(t

∗) = x2(t
∗) = y(t∗) = z(t∗) = 0,

J(u) =
1

2

t∗∫
t∗

(u21 + u22)dt→ min .

(57)

All constants in this problem are positive, and μ� 1. Assumption 1 holds in this case.

The first basic problem has the form

ẋ1 = − k
c1
x1 +

k

c1
x2 +

d1
c1
u1, ẋ2 =

k

c2
x1 − k

c2
x2 +

d2
c2
u2,

x1(t∗) = x∗1, x2(t∗) = x∗2,

x1(t
∗) = x2(t

∗) = 0, J1(u) =
1

2

t∗∫
t∗

(u21 + u22)dt→ min .

(58)

As is easily verified, the dynamic system in the first basic problem is completely controllable.
According to the maximum principle, the optimal control in problem (58) has the form

u1(t) =
d1
c1

(
c1(λ01 + λ02)− (c1λ02 − c2λ01) exp((k(c1 + c2)(t− t∗))/c1c2)

c1 + c2

)
,

u2(t) =
d2
c2

(
c2(λ01 + λ02) + (c1λ02 − c2λ01) exp((k(c1 + c2)(t− t∗))/c1c2)

c1 + c2

)
,

t ∈ [t∗, t∗].

(59)

The vector λ0 = (λ01, λ02) is calculated by

λ0 = S−1
1 F0(t

∗)x∗, (60)

where

F0(t) =

⎛
⎜⎜⎝
c2 exp((k(c1 + c2)(t

∗ − t))/c1c2)− c1
c2 − c1

c2 exp((k(c1 + c2)(t
∗ − t))/c1c2)− c2

c1 − c2
c1 exp((k(c1 + c2)(t

∗ − t))/c1c2)− c1
c2 − c1

c1 exp((k(c1 + c2)(t
∗ − t))/c1c2)− c2

c1 − c2

⎞
⎟⎟⎠ ,

t ∈ [t∗, t∗],

S1 =

t∗∫
t∗

F0(t)

(
d21/c

2
1 0

0 d22/c
2
2

)
F T
0 (t)dt, x∗ =

(
x∗1
x∗2

)
.

After solving problem (58), we form the second basic problem

dy

ds
= −c1y + d1u1, y(0) = −d1

c1
u(t∗),

y(−∞) = 0, J2(u) =
1

2

0∫
−∞

(u21 + u22)ds→ min .

(61)
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Here, u(t), t ∈ [t∗, t∗], is the solution of problem (58). The dynamic system in the second basic
problem is completely controllable. By the maximum principle, the solution of problem (61) is as
follows:

u∗1(s) = −2u1(t∗) exp(c1s), u∗2(s) = 0, s � 0.

The third basic problem has the form

dz

dτ
= −c2z + d2u2, z(0) = −d2

c2
u2(t

∗), z(−∞) = 0, J2(u) =
1

2

0∫
−∞

(u21 + u22)dτ → min .

The dynamic system in this problem is also completely controllable. Based on the maximum
principle, the optimal control in the third basic problem can be represented as

u∗1(τ) = 0, u∗2(τ) = −2u2(t∗) exp(c2τ), τ � 0.

According to (51), the control

u01(t, μ) = u1(t)− 2u1(t
∗) exp(c1(t− t∗)/μ),

u02(t, μ) = u2(t)− 2u2(t
∗) exp(c2(t− t∗)/μ2), t ∈ [t∗, t∗],

(62)

is asymptotically suboptimal of zero order in problem (57).

When constructing an asymptotically suboptimal feedback control of zero order, we consider
the matrix C in (60) as a function of t∗ : C = C(t∗). In the example,

D0 =

(
d1/c1 0
0 d2/c2

)
.

Then, due to (56), the vector function

u(0)(x, t, μ) = D0(E2(1− 2 exp((t− t∗)/μ2)) + 2 exp((t− t∗)/μ)FT
0 (t))C−1(t)F0(t)x

represents an asymptotically suboptimal feedback control of zero order in problem (57).

To estimate the quality of the above asymptotic approximations to the solution of problem (57),
we computed the resulting states x1(t

∗, μ), x2(t∗, μ), y(t∗, μ), and z(t∗, μ) of the dynamic system
with the control (62) for particular values of the small parameter in the case where k = 1, c1 = 3,
c2 = 1, d1 = 1, d2 = 2, t∗ = 0, t∗ = 5, x∗1 = 5, x∗2 = −3.0, y∗ = 2.0, and z∗ = 1. As it turned out,

x1(5, 0.1) = 0.068161 x2(5, 0.1) = 0.033727
y(5, 0.1) = −0.023323 z(5, 0.1) = −0.011998
x1(5, 0.025) = 0.016755 x2(5, 0.025) = 0.014029
y(5, 0.025) = −0.004879 z(5, 0.025) = −0.000235.

The numerical results are provided with an accuracy of 10−6.

10. CONCLUSIONS

This paper has proposed computational procedures for constructing asymptotic approximations
to the solution of the problem in the form of open-loop control and feedback control without the
need to integrate singularly perturbed systems. With the proposed algorithms, the original optimal
control problem decomposes into three unperturbed ones of lower dimension. Such a decomposition
enables efficient solution of optimization problems for dynamic systems with a large number of state
variables. Also, the constructed asymptotic approximations have been used to solve the problem
for given values of the small parameter.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026



900 KALININ, LAVRINOVICH

According to the proof of Theorem 1, under Assumptions 2–4, there exists an admissible control
in the original problem for any initial state of the dynamic system. Therefore, these assumptions
ensure the complete controllability of system (1) for sufficiently small values of μ. This result was
first established in [14].

The method serves to study problems containing several groups of fast variables with a hierarchy
of rates of change in integer powers of the small parameter. In this case, the number of problems
in the decomposition of the original problem is equal to that of groups of multi-tempo variables.
Such a generalization introduces nonfundamental modifications into the algorithm, which are easily
traced using the example of the considered problem. At the same time, it leads to cumbersome
formulas. Note also that the above results can be extended to time-varying systems with sufficiently
smooth coefficients without fundamental difficulties.
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Abstract—The problem of prescribed performance control under given constraints on the am-
plitude and rate of control signal is considered for dynamic systems with relative degree one
in the presence of parametric uncertainty and external disturbances. Using the ideas of feed-
back design based on sat-function differentiable approximation and augmented perturbation
estimation, a novel nonlinear robust control law is proposed, which, if the parameters are
suitably chosen, provides a solution to the problem under consideration. The parameter calcu-
lation procedure is reduced to solving linear inequalities, which feasibility is proved analytically.
Illustrative example corroborates theoretical results.
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1. INTRODUCTION

The problem of prescribed performance control in the presence of input saturation for systems
with unknown parameters and external perturbations remains open in modern control theory.
Among the known attempts to address this problem, approaches should be mentioned that design
a control law on the basis of i) barrier functions [1–8], which prevent the state/output from violating
the prescribed bounds, and ii) smooth approximations of a saturation function [9–13], which ensure
prescribed performance of the tracking error with respect to the reference signal using control signal
with bounded amplitude.

The formal problem statement of the above-mentioned papers includes only control signal am-
plitude constraint, while its first derivative (rate) boundedness is not taken into account. However,
actuators of real-world plants usually have limited rate of the control signal implementation. For ex-
ample, considering aircraft, the maximum instantaneous deflection rate of control surfaces (ailerons,
elevators, rudders, etc.) is always limited. If such constraints are not considered when designing
the control law, then only a part of the algorithmically generated control signal will actually act the
system. This can lead to violation of the prescribed transient performance specifications or even
to loss of closed-loop stability. Therefore, in this paper, considering the prescribed performance
control problem, it is proposed to take into account constraints on both the amplitude and the rate
of the control signal.

The aim of this paper is to ensure prescribed transient performance under given constraints on
both the control signal amplitude and rate for dynamic systems with relative degree one in the
presence of parametric uncertainty and external disturbances. The class of systems with relative
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degree one is considered for simplicity of presentation, and in the future the obtained results can
be used to solve control problems for more complex systems.

To achieve this goal, a new control law is proposed, in which the proportional feedback, as
in [9–13], is designed using a special differentiable approximation of the saturation function, but
it is additionally filtered through a nonlinear filter of the type [14]. This technique allows one to
a priori bound both the amplitude and the rate of the control signal within the prescribed limits
without the need to require boundedness of the amplitude and first derivative of the system output.
Furthermore, in contrast to [9–13], in addition to the classical proportional feedback, the control
law is proposed to include a dynamic estimate of the augmented disturbance obtained on the basis
of A.M. Tsykunov’s auxiliary loop method [15, p. 201] that is combined with a nonlinear filter [14]
to bound the rate of the augmented disturbance estimate within the given limits. It is shown in
the paper that such a nonlinear robust feedback allows one to a priori bound the amplitude and
rate of the control signal by given values and reduce the prescribed performance control problem
with amplitude/rate constraints to the one of the control law parameters calculation via solution
of linear inequalities.

The main distinctive features of the proposed control law compared to those in [1–13] are as
follows:
1) in addition to ensure the prescribed transient performance, the amplitude and rate of the

control signal are bounded within the given limits;
2) the choice of the control law parameters is reduced to solving linear inequalities and can be

implemented numerically;
3) the feasibility of the obtained linear inequalities to calculate the control law parameters is

shown analytically rather than numerically;
4) in contrast to [1–8], barrier functions are not used for feedback design, which eliminates dis-

continuities in the control law caused by division by zero and/or taking the natural logarithm
of zero (see Fig. 4 and the comments thereto in Section 6);

5) in contrast to [9–13], the proposed control law i) contains not only a summand that is pro-
portional to the tracking error, but also a dynamic estimate of the augmented disturbance
designed by the auxiliary loop method [15, p. 201], and ii) is combined with nonlinear filters
intended to bound the rate of the control signal.

The paper is organized as follows. Section 2 provides notation and definitions. Section 3 presents
the problem statement and comments. Section 4 elucidates the main result of the paper and derives
the control law that guarantees the prescribed transient performance under bounded amplitude and
rate of the control signal. Section 5 provides an analytical comparison of the developed control law
with the one proposed in [10]. Section 6 presents the results of numerical experiments. Section 7
formulates the conclusions and outlines future research scope.

2. PRELIMINARIES

The following notation is adopted: t ≥ t0 ≥ 0 denotes time, f : [t0,∞) �→ R
n is a function of

time, f (t) stands for a value of the function f at the time instant t, the notation F :=
{
f (t) ∈ R

n :

|f (t) | ≤ fU, |ḟ (t) | ≤ vU} denotes the space of functions of time whose amplitude and first deriva-
tive at time t are bounded by the numbers fU > 0, vU > 0, σ: R �→ R is any differentiable approx-
imation of the saturation function that meets the following conditions1:

a) |σ′ (s)|=
∣∣∣∂σ(s)∂s

∣∣∣ ≤ κ ∈ (1, 2) for all s ∈ R,

b) sσ (s) > 0 for all s �= 0, σ (0) = 0,

1 Hereafter sat {s} = sign {s}min {|s| , 1} , sign {s} ∈

⎧⎨
⎩
1, s > 0

[−1, 1] , s = 0

−1, s < 0.
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Fig. 1. Sat-function approximation error.

c) σ (s) = sign {s} for all |s| ≥ 1,
d) |s| < |σ (s)| < 1 for |s| < 1,
e) there exists δ ∈ (0, 1) such that |s− σ (s)| ≤ δ for all |s| ≤ 1,
f ) there exists L > κ such that |σ (a)− σ (b)| ≤ L |a− b| for all a, b ∈ R.
For instance, choosing κ � 1.26, δ � 0.088, L � 1.3, the following function meets the condi-

tions a)–f ):

σ (s) = sign {s}
(
1− (1−min {|s| , 1})1.26

)
.

Figure 1 demonstrates the comparison of sat-function with the above-given one.

3. PROBLEM STATEMENT

Consider a dynamic system

ẏ (t) = bu (t) + f (t, y, u) , y (t0) = y0, (3.1)

where y (t) ∈ R stands for a measurable output, u (t) ∈ R is a control signal, f (t, y, u) ∈ R denotes
an unmeasurable augmented perturbation (a combination of parametric and external disturbances),
b > 0 is a known estimate of the system gain, which is, without loss of generality, considered to be
positive for simplicity.

The aim is to design a control law u (t) for the system (3.1) in such a way that it holds for all
t ≥ t0 that:

y (t) ∈ Y :=
{
y (t) ∈ R: g (t) ≤ y (t) ≤ g (t)

}
, (3.2)

u (t) ∈ U :=
{
u (t) ∈ R: |u (t)| ≤ uU, |u̇ (t)| ≤ vU

}
, (3.3)

where uU > 0, vU > 0 are known scalars, g (t) , g (t) are measurable for all t ≥ t0.
Therefore, we consider the problem to ensure the prescribed transient performance for the system

output using a control law from the class of signals with bounded amplitude and rate. To solve
this problem, the following assumptions are adopted.

Assumption 1. The center of the set Y meets the following condition for all t ≥ t0:

g (t) ∈ G :=
{
g (t) ∈ R: |ġ (t)| ≤ gΔ1 , |g̈ (t)| ≤ gΔ2

}
,

where g (t) =
g(t)+g(t)

2 is a measurable signal (the center of the set Y), gΔ1 > 0, gΔ2 > 0 are known
scalars.
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Assumption 2. There exist known scalars γu ∈ (0, 1), γv ∈ (0, 1) such that for all g (t) ∈ G,
u (t) ∈ U , y (t) ∈ Y , Y ⊂ Y and all t ≥ t0 it holds that

F (t) ∈ F :=
{
F (t) ∈ R: |F (t)| ≤ γu,

∣∣∣Ḟ (t)
∣∣∣ ≤ γvρ} ,

where F (t) := f(t, y, u)−ġ(t)
buU , ρ = vU

uU .

Assumption 3. y (t0) ∈ Y, where y (t) denotes a solution of (3.1).

Discussing the problem under consideration, first of all, we would like to note that knowledge
of the gain b is not a restrictive requirement. Indeed, using decomposition

β (t, y, u) u (t) = bu (t) + Δb (t, y, u)u (t)

in case the following conditions are met

|Δb (t, y, u)| < b,

1

b

∣∣∣∣dΔb (t, y, u)

dt
u(t) + Δb (t, y, u) u̇(t)

∣∣∣∣ < vU
(3.4)

for all t ≥ t0 and u (t) ∈ U , g (t) ∈ G, the summand Δb (t, y, u)u (t), caused by the uncertainty of the
true gain β (t, y, u), can be included into the external perturbation f (t, y, u). If inequalities (3.4)
cannot be satisfied, it may mean that the system gain changes its sign (loss of controllability)
and definitely means that Assumption 2 is not met. In general, Assumption 2 implies that the
augmented perturbation (the combination of external and parametric disturbances), divided by
the available control effort buU, belongs to the same class of signals as the available control signal
over the set Y.

Assumptions 1 and 2 are interrelated, and therefore the scalars gΔ1 > 0 and gΔ2 > 0 from the
first assumption cannot be chosen arbitrarily and must satisfy the constraints

gΔ1
buU

< γu,
gΔ2
bvU

< γv, (3.5)

i.e., the available control effort amplitude (buU) and rate (bvU) must exceed the velocity and accel-
eration of the center of the set Y. For given y (t0), b, u

U, vU, inequalities (3.5) and Assumption 3
can always be satisfied by a special choice of the set Y.

3.1. Comments

At first glance, the stated control problem for the first-order system (3.1) seems to be non-
substantive — in practice, there exist not so many systems described by first-order differential
equations. However, it should be kept in mind that, by means of special transformations and
changes of variables, substantive control problems for various complex high-order systems can be
reduced to the considered control problem for a first-order system. Further, we consider some
examples of such parametrizations.

Example 1. Consider a linear system

ẋ (t) = Ax (t) +B
(
u (t) + d (t)

)
, x (t0) = x0,

y (t) = Cx (t) ,
(3.6)

where x (t) ∈ R
n stands for a system state, y (t) ∈ R denotes a measurable output, u (t) ∈ R is a con-

trol signal, d (t) ∈ R denotes an unmeasurable perturbation, A ∈ R
n×n is a state matrix, B ∈ R

n×1
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stands for an input vector, C ∈ R
1×n denotes an output vector, the pairs (A, B) and (A, C) are

completely observable and controllable, respectively. The matrices A, B, C are unknown, but we
know the relative degree of the system, which is arbitrary but time-invariant, i.e., 1 ≤ r ≤ n, where
the scalar r is defined by CB = 0, CAB = 0, . . . , CAr−1B �= 0.

According to the analysis from [16, p. 21]; [17], under the adopted assumptions, there exists an
unknown but non-singular change of variables:

[
η (t)
ξ (t)

]
=

[
T0
T1

]
x (t) =

⎡
⎢⎢⎢⎢⎢⎢⎣

T0
C
CA
...

CAr−1

⎤
⎥⎥⎥⎥⎥⎥⎦x (t) ,

which transforms (3.6) into:

η̇ (t) = A00η (t) +A01ξ (t) ,

ξ̇1 (t) = ξ2 (t) ,

ξ̇j (t) = ξj+1 (t) , j = 2, . . . , r − 1,

ξ̇r (t) = β
[
u (t) + d (t) + w (t, ξ)

]
,

y (t) = ξ1 (t) ,

(3.7)

where
[
M0 M1

][T0
T1

]
= I, T0B = 0 and

A00 = T0AM0, A01 = T0AM1,

A10 = CArM0, A11 = CArM1, β = CAr−1B,

w (t, ξ) = β−1
(
A10η (t) +A11ξ (t)

)
.

If zeros of the transfer function from u (t) + d (t) to y (t) lie in the left half-plane, then the
matrix A00 is Hurwitz [16, 17] and, consequently, for all trajectories ξ (t), the signal β−1A10η (t)
can be treated as a bounded external disturbance.

If additionally r = 1, then ξ (t) := y (t) and we immediately have from (3.7) that:

ẏ (t) = bu (t) + f (t, y, u) ,

where
f (t, y, u) := βd (t) +A10η (t) +A11y (t) + (β − b)u (t) ,

and the signal βd (t) +A10η (t) is identified with the component f (t, ·, ·).
Therefore, for r = 1, the problem of keeping the output of system (3.6) within the given set (3.2)

under the constraints (3.3) is equivalent to the stated one-dimensional problem.

If n ≥ r > 1, then we shall assume that by means of differentiators (derivative observers) that
are well studied in control theory [14, 18, 19], for all t ≥ t0 the estimates ξ̂ (t) of the states ξ (t) are
available for measurement. In this case, we also assume that the following holds for the estimation
error ξ̃ (t) = ξ̂ (t)− ξ (t) and its derivative:∣∣∣ξ̃i (t)∣∣∣ ≤ δ1,

∣∣∣∣ ˙̃ξi (t)
∣∣∣∣ ≤ δ2, i = 1, . . . ,r,

where δ1 > 0, δ2 > 0.
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These requirements are not restrictive, since the existing derivative observers guarantee their
satisfaction [14].

Application of the linear operator to ξ̂1 (t) yields:

λr−1s (t) = (p+ λ)r−1
[
ξ̂1 (t)

]
= (p+ λ)r−1

[
y (t)
]
+ (p+ λ)r−1

[
ξ̃1 (t)

]
,

where p := d
dt [.], and s (t) is measurable, as it can be calculated using r derivatives of the system

output.

Differentiating s (t) with respect to time, we obtain:

ṡ(t) = λ1−r
[
ξ̇r(t) + ε (ξ1, . . . , ξr−1) + (p+ λ)r−1

[
˙̃
ξ1(t)

]]

= λ1−r
[
β [u(t) + d(t) + w (t, ξ)] + ε(t) + (p+ λ)r−1

[
˙̃ξ1(t)

]]
= bu(t) + f (t, s, u) ,

(3.8)

where

f (t, s, u) :=
(
λ1−rβ − b

)
u(t)

+ λ1−r
(
βd(t) +A10η(t) +A11ξ(t) + ε(t) + (p+ λ)r−1p

[
ξ̃1(t)

])
and the term ε (ξ1, . . . , ξr−1) : = ε (t) contains all other derivatives.

As

y (t) =
λr−1

(p+ λ)r−1 [s (t)]− ξ̃1 (t) ,

then for a sufficiently large value of the parameter λ > 0 and a sufficiently small upper bound δ1,
owing to the monotonic dependence of y (t) on s (t), we obtain that the problem of keeping the
output of system (3.6) within the given set (3.2) under constraints (3.3) for the case n ≥ r > 1 is
reduced to the stated one-dimensional problem.

By complete analogy, the control problem for a class of nonlinear minimum-phase systems with
arbitrary relative degree can be reduced to the control problem of a first-order system [16, p. 167].

Example 2. Consider a cascade system:

ẋ1(t) = b1x2(t) + f1 (t, x, u) ,

ẋj(t) = bjxj+1(t) + fj (t, x, u) , j = 2, . . . , n− 1,

ẋn(t) = bnu(t) + fn (t, x, u) ,

y(t) = x1(t),

(3.9)

where x (t) ∈Rn is a measurable state, fi (t, x, u) stands for an unknown perturbations, bi > 0
denotes known estimates of the system gains.

It is required to keep the output of system (3.9) within the given set (3.2) under the con-
straints (3.3) and, additionally, ensure boundedness of all elements of the state vector for all t ≥ t0:

y (t) ∈ Y ⊂ X1, xi (t) ∈ Xi, i = 2, . . . ,n,

where Xi :=
{
xi (t) ∈R : |xi (t)| ≤ xUi

}
.

The following change of variables

s1 (t) = x1 (t)− g (t) ,
si (t) = xi (t)− ui−1 (t) , i = 2, . . . , n,
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allows one to rewrite (3.9) as:

ṡ1 (t) = b1
(
u1 (t) + s2 (t)

)
+ f1 (t, x, un)− ġ (t) ,

ṡj (t) = bj
(
uj (t) + sj+1 (t)

)
− u̇j−1 (t) + fj (t, x, un) , j = 2, . . . ,n− 1,

ṡn (t) = bnun (t)− u̇n−1 (t) + fn (t, x, un) ,

(3.10)

where ui (t) are virtual control signals, and, for generality, we adopt un (t) := u (t).

Thus, the problem of keeping the output of system (3.9) within the given set (3.2) is reduced to
solving one-dimensional and similar problems of keeping the states si (t) within the given sets:

S1 := {s1 (t) ∈ R: |s1 (t)| ≤ ε} ,
Si :=

{
si (t) ∈ R: |si (t)| ≤ xUi − uUi−1

}
, i = 2, . . . ,n

for all t ≥ t0 under conditions of boundedness of the amplitude and rate of a real control signal (3.3)
and amplitude of the virtual ones:

Ui :=
{
ui (t) ∈ R : |ui (t)| ≤ uUi

}
, i = 1, . . . ,n− 1,

where uUi < xUi+1 is a known scalar.

Moreover, if the amplitude constraint for the virtual control signals is augmented with the rate
ones (where vUi > 0, i = 1, . . . ,n− 1, is a known scalar)

Ui: =
{
ui (t) ∈ R: |ui (t)| ≤ uUi , |u̇i (t)| ≤ vUi

}
,

then, for all k = 2, . . . ,n in each kth equation of the system (3.10), the term u̇k−1 (t) is an external
disturbance bounded by vUk−1. Consequently, solving the stabilization problems iteratively from the
bottom to up (in the direction from sn (t) to s1 (t)) with the help of the control signals ui (t)∈ Ui
for all i = 1, . . . ,n − 1, we have that si+1 (t) in each ith equation is bounded by Si+1, and hence,
at each step of the procedure, we have exactly the one-dimensional problem stated in this paper of
keeping the output of system (3.1) within the given set (3.2) under the constraints on the amplitude
and rate of the control signal.

Both considered examples demonstrate that sufficiently general and substantive control prob-
lems, which are often faced in practice, are reduced to solving the one-dimensional task considered
in this paper. At the end of this subsection, it should be noted that the problems from Examples 1
and 2 are not solved in this study, but only given to illustrate the applicability of the main result
of this paper for their solution. In other words, the results of this study are foundational on the
way to solve the problems such as those considered in Examples 1 and 2. It is worth noting that,
in fact, solving problem (3.2), (3.3) for system (3.1) means solving the same problem for the class
of nonlinear systems with unknown parameters, relative degree one, and stable internal dynamics
(such systems, according to [16, p. 167] and Example 1, are reduced to the form (3.1), and for
them, under certain conditions, Assumption 2 will be satisfied). Defining the conditions on the
right-hand side of the system equations, under which Assumption 2 holds, is also beyond the scope
of this paper.

4. MAIN RESULT

In Section 4.1, the structure of the control law is derived, and the problem of choosing its
parameters and achievement of the goal (3.2) under constraints (3.3) is reduced to finding a solution
of a system of linear inequalities. In Section 4.2, the engineering interpretation of the obtained
control law is discussed, and the MatLab code to solve the inequalities from Section 4.1 is provided.
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4.1. Robust Prescribed Performance Control under Given Constraints

The problem of keeping the output y (t) within the given set Y is weaker than the problem of
tracking its center g (t) with a dynamic error whose absolute value does not exceed the minimum
width of the set, i.e.,

IF |y (t0)− g (t0)| ≤ ε⇒ ∀t ≥ t0, |y (t)− g (t)| ≤ ε, THEN y (t) ∈ Y, ∀t ≥ t0, (4.1)

where ε = min

{
inf
t
|g (t)− g (t)| , inf

t

∣∣∣g (t)− g (t)∣∣∣} is a minimal width of Y.
In other words, meeting the condition |y (t)− g (t)| ≤ ε for all t ≥ t0 will immediately imply

satisfaction of the prescribed transient performance (3.2), but not vice versa. Therefore, it is
proposed to consider the prescribed performance control problem as a problem of tracking the
set Y center with a given value of the dynamic error.

In order to solve such a problem under the constraints (3.3), the control law is portioned in the
following way:

u (t) = (1− γu)uUus (t) + γuu
Uuc (t) , (4.2)

where us (t) , uc (t) are stabilizing and compensation summands.

Then, owing to the following equalities

|u (t)| =
∣∣∣(1− γu) uUus (t) + γuu

Uuc (t)
∣∣∣ ≤ uU,

|u̇ (t)| =
∣∣∣(1− γu) uUu̇s (t) + γuu

Uu̇c (t)
∣∣∣ ≤ vU,

the constraints (3.3) are weaker then

(1− γu) |us (t)|+ γu |uc (t)| ≤ 1, (4.3a)

(1− γu) |u̇s (t)|+ γu |u̇c (t)| ≤ ρ. (4.3b)

Following decomposition (4.2), the problem to meet the control signal constraints (3.3) is reduced
to satisfying inequalities (4.3a) and (4.3b) for all t ≥ t0.

To solve the tracking problem (4.1) under constraints (4.3a) and (4.3b), we define the control
components as follows:

u̇s(t) = −(1− μκγv) ρ
1− γu σ

(
1

λ1

(
us(t) + σ

( K

1− γu z
)))

, |us (t0)| ≤ 1,

u̇c(t) = −μκγvρ
γu

σ

(
1

λ2

(
uc(t) + σ

( 1
γu

Φ
)))

, |uc (t0)| ≤ 1,

(4.4)

where 1 < μ < 1
κγv

, λ1 > 0, λ2 > 0, K > 0, z (t) = y(t)−g(t)
buU , and we will define Φ (t) further.

If Φ (t) := F (t), then −γuuc (t) is an augmented perturbation with the amplitude and rate
bounded by given values. As the augmented perturbation F (t) is unmeasurable, then Φ (t) is
proposed to be obtained with the help of A.M. Tsykunov’s auxiliary loop method [15, p. 201]:

Φ (t) := χ (t)− uf (t) , (4.5)

where l > 0 and

χ(t) = l
(
z(t)− zf (t)

)
,

żf (t) = χ(t), zf (t0) = z (t0) ,

u̇f (t) = l

(
1

uU
u(t)− uf (t)

)
, uf (t0) = u0f ,
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and then −γuuc (t) is an estimate of the augmented perturbation with the amplitude and rate
bounded by given values.

It should be noted that, owing to (4.4), the absolute value of the rates of us (t), uc (t) are

bounded for all t ≥ t0 by given positive scalars (1−μκγv)ρ
1−γu

and μκγvρ
γu

, and therefore, inequality (4.3b)
is an identity:

(1− μκγv) ρ+ γu
1

γu
κμγvρ ≤ ρ. (4.6a)

On the other hand, if for all t ≥ t0 we have that |us (t)| ≤ 1, |uc (t)| ≤ 1, then inequality (4.3a)
is also an identity:

1− γu + γu ≤ 1. (4.6b)

Thus, the problem to meet the constraints (3.3) for the amplitude and rate of the control signal
is reduced to satisfaction of the conditions |us (t)| ≤ 1, |uc (t)| ≤ 1 for all t ≥ t0. The conditions,
under which such requirements hold and constraints (3.3) are satisfied, are given in the following
theorem.

Theorem 1. Let

γu ∈ (0, 1) , γv ∈ (0, 1) , κ ∈ (1, 2) , ρ > 0, 1 < μ < 1
κγv

,

λ1 > 0, λ2 > 0, K > 0, l > 0,

then the control law (4.4), (4.5) with the initial conditions

|us (t0)| ≤ 1, |uc (t0)| ≤ 1 (4.7)

ensures u (t) ∈ U for all t ≥ t0.
Proof of Theorem 1 is given in Appendix.

Since us (t), uc (t) are internal states of the feedback law, it is always possible to set us(t0), uc(t0)
such that the constraint u (t) ∈ U is satisfied for all t ≥ t0. Despite the parameters γu, γv are used
in the control law, the existence of bounds for the disturbance from Assumption 2 is not required
for the proof of Theorem 1, and therefore boundedness of the amplitude and rate of the control
signal is ensured independently of the satisfaction of Assumption 2 and, moreover, leads to the
fulfillment of all its prerequisites. This result allows one to obtain conditions, under which the
chosen control law provides a solution to the prescribed performance control problem (3.2) under
the given constraints for the amplitude and rate of the control signal (3.3).

Theorem 2. Let Assumptions 1–3 be met, under given parameters

γu ∈ (0, 1) , γv ∈ (0, 1) , buU > 0, δ ∈ (0, 1) , κ ∈ (1, 2) , L > κ, ρ > 0, ε > 0 (4.8a)

and some scalar
1 < μ∗ < 1

κγv
(4.8b)

the following linear inequalities with respect to Ψ ∈ R
5 be feasible:

e	i ΓΨ < e	i Θ, i = 1, . . . , 4,
e	j Ψ > 0, j = 1, . . . , 5,

(4.9)

where ei ∈ R
4, ej ∈ R

5 are coordinate vectors of the respective spaces,

Γ =

⎡
⎢⎢⎢⎣

0 0 0 1− μ∗ 1
0 1− γu γu Lγvρ Lγvρ

− (1−μ∗κγv)ρ
κ 1− γu γu Lγvρ Lγvρ

(1− γu) buU 0 0 0 0

⎤
⎥⎥⎥⎦, Θ =

⎡
⎢⎢⎢⎣

0
1− (1 + δ) γu
−1 + (1− δ) γu

ε

⎤
⎥⎥⎥⎦.
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Then the control law (4.4), (4.5) with the parameters

K = Ψ̂−1
1 , λ1 = Ψ̂2, λ2 = Ψ̂3, l = Ψ̂−1

4 , τ = Ψ̂5, μ = μ∗, (4.10)

initial conditions (4.7) and

|z (t0)| ≤ 1− γu
K

,

∣∣∣∣us (t0) + σ

(
K

1− γu z (t0)
)∣∣∣∣ ≤ λ1, (4.11a)

|−uf (t0)− F (t0)| ≤ τγvρ,
∣∣∣∣uc (t0)− σ

(
1

γu
uf (t0)

)∣∣∣∣ ≤ λ2 (4.11b)

ensures u (t) ∈ U and y (t) ∈ Y for all t ≥ t0.
Proof of Theorem 2 is postponed to Appendix.

Theorem 2 shows that the control law parameters calculation with the help of (4.10) under
conditions (4.8a), (4.8b) and (4.9) guarantees achievement of the goal (3.2) under the given con-
straints (3.3) for the amplitude and rate of the control signal. However, Theorem 2 does not address
feasibility of the linear inequalities (4.9) for all values of parameters (4.8a) and scalar (4.8b). The
following lemma states the conditions, under which inequalities (4.9) are feasible.

Lemma 1. Let

γu ∈
(
0,

1

1 + (1 + α) δ

)
, α∈ (0, 1) , γv ∈ (0 1) ,

buU > 0, δ ∈ (0, 1) , κ∈ (1, 2) , L > κ, ρ > 0

and

1 < μ∗ <
1

κγv
.

Then inequalities (4.9) are feasible wih respect to Ψ ∈ R
5 for any ε > ε > 0.

Proof of Lemma 1 and equation for ε are presented in Appendix.

Thus, in accordance with Lemma 1, there exists ε, for which inequalities (4.9) are feasible.
However, according to Lemma 1, in order to ensure existence of inequalities (4.9) solution, it is

required that γu ∈
(
0, 1

1+(1+α)δ

)
, α ∈ (0, 1). This reduced range of admissible values of γu does

not coincide with the one given in Assumption 2. However, this circumstance is not a serious
obstacle to achieve the goal (3.2) under constraints (3.3), since the parameter δ is a parameter
of the function σ (.) from the condition e). For the following differentiable function satisfying
conditions a)–f )

σ (s) = sign {s}
(
1− (1−min {|s| , 1})1.0178

)
(4.12)

it holds that δ = 6.5 ·10−3, and consequently, 1
1+(1+α)δ ≤ 0.9872, and the range from Assumption 2

coincides with sufficient accuracy with the interval, for which inequalities (4.9) are feasible.

The conditions of Lemma 1 are only sufficient, and their violation does not imply that (4.9) is
infeasible, i.e., Lemma 1 conditions violation does not mean that the proposed control law cannot
ensure achievement of the goal (3.2) under the given constraints (3.3) and the required ε < ε.
However, the result of Lemma 2 is important from a theoretical point of view, since it allows one
to conclude that it is fundamentally possible to solve (4.9) for a set of given width.
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Inequalities (4.9) can be solved using various algorithms and software. For example, one can
apply algorithms to solve linear (linprog function in MatLab) or semidefinite programming problems
(cvx, SEDUMI, YALMIP in MatLab).

According to Theorem 2, any solution of the inequalities allows one to obtain a control law
that ensures the prescribed transient performance for the output (3.2) under the given control
constraints (3.3). Therefore, the question of how to choose the most suitable solver or obtain
the optimal solution of the considered inequalities is beyond the scope of the theoretical problem
statement of this paper and requires its refinement or extension by some optimality criterion. From
practical point of view, the solutions obtained via different numerical algorithms are identical with
respect to the performance requirements (3.2) and constraints (3.3), but may differ, for example,
in terms of the oscillations of the system output within the set Y or the boundedness of the control
signal acceleration. In the author’s opinion, the most successful solutions of inequalities (4.9) with
respect to the mentioned criteria can be obtained using the interior-point method (feasp function
in MatLab).

The program code below, written in the MatLab language using the feasp function, implements
the solution of inequalities (4.9) for given parameters (4.8a) and a chosen scalar (4.8b). The result
of the code execution is the control law parameters.

1 % SYSTEM PARAMETERS
2 rho=1.5; g_u=0.98; g_v=0.45; bU=0.8*(1.4522e+04)*1/3;

3 kappa=1.04; delta=6.5*10^-3; L=1.1; mu=1.01; eps=5;

4 % INEQUALITIES INITIALIZATION AND SOLUTION
5 Gamma=[0 0 0 1-mu 1; 0 1-g_u g_u L*g_v*rho L*g_v*rho;

6 -(1-mu*kappa*g_v)*rho/kappa 1-g_u g_u L*g_v*rho L*g_v*rho;

7 (1-g_u)*bU 0 0 0 0];

8 Theta=[0; 1-(1+delta)*g_u;-1+(1-delta)*g_u; eps];

9 e1=[1 0 0 0]; e2=[0 1 0 0]; e3=[0 0 1 0]; e4=[0 0 0 1];

10 setlmis([]); Psi=lmivar(2,[5 1]);

11 lmiterm([-1 1 1 Psi],.5*[1,0,0,0,0],1,’s’);

12 lmiterm([-2 1 1 Psi],.5*[0,1,0,0,0],1,’s’);

13 lmiterm([-3 1 1 Psi],.5*[0,0,1,0,0],1,’s’);

14 lmiterm([-4 1 1 Psi],.5*[0,0,0,1,0],1,’s’);

15 lmiterm([-5 1 1 Psi],.5*[0,0,0,0,1],1,’s’);

16 lmiterm([6 1 1 Psi],.5*e1*Gamma,1,’s’);

17 lmiterm([7 1 1 Psi],.5*e2*Gamma,1,’s’);

18 lmiterm([8 1 1 Psi],.5*e3*Gamma,1,’s’);

19 lmiterm([9 1 1 Psi],.5*e4*Gamma,1,’s’);

20 lmiterm([-6 1 1 0],e1*Theta); lmiterm([-7 1 1 0],e2*Theta);

21 lmiterm([-8 1 1 0],e3*Theta); lmiterm([-9 1 1 0],e4*Theta);

22 LM1=getlmis;[tmin,xfeas] = feasp(LM1, [0 1000 1e22 0 0]);

23 % if tmin ¡ 0, then the inequalities (4.9) is feasible
24 PS1 = [1 0 0 0 0]*dec2mat(LM1,xfeas,Psi);

25 PS2 = [0 1 0 0 0]*dec2mat(LM1,xfeas,Psi);

26 PS3 = [0 0 1 0 0]*dec2mat(LM1,xfeas,Psi);

27 PS4 = [0 0 0 1 0]*dec2mat(LM1,xfeas,Psi);

28 PS5 = [0 0 0 0 1]*dec2mat(LM1,xfeas,Psi);

29 K=PS1^-1; lambda1=PS2; lambda2=PS3; l=PS4^-1; mu=mu; tau=PS5;

Remark 1. By choosing the initial condition y (t0) inside a sufficiently small neighborhood of
the center of the set Y, the inequality |z (t0)| ≤ 1−γu

K can be satisfied. Conditions (4.11b) are not
restrictive for practical scenarios, since usually, at the initial time instant t0, we have y (t0) = 0,
u (t0) = 0, ġ (t0) = 0 and the disturbance f (t, y, u) satisfies f (t0, 0, 0) = 0. Therefore, to satisfy
conditions (4.11b), it is usually sufficient to choose uf (t0) = uc (t0) = 0. If this is not the case,
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then the following simple technique is proposed. Since Φ (t) is an estimate of F (t), one can
obtain the estimate Φ (t) over t < t0 and, at the moment of the control system initialization t0,
set uf (t0) = −Φ (t0). If, for t < t0, a sufficiently large parameter l > 0 is used in (4.5), then the
equality uf (t0) = −Φ (t0) will be satisfied with any prescribed accuracy [15]. In other words, if
nothing is known a priori about whether conditions (4.11b) are satisfied, then it makes sense to
first run the disturbance observer (4.5), and only then initialize the control system (4.4) taking into
account the disturbance estimate, which has already been obtained by the time t0.

Remark 2. In accordance with the proof of Theorem 2, if the constraints for the initial conditions
(4.11a), (4.11b) are not satisfied, but inequalities (4.7), (4.9) hold, then u (t) ∈ U for all t ≥ t0, and
for all y (t0) ∈ Y there exists a time instant T > t0 such that y (t) ∈ Y for all t ≥ T .

Remark 3. To reduce the values of the the control law (4.4) parameters, inequalities (4.9) can
be augmented with constraints of the form Ψi ≥ Ψi > 0, where Ψi > 0 are given numbers.

4.1.1. Estimation of augmented perturbation initial condition. In accordance with Theorem 2,
the goal (3.2) achievement essentially depends on the satisfaction of inequalities (4.11a) and (4.11b).
According to the arguments presented in Remark 1, inequalities (4.11a) can always be satisfied by
choosing g (t0) , g (t0) , us (t0) for a given y (t0). In this subsection, we develop the idea proposed in
the same remark on how to satisfy inequalities (4.11b) via estimation of the initial condition F (t0)
of the augmented disturbance. To this end, let t0 > 0 be the time instant of initialization of the
control law (4.4), (4.5) for system (3.1), and let t = 0 be the time instant when the states of
system (3.1) start being measured. Then, to satisfy inequalities (4.11b), the following initialization
of the control law initial conditions is proposed:

uf (t0) = −F̂ (t0) ,

uc (t0) = σ

(
1

γu
uf (t0)

)
,

(4.13)

where F̂ (t) is an estimate of F (t0) obtained over [0, t0].

Therefore, satisfaction of (4.11b) is reduced to estimation of the augmented perturbation over
[0, t0] in such a way that ∣∣∣F̂ (t0)− F (t0)

∣∣∣ ≤ τγvρ, τ > 0. (4.14)

To achieve this goal, we introduce a disturbance observer that is structurally identical to (4.5)
but starts its operation at t = 0:

F̂ (t) = χ̂ (t)− û (t)− ġ (t)
buU

, (4.15)

where

χ̂(t) = k
(
z(t)− ẑ(t)

)
,

˙̂z(t) = χ̂(t), ẑ (0) = z (0) ,

˙̂u(t) = k

(
1

uU
u(t)− û(t)− ġ(t)

buU

)
, û (0) = 0

and k > 0, g (t) = 0 and ġ (t) = 0 for all t0 > t ≥ 0.

Then the estimation error F̃ (t) = F̂ (t)−F (t) satisfies the following equation for all t0 ≥ t ≥ 0:

˙̃F (t) = k
(
ż(t)− ˙̂z(t)

)
− ˙̂u(t)− g̈(t)

buU
− Ḟ (t) = −kF̃ (t)− ḟ (t, x, u)

buU
, (4.16)

where F̃ (0) = −F (0).

Owing to equation (4.16), it is easy to show the following.
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Proposition 1. Let

∣∣∣∣ ḟ(t, x, u)buU

∣∣∣∣ ≤ γvρ for all 0 ≤ t ≤ t0 and the initial conditions for a compensa-

tion component of the control law (4.4), (4.5) be defined in accordance with (4.13), (4.15). Then,
for all F (0) and t0 > 0, there exists k∗ > 0 such that the choice

k > k∗ (4.17)

ensures that inequality (4.11b) holds.

Proof of proposition 1 is presented in Appendix.

Thus, using the proposed initialization algorithm for the compensation component of the control
law, it is always possible to satisfy inequalities (4.11b). This allows one to conclude that all
requirements on the initial conditions (4.7), (4.11a), (4.11b) from Theorem 2 are not restrictive
and can be satisfied by: a) choosing g (t0) , g (t0) , us (t0) for a given y (t0), b) initializing the
initial conditions of the compensation component of the control law (4.4), (4.5) using the algorithm

(4.13), (4.15), (4.17). It should also be noted that inequality
∣∣∣f(t, x, u)buU

∣∣∣ � γvρ can be satisfied even

for unstable systems, and hence, proposition 1 does not require the system to be stable and/or be
at the equilibrium over [0, t0].

4.2. Engineering Interpretation

The control law (4.4), (4.5) is contains a proportional feedback, whose amplitude and rate are
bounded at all time instants by (1− γu) uU and (1− μκγv) vU and the estimate of the augmented
disturbance, whose amplitude and rate are bounded at all time instants by γuu

U and μκγvv
U,

respectively.

To calculate the parameters of such a control law, Theorem 2 requires to solve linear inequali-
ties (4.9) and know the following parameters:

— the maximum value of the control effort buU, where b is a known estimate of the unknown
system gain (see Section 3.1.2);

— the constraints uU and vU for the amplitude and rate of the control signal;
— the scalars γu and γv, which indicate how many times the amplitude and rate of the distur-

bance, divided by maximum control effort, are less than unity;
— the minimum width ε of the set Y.
Considering practical scenarios, an assumption that all these parameters are known is not restric-

tive, since some of the parameters are chosen at the stage of the system actuator design (uU, vU, b)
or at the specification stage of the control system development (ε). The other part, namely the
scalars γu ∈ (0, 1), γv ∈ (0, 1), from theoretical point of view, can be chosen arbitrarily close to
the right boundaries of their admissible intervals. However, from practical point of view and due
to the conservativeness imposed by derivation of inequalities (4.9), there is no need in that, and
the choice of γu, γv should be aimed at inequalities (3.5) satisfaction.

To solve inequalities (4.9), it is also necessary to know the parameters κ, L, δ from proper-
ties a)–f ) of the saturation function approximation. This requirement is not restrictive, since for
each specific approximation these parameters can always be calculated numerically or found ana-
lytically. Moreover, in this paper, for two functions (see Section 2 and equation (4.12)), the values
of these parameters have already been given.

If inequalities (4.9) are feasible, then, according to Theorem 2, the control law (4.4), (4.5) with
parameters (4.10) and initial conditions (4.7), (4.11a), (4.11b) is guaranteed to ensure the following
property:

If Assumptions 1–3 are met, then for any augmented disturbances F (t), whose amplitude does
not exceed 100γu % of uU, and rate is not higher than 100γv % of vU, it is ensured that y (t) ∈ Y,
u (t) ∈ U for all t ≥ t0.
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5. ANALYTIC COMPARISON

In terms of structure and properties, the control law (4.2) is most closely related to the one
from [10]. In accordance with the results of [10], the following control law is introduced to ensure
a given bound for the tracking error with respect to the center of the set Y:

u (t) = −uUmσ (kz (t)) , (5.1)

where m > 0, k > 0 and

σ (s) : =
2

1 + exp (−s) − 1

is a sigmoid function (in contrast to the saturation function approximation used in this paper, for
the sigmoid one, condition c) from Section 2 is not satisfied).

According to lemma and Remark 1 from [10], if there exists γu ∈ (0, 1) such that for all t ≥ t0
it holds that |F (t)| ≤ γu, and the following inequalities are satisfied:

γu
σ (2.2)

< m ≤ 1, (5.2a)

2.2

Δ
≤ k < ρ

m2
, Δ > 0, (5.2b)

buUΔ ≤ ε (5.2c)

then the control law (5.1) ensures that y (t) ∈ Y and u (t) ∈ U for all t ≥ t0.
First of all, it should be noted that inequalities (5.2a) and (5.2b) are feasible only if it holds

that

vU >
2.2

Δ
m2uU,

ε > 2.2buU
γ2u

σ2 (2.2)ρ
= ε,

(5.3)

which are rather restrictive requirements: i) not for all vU > 0 and uU > 0 it is possible to bound
the control signal rate, ii) the comparison of the lower bounds (5.3) and (A.14) allows one to
conclude that the proposed control law, for the same uU > 0, vU > 0 and γu → 1, ensures y (t) ∈ Y
for all t ≥ t0 for sets of substantially smaller width ε.

Secondly, the following upper bound was used to obtain (5.2b) in [10]:

|u̇(t)| =
∣∣∣∣∣−u

Umk

2

[
1− σ2 (kz(t))

]
ż(t)

∣∣∣∣∣
≤
∣∣∣∣∣−u

Umk

2

[
1− σ2 (kz(t))

]∣∣∣∣∣
∣∣∣−mσ2 (kz(t)) + F

∣∣∣
<
∣∣∣−uUm2k

[
1− σ2 (kz(t))

]∣∣∣ < uUm2k.

(5.4)

Such an estimate can only be obtained when the output signal y (t) is not affected by the
measurement noise, i.e., when inequalities (5.2a), (5.2b), (5.2c) are met, but the output is corrupted
by the measurement noise, the control law (5.1) does not guarantee boundedness of the control
signal rate by a given value. As follows from (4.4), the control law proposed in this paper, owing to
the nonlinear filters of the type [14], guarantees boundedness of the control signal rate regardless
of the presence of measurement noise, which is a significant advantage for practical scenarios.
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Therefore, the main advantages of the control law (4.4), (4.5) in comparison with (5.1) are as
follows:

1) the given constraints for the amplitude and rate of the control signal are satisfied in addition
to the one for the tracking error;

2) the proposed control law contains not only a component proportional to the tracking error,
but also a dynamic estimate of the external augmented disturbance designed with the help of
the auxiliary loop method [15, p. 201];

3) the procedure to choose the control law parameters is reduced to solving linear inequalities,
which can be done numerically using software packages (the inequalities from [10] are solved
manually).

6. NUMERICAL EXPERIMENTS

Simulations have been conducted in MatLab Simulink using forward Euler integration method
with a fixed step of 10−4 seconds.

To demonstrate the theoretical results, we considered a linearized model of the longitudinal
motion of an aircraft at an altitude of 1200 meters with an airspeed of Mach 2 [20, p. 565]:

ẋ (t) = Ax (t) +Bu (t) +Dd (t) , x (t0) = x0,
y (t) = Cx (t) ,

(6.1)

where

A =

⎡
⎢⎣−1.364 −92.82 −128.461 −4.68 −0.087

0 0 −190

⎤
⎥⎦, B =

⎡
⎢⎣ 0

0
190

⎤
⎥⎦, D =

⎡
⎢⎣01
0

⎤
⎥⎦,

C =
[
1.36 −184.26 76.43

]
, x (t0)=

[
0 0 0

]
, d (t) = 0,

u (t) is the elevator control signal, rad, y (t) stands for the vertical acceleration, m/s2, x1 (t) de-
notes the pitch rate, rad/s, x2 (t) is the angle of attack, rad, x3 (t) denotes the elevator deflection
angle, rad, d (t) is an external disturbance. The maximum elevator deflection angle is 1

3 rad, and
its rate does not exceed 1

2 rad/s, i.e. the control constraints are defined as uU = 1
3 , v

U = 1
2 . The

matrices A, B, C and D are assumed to be unknown, but we know the estimate b = 1.16 × 104

of the gain CB = 1.45 × 104. The relative degree of system (6.1) is equal to one, and therefore,
according to Example 1, it is reducible to the form (3.1).

The prescribed transient performance for the system (6.1) is defined by the set Y with the
following bounds:

g (t) = 75sin (0.1πt) + 5, g (t) = 75sin (0.1πt) − 5, (6.2)

and then ε = 5 is the minimal width of the set Y.
Assume that the amplitude of the augmented disturbance F (t) does not exceed 98% of uU, and

its rate is not higher than 45% of vU over the trajectories of the closed-loop system, i.e.,

γu = 0.98, γv = 0.45. (6.3)

This hypothesis corresponds to Assumption 2 and cannot be verified a priori for the system (6.1)
with unknown parameters and affected by external disturbances. The verification of this hypothesis
can only done a posteriori by application of the control law (4.4), (4.5) and analysis of the system
output behavior. From theoretical point of view, one can choose γu → 1 and γv → 1, then the class
of admissible augmented disturbances is maximally extended. From practical point of view, there
is no need for such a choice, since in many practical problems the augmented disturbance rarely
exceeds 50− 60% of the maximal amplitude and rate of the control signal. Moreover, the solution
of inequalities (4.9) may result in relatively large values of the control law parameters for γu → 1
and γv → 1.

AUTOMATION AND REMOTE CONTROL Vol. 87 No. 10 2026



916 LASTOCHKIN

In fact, a particular choice of γu and γv defines a class of systems with unknown parameters
and external disturbances, for which the proposed control law ensures achievement of the goal (3.2)
under constraints (3.3). Unfortunately, the fact that a particular system with unknown parameters
and external disturbances is a member of such a class can only be verified a posteriori after testing
the control law. For example, for system (6.1), the values from (6.3) were chosen via iterative process
consisted of i) solution of inequalities (4.9) for various values of γu and γv, and ii) application
of the control law (4.4), (4.5) with the calculated parameters. Such iterations were terminated,
when we obtained such values of parameters (4.10) that the application of the control law ensured
achievement of the stated goal. Note that the discussed a posteriori validation is conventional
for many robust control laws. The only difference is that, usually, the ranges for the system
parameters and the amplitude of external disturbances are chosen on the basis of some hypothesis,
whereas in this paper, we choose the maximum values of the amplitude and rate of the augmented
disturbance, which is an unknown function of the system output, its parameters and disturbances
(see Example 1).

Thus, the given sets Y and U , together with the chosen parameters (6.3), correspond to the
following specification for the automatic control system design: it is required to ensure tracking
of the reference signal for the vertical acceleration with a dynamic error not exceeding 5 m/s2 in
the presence of matched augmented disturbances that are not higher than 98% of the maximum
amplitude and 45% of the maximum rate of the control signal.

To solve such a problem using the control law (4.4), (4.5), in accordance with Theorem 2, it
is necessary to solve inequalities (4.9). To this end, we have chosen the function (4.12) and pick
μ∗ = 1.01.

As a result, the following solution of (4.9) was obtained:

K = 17.7436, λ1 = 0.1434, λ2 = 0.0029, l = 194.912, τ = 3.5× 10−5. (6.4)

The inequalities were solved in MatLab using code presented in Section 4.2. To achieve the
goal (3.2) under constraints (3.3), in accordance with Theorems 1 and 2, the initial conditions of
the control law were picked as follows:

zf (t0) = z (t0) = 0, us (t0) = 0, uf (t0) = −F (t0) = 0, uc (t0) = 0, (6.5)

which ensured satisfaction of the conditions (4.7) and (4.11a), (4.11b).

Figures 2 and 3 depicts the behavior of the control signal u (t) and its rate u̇ (t), the output y (t),
as well as the internal variables η1 (t) , η2 (t) , η3 (t) of the control law (see the proof of Theorem 2).

Figures 2 and 3 validate theoretical results obtained in Theorem 2. The satisfaction of inequal-
ities (4.9) and other prerequisites of Theorem 2 leads to the achievement of the stated goal (3.2)
under constraints (3.3). Moreover, the internal variables of the control law also do not leave the
range specified by inequalities (4.9) (see the proof of Theorem 2).

Next the proposed control law was tested for a system affected by measurement noise and
discontinuous external disturbances. For such an experiment, the output of the system (6.1) and
the perturbation were defined as follows:

y (t) = Cx (t) + w0 (t) + w1 (t) ,
d (t) = 0.1 + sign{sin (0.4πt)},

w1 (t) =

{
−Cx (t)− w0 (t) + g (t) , if t ∈ [7, 7.1) ,
0 otherwise,

where the signal w0 (t) was implemented in the MatLab Simulink with the help of the block “Ran-
dom Number” with zero mean, variance of 10−1 and sampling time equaled to 10−4. All other
parameters of the system and control law were left unchanged.
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Fig. 2. Behavior of u (t) , u̇ (t) and y (t).

Fig. 3. Behavior of η1 (t) , η2 (t) , η3 (t).

For comparison purposes, we chose the control law (5.1) with parameters m = 1, k = 1692
calculated via (5.2) with ε = 5, b = 1.16 × 104 and uU = 1

3 , and the law from Section 4 of [1]:

u(t) = −(CB)−1
[
CAx(t) +Kε(t)

]
, ε(t) := ln

(
g(t)− y(t)
y(t)− g(t)

)
, (6.6)

where K > 0.

The control law (6.6) requires knowledge of the system (6.1) parameters and does not take into
account the constraints (3.3) for the control signal and its rate. However, despite these circum-
stances, its comparison with the proposed control law is admissible and correct, since the purpose
of the comparison is primarily to verify the sensitivity to measurement noise and discontinuous
perturbations. The conclusions drawn will remain valid both for adaptive/robust versions of the
control law (6.6) and for versions that take into account the control input constraint [1, 2].

Figure 4 depicts that the control law (6.6) ensures that the system output remains in the set Y
in the presence of measurement noise for all t < 7. However, when y (t) approaches the boundaries
of the set Y, the rate of the control signal increases. As a result, a control signal that cannot be
implemented by the actuator may be generated. Moreover, at the time instant t = 7, due to the
influence of the noise component w1 (t), a feedback discontinuity occurs (see (6.6)), and therefore,
the simulation cannot be continued for all t > 7. Considering practical scenarios, even a potential
occurrence of such discontinuities is unacceptable, since feedback discontinuity can lead to equally
unpredictable and catastrophic consequences. The control law proposed in this paper is free from
this drawback.
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Fig. 4. Behavior of u (t) , u̇ (t) and y (t) for (6.6) when K = 2.5.

Fig. 5. Behavior of u (t) , u̇ (t) and y (t) for (5.1) when m = 1, k = 1692.

Fig. 6. Behavior of u (t) , u̇ (t) and y (t) for (4.4), (4.5).

In Figure 5, the behavior of u (t) , u̇ (t) and y (t) for (5.1) is presented.

The control law (5.1) solves the tracking problem with prescribed accuracy, which leads to
keeping the system output within the given set Y. However, the rate of the control signal is not
bounded by a given value, and the control signal is significantly affected by noise, which illustrates
the conclusions of the analysis from Section 5.

Figure 6 presents the behavior of u (t) , u̇ (t) and y (t) for the proposed control law for the system
affected by discontinuous disturbances and measurement noise.
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Fig. 7. Behavior of F (t) and Φ (t) , − γuuc (t).

According to Assumption 2, the proposed control law requires all external disturbances to be
differentiable. In this simulation, this requirement is violated, but the prescribed performance (3.2)
under the given constraints (3.3) is still ensured. This allows us to conclude that the conditions
adopted for the proof of Theorem 2 are conservative and stimulates further theoretical research
aimed at their relaxation. Moreover, in comparison with the control law (6.6), the proposed one
is free from the problem of feedback discontinuities and ensures that the given constraints for the
amplitude and rate of the control signal are met even in the presence of measurement noise. Com-
paring to the control law (5.1), the proposed one, even under such conditions, ensures boundedness
of the control rate by a given value. It should be noted that the properties of the proposed control
law (4.4), (4.5) are strictly justified only for the situation when we have no discontinuous external
disturbances and measurement noise. Therefore, the conclusions drawn from Figures 3-5 are valid
only for the considered system (6.1) under the given specific initial conditions and the integration
algorithm in use.

Figure 7 depicts behavior of F (t) and estimates Φ (t) , − γuuc (t).
It follows from Fig. 7 that the disturbance estimate obtained by the auxiliary loop method

[15, p. 201] is noisy due to the presence of noise in the measured output. In practice, using such
disturbance estimates for compensation purposes can result in system instability because of i) the
bounded control signal rate and ii) the excitation of system unmodeled dynamics. To reduce
the influence of noise on the estimate Φ (t), the auxiliary loop method requires to decrease the
parameter l. However, the developed control law employs a nonlinear filter of the type [14], which
forms the estimate Φ (t) with a rate not exceeding the control signal rate constraint. This makes it
possible, regardless of the values of the parameter l, to attenuate the noise influence and, as a result,
satisfy the control signal rate constraint without causing excitation of the unmodeled dynamics.
An analytical study of the filtering properties of the nonlinear filter used in the proposed control
law is one of the promising directions of future research.

7. CONCLUSION

A method is proposed to solve a robust prescribed performance control problem under given
constraints for the amplitude and rate of the control signal for a class of nonlinear minimum-
phase systems with unknown parameters and relative degree equal to one (such systems, according
to [16, p. 167], can be reduced to the form (3.1), and Assumption 2 can be satisfied for them). It
follows from Example 1 that one of the representatives of such a class of systems is linear systems
with unknown parameters and relative degree equal to one.

The scope of further theoretical research is, first, to extend the obtained results to the class of
nonlinear systems with stable internal dynamics and relative degree greater than one (see Exam-
ple 1), and second, to use the results of the paper to solve prescribed performance control problem
for cascade systems under given constraints on the states and the amplitude/rate of the control
signal (see Example 2).
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APPENDIX

Proof of Theorem 1. Consider a function:

V =
1

2
u2s. (A.1)

The derivative of (A.1) is written as

V̇ = −(1− μκγv) ρ
1− γu usσ

(
1

λ1

(
us + σ

(
K

1− γu z
)))

= −(1− μκγv) ρ
1− γu ussign

{
us + σ

(
K

1− γu z
)} ∣∣∣∣σ

(
1

λ1

(
us + σ

(
K

1− γu z
)))∣∣∣∣ .

For all us /∈ Λ = {us ∈ R: |us| ≤ 1}, it holds that

sign

{
us + σ

(
K

1− γu z
)}

= sign {us} ,
therefore, we have

V̇ = −(1− μκγv) ρ
1− γu

∣∣∣∣usσ
(

1

λ1

(
us + σ

(
K

1− γu z
)))∣∣∣∣ ≤ 0

for all us /∈ Λ = {us ∈ R: |us| ≤ 1} .
On the other hand, it holds for all us ∈ Λ that

V̇ = −(1− μκγv) ρ
1− γu usσ

(
1

λ1

(
us + σ

(
K

1− γu z
)))

= −(1− μκγv) ρ
1− γu ussign

{
us + σ

(
K

1− γu z
)} ∣∣∣∣σ

(
1

λ1

(
us + σ

(
K

1− γu z
)))∣∣∣∣

≤ (1− μκγv) ρ
1− γu

∣∣∣∣usσ
(

1

λ1

(
us + σ

(
K

1− γu z
)))∣∣∣∣ ,

thus, when |us (t0)| ≤ 1, we have that |us (t)| ≤ 1 for all t ≥ t0.
Having considered the function V = 1

2u
2
c and repeated the above-given derivations, we obtain

that, when |uc (t0)| ≤ 1, it holds that |uc (t)| ≤ 1 for all t ≥ t0, and therefore, in accordance with
the derivations (4.6a) and (4.6b), we have u (t) ∈ U for all t ≥ t0.

Proof of Theorem 2. Consider the following change of variables:

η1 = z,

η2 = us + σ

(
K

1− γu η1
)
,

η3 = uc + σ

(
1

γu
Φ

)
and obtain the following differential equations with respect to η1, η2, η3:

η̇1 = (1− γu)us + γuuc + F (t)

= (1− γu)
(
us ± σ

(
K

1− γu η1
))

+ γuuc + F (t)

= (1− γu)
(
−σ
(

K

1− γu η1
)
+ η2

)
+ γuuc + F (t),

η̇2 = −(1− μκγv) ρ
1− γu σ

(
1

λ1
η2

)
+

K

1− γuσ
′
(

K

1− γu η1
)
η̇1,

η̇3 = −μκγvρ
γu

σ

(
1

λ2
η3

)
+ σ′

(
1

γu
Φ

)
1

γu
Φ̇.

(A.2)
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Consider the sets (η =
[
η1 η2

]	
):

Ω1 =

{
η∈R2: |η1| ≤ 1− γu

K
, |η2| ≤ λ1

}
,

Ω2 =
{
η∈R2: |η2| ≤ λ1

}
,

for which, when it holds that
buU (1− γu) < Kε, (A.3)

then y ∈ Y follows from η ∈ Ω1.

First of all, we study boundedness of η3 in case η ∈ Ω1. To that end, the estimate of Φ̇ (t) is
obtained as follows. Having differentiated Φ (t), it is written:

Φ̇ (t) = l
(
ż (t)− żf (t)

)
− u̇f (t) = −l

(
Φ (t)− F (t)

)
= −lΦ̃ (t) , (A.4)

where Φ (t0) = −uf (t0) and Φ̃ (t) = Φ (t)− F (t).

Then Φ̇ (t) is bounded if the error Φ̃ (t) is bounded. A differential equation for Φ̃ (t) is written
as:

˙̃Φ (t) = −lΦ̃ (t)− Ḟ (t) , Φ̃ (t0) = −uf (t0)− F (t0) . (A.5)

When g (t) ∈ G, u (t) ∈ U , (η (t) ∈ Ω1 ⇒ y (t) ∈ Y) for all t ≥ t0, Assumptions 1, 2 and condition
|−uf (t0)− F (t0)| ≤ τγvρ, τ > 0 are met, then there exists the following upper bound for the
solution of equation (A.5):

∣∣∣Φ̃(t)∣∣∣ =
∣∣∣∣∣∣e−l(t−t0)Φ̃ (t0)−

t∫
t0

e−l(t−τ)Ḟ (τ) dτ

∣∣∣∣∣∣
≤ τγvρ+ γvρ

t∫
t0

e−l(t−τ )dτ ≤
(
τ + l−1

)
γvρ

(A.6)

for all t ≥ t0.
Then the derivative of the quadratic function V = 1

2η
2
3 for all η ∈ Ω1 is obtained as:

V̇ = η3

[
−μκγvρ

γu
σ

(
1

λ2
η3

)
− σ′

(
1

γu
Φ(t)

)
1

γu
lΦ̃(t)

]

≤ |η3|
[
−μκγvρ

γu

∣∣∣∣σ
(

1

λ2
η3

)∣∣∣∣+ κ
1

γu
l
∣∣∣Φ̃∣∣∣]

≤ |η3|
[
−μκγvρ

γu

∣∣∣∣σ
(

1

λ2
η3

)∣∣∣∣+ κ (lτ + 1) γvρ

γu

]
.

(A.7)

On the other hand, for all η3 /∈ {η3 ∈ R: |η3| < λ2}, owing to property c) of the function σ (.)
and conditions μ > 1, τ > 0, τ + 1−μ

l < 0, it holds that:

V̇ ≤ −
(
μ− (lτ + 1)

)
︸ ︷︷ ︸

>0

κγvρ

γu
|η3| .

Therefore, when |η3 (t0)| ≤ λ2, we have |η3 (t)| ≤ λ2 for η ∈ Ω1 and all t ≥ t0 independently
from the sign of V̇ over a set {η3 ∈ R: |η3| < λ2}.
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Next aim is to prove that η (t) ∈ Ω1 for all t ≥ t0 follows from η (t0) ∈ Ω1.

The derivative of the quadratic function V1 =
1
2η

2
1 for all η ∈ Ω1 is written as:

V̇1 = η1

[
(1− γu)

(
−σ
(

K

1− γu η1
)
+ η2

)
+ F + γuuc ± γuσ

(
F

γu

)]

= η1 (1− γu)
(
−σ
(

K

1− γu η1
)
+ η2

)

+ η1

[
F − γuσ

(
F

γu

)
+ γu

(
uc ± σ

(
Φ

γu

)
+ σ

(
F

γu

))]
.

(A.8)

On the other hand, when we satisfy (4.7), Assumptions 1 and 2 for some

δ := sup
|F |≤γu

∣∣∣∣ Fγu − σ
(
F

γu

)∣∣∣∣
and all η ∈ Ω1, the following inequality holds:∣∣∣∣F − γuσ

(
1

γu
F

)∣∣∣∣ =
∣∣∣∣ Fγu − σ

(
F

γu

)∣∣∣∣ γu ≤ δγu.
On the other hand, by virtue of the Lipchitz property of the function σ (·) for some L > κ, when

inequalities (4.7) and Assumptions 1 and 2 are met, owing to the above-given derivations, for all
η ∈ Ω1 the following inequality holds:∣∣∣∣σ

(
1

γu
Φ

)
− σ
(

1

γu
F

)∣∣∣∣ ≤ L

γu
|Φ− F | = L

γu

∣∣∣Φ̃∣∣∣ ≤ L
(
τ + l−1

)
γvρ

γu
.

On the third hand, by what has been proved above, when |η3 (t0)| ≤ λ2 and inequalities (4.7),
Assumptions 1 and 2 are met, for all η ∈ Ω1 the following holds:∣∣∣∣uc + σ

(
1

γu
Φ

)∣∣∣∣ = |η3| ≤ λ2.
Then the upper bound for the derivative (A.8) for all η ∈ Ω1 is written as

V̇1 ≤ |η1|
[
(1− γu)

(
−σ
(

K

1− γu η1
)
+ |η2|

)
+ γuδ + L

(
τ + l−1

)
γvρ+ γuλ2

]
.

If |η1| = 1−γu
K and |η2| ≤ λ1, then the condition V̇1 < 0 is met when

(1− γu) (−1 + λ1) + δγu + L
(
τ + l−1

)
γvρ+ γuλ2 < 0. (A.9)

Moreover, the following upper bound of |η̇1| for all η ∈ Ω1holds:

|η̇1| ≤ (1− γu) (1 + λ1) + δγu + L
(
τ + l−1

)
γvρ+ γuλ2.

The derivative of the quadratic function V2 =
1
2η

2
2 for all η ∈ Ω2 is written as

V̇2 = η2

[
−(1− μκγv) ρ

1− γu σ

(
1

λ1
η2

)
+

K

1− γuσ
′
(

K

1− γu η1
)
η̇1

]

≤ |η2|
[
−(1− μκγv) ρ

1− γu

∣∣∣∣σ
(

1

λ1
η2

)∣∣∣∣+
∣∣∣∣ K

1− γuσ
′
(

K

1− γu η1
)
η̇1

∣∣∣∣
]
.

(A.10)
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If |η1| > 1−γu
K , than, following the property a) of the function σ (.), it holds that σ′

(
K

1−γu
η1
)
= 0

and, when |η2| = λ1, we have V̇2 < 0. If |η1| ≤ 1−γu
K , then, by virtue of η ∈ Ω2, we also have that

η ∈ Ω1 and

∣∣∣∣ K

1− γuσ
′
(

K

1− γu η1
)
η̇1

∣∣∣∣ ≤ κK

1− γu

[
(1− γu) (1 + λ1) + δγu + L

(
τ + l−1

)
γvρ+ γuλ2

]
,

therefore, when |η2| = λ1, the condition V̇2 < 0 is met if:

−(1− μκγv) ρ
1− γu +

κK

1− γu

[
(1− γu) (1 + λ1) + δγu + L

(
τ + l−1

)
γvρ+ γuλ2

]
< 0. (A.11)

If η ∈ ∂Ωi, i = 1, 2, then |η1| = 1−γu
K , |η2| = λ1 for i = 1 or |η2| = λ1 for i = 2. As Ω1 ⊂ Ω2,

then, owing to the proven above, V̇2 < 0, therefore, if η (t0) ∈ Ω1, then η (t) ∈ Ω1 for all t ≥ t0,
which, when (A.3) holds, means that y (t) ∈ Y for all t ≥ t0.

As a result, combining (A.3), (A.9) and (A.11), we have that, when Assumptions 1–3 are met
and, under given parameters

γu ∈ (0, 1) , γv ∈ (0, 1) , buU > 0, δ ∈ (0, 1) , κ ∈ (1, 2) , L > κ, ρ > 0, ε > 0

and some scalar 1 < μ∗ < 1
κγv

, inequalities (4.9) are feasible with respect to

Ψ1 =
1

K
, Ψ2 = λ1, Ψ3 = λ2, Ψ4 = l−1, Ψ5 = τ ,

then the law (4.4), (4.5) with parameters (4.10), initial conditions (4.7) and (4.11) for all t ≥ t0
ensures u (t) ∈ U and y (t) ∈ Y.

Proof of Lemma 1. Equation (4.9) is rewritten in the following form:

(1− μ∗)Ψ4 +Ψ5 < 0, (A.12)

(1− γu)Ψ2 + γuΨ3 + Lγvρ (Ψ4 +Ψ5) + (1 + δ) γu − 1 < 0,

−(1− μ∗κγv) ρ
κ

Ψ1 + (1− γu)Ψ2 + γuΨ3 + Lγvρ (Ψ4 +Ψ5) + 1− (1− δ) γu < 0,

(1− γu) buUΨ1 < ε.

Considering sufficiently small Ψ2, Ψ3, Ψ4, Ψ5, inequalities (A.12) are satisfied if the following
inequalities hold:

Ψ4 >
αδγu
μ− 1

, γu <
1

1 + (1 + α) δ
,

1− (1− (1 + α) δ) γu
(1− μκγv) ρ κ < Ψ1 <

ε

(1− γu) buU
(A.13)

for 1 > α > 0.

The third inequality from (A.13) can be met, if it holds for ε > 0 that

ε >
1− (1− (1 + α) δ) γu

(1− μκγv) ρ (1− γu) buUκ = ε, (A.14)

which completes the proof of lemma.
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Proof of Proposition 1. To prove the proposition, the upper bound of the solution of equa-
tion (4.16) is written as

∣∣∣F̃ (t)
∣∣∣ =
∣∣∣∣∣∣−e−ktF (0)−

t∫
0

e−k(t−τ) ḟ (t, x, u)

buU
dτ

∣∣∣∣∣∣ ≤ e−ktF (0) +
γvρ

k
. (A.15)

Then, using the initialization algorithm (4.13), (4.15), the satisfaction of inequality (4.11b) will
follow from the satisfaction of the inequality

e−kt0F (0) +
γvρ

k
≤ τγvρ. (A.16)

Conducting simple reasoning, we obtain that inequality (A.16) holds for all

k > k∗ = max

{
−t−1

0 ln

(
ϑτγvρ

F (0)

)
,

1

(1− ϑ) τ
}
, ϑ ∈ (0, 1) ,

which completes the proof of proposition.
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Abstract—This paper considers the problem of fault accommodation in complex safety-critical
discrete-event systems described by the fuzzy finite state automaton model. The problem is
solved by forming control that ensures complete decoupling from fault-induced effects. The
fault-tolerant control scheme contains several channels activated depending on the diagnosed
fault. Each channel includes two main blocks: 1) an auxiliary deterministic finite state au-
tomaton (observer) estimating the fuzzy vector of possibilities of system transitions to various
states and 2) a converter forming the input of the controlled system based on a new external
input and the observer state. An integrated approach (the pair algebra of fuzzy coverings) is
proposed to describe the blocks and the new input. A distinctive feature of this approach is
the joint use of mathematical constructs of the pair algebra of coverings (system of sets) and
fuzzy logic.

Keywords : fault-tolerant control, fault accommodation, discrete-event systems, fuzzy finite state
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1. INTRODUCTION

The fault-tolerance requirement imposed on controlled safety-critical systems assumes the ability
of such systems to adapt their behavior to faults arising during operation. Following the classifi-
cation of adaptive systems into self-tuning and self-organizing systems, one distinguishes between
two fundamentally different approaches to ensuring fault tolerance. The first approach (self-tuning
or fault accommodation) is to form a fault-tolerant control law under which a faulty system will
continue operation while preserving its most important performance indices within admissible lim-
its. The second approach (self-organization) is to introduce structural changes into the system and
its reconfiguration in order to remove failed elements and use reserve ones.

In this paper, we address the fault accommodation problem. In the monograph [1], it was solved
using an original approach with the following stages: 1) fault detection, 2) fault isolation, 3) fault
identification (determination of the fault value), 4) construction of a model of the faulty system,
and, finally, 5) fault-tolerant control design based on the model. The approach to accommodation
proposed therein involves mathematical models of controlled systems in the form of linear ordinary
differential equations. Stages 1–3 are implemented using well-developed fault diagnosis methods
for linear dynamic systems, and an appropriate control law (stage 5) is constructed by optimal
control methods.
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The efficiency of fault accommodation is primarily determined by the speed of forming the fault-
tolerant control law. Therefore, the possibility of reducing the time costs of implementing each
accommodation stage, or even excluding some stages, is crucial for improving accommodation.
The second factor impacting the efficiency of accommodation is the accuracy of the controlled
system model used to form the fault-tolerant control law. Consequently, it is necessary to apply
nonlinear dynamic models, which most accurately describe the behavior of real systems, and robust
methods for fault diagnosis and fault-tolerant control, which reduce the impact of uncontrolled
factors (exogenous disturbances and model errors).

Several works, e.g., see [2, 3], are remarkable for the use of adaptive sliding mode observers for
simultaneously estimating the state and parameters of the system and fault-tolerant control design
methods based on sliding modes. Such a framework provides acceptable time costs for implementing
the accommodation stages.

For controlled systems modeled by nonlinear ordinary differential equations, an approach with-
out stages 3 and 4 was proposed in [4]. Its peculiarity is the use of a control law ensuring complete
decoupling from the effects caused by faults. This approach was later extended to controlled systems
described by discrete-time models in the form of nonlinear difference equations [5].

In addition to the above classes of continuous- or discrete-time controlled systems described
by linear or nonlinear differential or difference equations, there exists an important class of so-
called discrete-event systems (DESs) [6, 7]. These include not only systems that naturally fall
into the class (e.g., digital information processing and control systems). Many complex systems
conventionally classified as continuous, such as physical, technical (including human–machine ones),
and socioeconomic systems, can be treated as DESs at the upper level of their hierarchy.

DESs possess the following distinctive features:

1. DESs are discrete in time and in the values of state variables.
2. The state space of a DES is finite; states may have different semantic content, e.g., “the DES

is idle,” “the DES operates in a certain mode” (possibly caused by a system fault), “the operation
of the DES is completed,” etc.

3. The operation of a DES is determined by events that may be consequences of certain external
actions (inputs or commands) and faults, e.g., “start operation,” “change the operating mode of the
fault-free DES,” “correct the control law when a certain fault is detected in the DES,” “terminate
the operation of the DES,” etc.

4. As a rule, a DES behaves randomly, which is associated with the possibility of realizing
different transitions from one state to another initiated by the same event.

The following mathematical models are commonly employed to describe DESs for subsequent
fault diagnosis and fault-tolerant control design [8]:

1) deterministic finite state automata,

2) probabilistic finite state automata and Markov chains, and

3) Petri nets.

This paper focuses on the use of finite state automaton (FSA) models. By assumption, the
inputs and outputs of an FSA are formed as observable events (external and internal, respectively),
while the occurrence of a DES fault is treated as a directly unobservable internal event. A solution
of the fault accommodation problem in a DES based on the deterministic FSA (DFSA) model and
the complete decoupling principle was presented in [9]. This solution involves the mathematical
apparatus of the pair algebra of partitions [10].

Whenever the DFSA model of a DES is unavailable, along with the probabilistic FSA model,
models of nondeterministic and fuzzy FSAs (NFSA and FFSA, respectively) can also be applied.
Compared with their probabilistic counterparts, nondeterministic and fuzzy models reduce the
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volume of required computations, leading to lower time costs for fault accommodation. NFSA and
FFSA models reflect the situation of transitions to different states from a certain fixed state and a
certain fixed input of the automaton. Note that in the NFSA case, no priority can be assigned to
the possibility of realizing a particular transition. In contrast, in the FFSA case, additional (e.g.,
statistical) information, expert estimates, learning results, etc., can be utilized to obtain the degree
of confidence in the realization of each possible transition.

The aim of this paper is to extend the results of [9] to the case of FFSA models of DESs. The
problem under consideration is to develop fault-tolerant control design methods oriented toward
FFSA models of DESs. To solve this problem, we employ mathematical constructs of the pair
algebra of coverings [10], fuzzy logic [11], and also the concepts of a fuzzy automaton [12] and its
determinizer [13].

2. PROBLEM STATEMENT

Let the fault-free operation of a DES be described by the FFSA model

A = (U,X, Y, δ, λ, x(0)), (1)

where U = {u1, . . . , um}, X = {x1, . . . , xn}, and Y = {y1, . . . , yl} are finite sets of inputs, states,
and outputs, respectively; x(0) ∈ X is a known initial state; δ : X × U → μ(X) and λ : X → μ(Y )
are fuzzy transition and output functions, respectively; μ(X) ∈ {μ(xi) ∈ [0, 1], 1 � i � n} and
μ(Y ) ∈ {μ(yj) ∈ [0, 1], 1 � j � l} are fuzzy sets. For the fuzzy transition function δ, we will adopt
a matrix representation in which transitions performed under an input uk ∈ U are described by
a matrix Mk of dimensions n× n : its element Mk

i,j ∈ [0, 1] characterizes the degree of confidence
that the automaton A will pass from a state xi ∈ X to a state xj ∈ X under an input uk. Let S(U)
denote the set of all matrices Mk, 1 � k � m. To specify the fuzzy output function λ, we will use a
matrix L of dimensions l × n : its element Li,j determines the degree of confidence that the output
yi ∈ Y will be formed by the automaton A in a state xj ∈ X. (Note that the same output can be
formed in different DES states.) Let S(Y ) denote the set of all rows Li, 1 � i � l, of the matrix L.

Model (1) corresponds to a special case of an FFSA with deterministic inputs and fuzzy transition
and output functions [15]. If it is difficult to justify the degree of confidence in the possibility of
transitions, one can proceed by settingMk

i,j = 1 for a correct transition andMk
i,j = 0 for an incorrect

transition. Thereby, one will pass from the FFSA model of the DES to its NFSA model.

Let Xi,k, Xi,k ⊆ X, be the set of all states reachable from a state xi ∈ X under an input uk ∈ U.
Suppose that a fault fs, 1 � s � N, in the DES (1) can be represented by a distortion of the
transition function δ such that under an input uk ∈ U, an incorrect transition from a state xi to
a state xt /∈ Xi,k is realized instead of an correct one to a state xj ∈ Xi,k. We will write this fact
as follows: fs : (xj → xt)i,k. In this case, the matrix Mk

s of the DES with the fault fs is obtained
from the matrix Mk of the fault-free DES by changing the value of the element Mk

i,t from 0 to 1.
The analysis below is based on the hypothesis of single faults from a given list F = {f1, . . . , fN}.

Consider the sequence and content of actions necessary for forming a control law that ensures
complete decoupling from the effects caused by a fault fs. We introduce the FFSA model of the
DES with a fault fs :

As = (U,X, Y, δs, λ, x(0)). (2)

The transition function δs of model (2) can be obtained by supplementing the set of transitions
determined by the function δ of model (1) with a transition initiated by a fault fs ∈ F through
changing the matrix Mk in the manner described above. Owing to the features of constructing the
matrix Mk, model (2) reflects the possibility of a correct transition during the fault-free operation
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of the DES and also the possibility of an incorrect transition to a state caused by a DES fault.
Hence, we can speak of a certain correspondence between the behavior of model (2) and that of
both the fault-free DES and the DES with a fault.

Following [9], let the input u ensuring accommodation to a fault fs be formed in accordance
with the law

u = g(x0, y, u∗), (3)

where g is a mapping to be determined; u∗ is a new input; x0 is the state of the deterministic FSA

A0 = (X0, U × Y, δ0, x0(0)), (4)

whose transition function δ0 is defined by the mapping X0 × U × Y → X0 and is found by deter-
minizing the automaton As; x0(0) ∈ X0 is the initial state of the automaton A0; the output function
of the automaton A0 is not considered an independent object. Note that the description of the
deterministic FSA A0, hereinafter called the observer, does not depend on the (non-)occurrence of
a DES fault fs.

To find the control law ensuring accommodation of the DES (1) to a fault fs ∈ F, it is necessary
to solve the following problems sequentially:

1) construct model (2) of the DES with a fault fs;

2) find the observer (4) by determinizing the automaton (2);

3) find the mapping g and form the control law (3).

These problems define the structure of the paper. In Section 3, we present an approach to
determinizing an FFSA by fuzzy logic methods and reveal its drawback. To provide theoretical
grounds for an approach that eliminates the drawback, we elaborate the algebra of fuzzy coverings
(Section 4) and propose an algorithm for constructing an observer (Section 5). The issues of fault-
tolerant control design are discussed in Section 6. An illustrative example is given in Section 7.
The outcomes of this research are summarized in the Conclusions (Section 8).

3. DETERMINIZATION OF THE FUZZY FINITE STATE AUTOMATON As

Recall several operations of fuzzy logic that are important for the subsequent presentation. A
fuzzy matrix B = {Bij} is a matrix with elements Bij ∈ [0, 1]. Hence, the matrices from the set S(U)
introduced above are fuzzy matrices. Now, let B and C be fuzzy matrices of dimensions a× b and
b× c, respectively. The product of fuzzy matrices is defined as [13]

(BC)ij = maxmin
ij

(BihChj) = max(min(Bi1C1j), . . . ,min(BibCbj),

where 1 � i � a, 1 � h � b, and 1 � j � c. This formula generalizes the well-known matrix mul-
tiplication one [16, p. 24]; it is obtained by replacing the product (sum) of matrix elements with
their minimum (maximum, respectively). Here is a simple example.

Example 1. Consider matrices of the form

B =

(
0.1 0.9
0.7 0.2

)
, C =

(
0.6 0.3
0.4 0.8

)
.

Straightforward calculations yield

(BC)11 = max(min(0.1 0.6),min(0.9 0.4)) = 0.4,

(BC)12 = max(min(0.1 0.3),min(0.9 0.8)) = 0.8,

(BC)21 = (min(0.7 0.6),min(0.9 0.4)) = 0.6,

(BC)22 = max(min(0.7 0.3),min(0.2 0.8)) = 0.3.
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As a result, the product of fuzzy matrices is

BC =

(
0.4 0.8
0.6 0.3

)
.

We denote by E the set of fuzzy vectors of dimensions 1× n; their components can take values in
the interval [0, 1]. Let A′ = (U,X, δ) be a fuzzy semiautomaton (i.e., an automaton A without the
output function) and S(U) be the set of fuzzy transition matrices of the automaton. Suppose that
the signature (the set of admissible operations) Σ includes all operations involving multiplication
of a fuzzy vector of dimensions 1× n on the right by a matrix from the set S(U). Also, let E0 ⊆ E
be the set of all unit vectors of dimensions 1× n, called generating states of the determinizer. The
closure [E]Σ of the set E with respect to the signature Σ is the set of all vectors (including those
of E) that can be obtained by applying operations from Σ to vectors from E. We propose the
following algorithm.

Algorithm 1 (construction of the closure).

1. Set i = 0.
2. Find the set of vectors Ei+1 = Ei ∪ [Ei]Σ.
3. If Ei+1 = Ei, set [E]Σ = Ei. End.
4. Assign i := i+ 1 and return to step 2.

According to [13], the determinizer D(A′) of the FFSA A′ is a DFSA described by the triple

D(A′) = (S(X), U, δD), (5)

where S(X) = [E]S(U) and δD : S(X) × S(U) → S(X) is the determinizer’s transition function
defined as

δD(μi, uk) = μiM
k, μi ∈ S(X), Mk ∈ S(U). (6)

Thus, each state μi of the determinizer is associated with a certain fuzzy vector of membership
grades characterizing the possibility of reaching certain states of the controlled DES during its
operation.

In [14], the maximum number of states of the determinizer was estimated as

�S(X) � qn − 1, (7)

where the symbol � denotes cardinality; q is the number of different values of elements of fuzzy
matrices from the set S(U); as before, n is the number of states of the FFSA.

According to the relation (7), the number of states of the determinizer can substantially exceed
that of the original automaton and grows exponentially with the latter. This fact has minimal
impact on fault diagnosis since such problems are solved in real time without requiring the com-
plete description of the determinizer [14]. However, in the case of fault accommodation, additional
computations are needed to find the mapping g and choose the control u∗ based on the deter-
minizer’s description. The volume and feasibility of computations will be directly related to the
determinizer’s dimension. As a consequence, there may exist a restriction on the dimension of
the original system model. To overcome this restriction, we propose to design the observer A0

with another set of states, i.e., to replace the closure E with a certain set not exceeding, by the
dimension, the original model (1), while preserving its closedness with respect to operations from
the signature Σ. To find such a set, the pair algebra of fuzzy coverings will be introduced below.

Another difference between the observer and the determinizer is that the former’s transition
function also depends on the DES output. Therefore, it is possible to refine the membership
grades (the components of fuzzy vectors associated with x0) considering the additional information
contained in the DES output. This feature explains the term “observer” used for the automaton A0.
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4. THE PAIR ALGEBRA OF FUZZY COVERINGS

In [17], constructs of the pair algebra of coverings were introduced for solving the determinization
problem of NFSAs. Below, these constructs are extended to fuzzy sets to propose an approach to
determinizing FFSAs considering the information contained in the fuzzy model of DESs.

Recall that a covering π of a set X is a set of its subsets (blocks of the covering) π =
{Bπ,1, . . . , Bπ,ν} such that

Bπ,k ⊆ X,
ν⋃

k=1

Bπ,k = X, Bπ,k ⊆ Bπ,j ⇒ Bπ,k = Bπ,j.

Note that under the additional condition

Bπ,k ∩Bπ,j = ∅, k �= j,

the above constructs define a partition of X. The set of all coverings of a set X is denoted by ΠX .

Assume that the blocks of the coverings considered below are fuzzy sets. It is convenient
to specify such blocks by a row vector of membership functions. In this case, the notation
μBπ,j = (0 0.1 0.7 0 0 0.5) means that (a) the cardinality of X is 6, (b) the jth block of the
covering π contains the states x2, x3, and x6, and (c) the nonzero membership grades of these
states for the jth block of the covering are μBπ,j(x2) = 0.1, μBπ,j (x3) = 0.7, and μBπ,j(x6) = 0.5.

To perform operations on coverings, it is necessary to find the intersections and unions of their
blocks. Let π and σ be certain coverings of a set X. In accordance with the rules of operations on
fuzzy sets [14], we write

μBπ,j∩Bσ,k
(xi) = min(μBπ,j (xi), μBσ,k

(xi)),

μBπ,j∪Bσ,k
(xi) = max(μBπ,j (xi), μBσ,k

(xi)).

A covering π is said to be less than or equal to a covering σ, π � σ, if, for each block Bπ,j of π,
there always exists a block Bσ,k of σ such that Bπ,j ⊆ Bσ,k. In this case, Bπ,j ∪ Bσ,k = Bσ,k, and
hence the inclusion Bπ,j ⊆ Bσ,k requires the fuzzy set Bσ,k to dominate the fuzzy set Bπ,j, i.e.,

μBπ,j (xi) � μBσ,k
(xi), 1 � i � n. (8)

There are two special coverings, denoted by 0 and 1, representing partitions such that each block
of 0 contains only one element of a set X, while 1 includes only one block containing all elements
of X. For an arbitrary covering π of a set X, we have

0 � π � 1.

As is known [10], the set of all coverings of a set X with a partial order relation forms a lattice.
Consequently, for each pair of coverings π and σ, one can find the two coverings inf(π, σ) and
sup(π, σ). These coverings are conventionally denoted by π × σ and π + σ, respectively (the product
and sum of coverings). To calculate them, we use the rules formulated in [17].

1. Each block of the covering π×σ is the intersection of certain blocks of the coverings π and σ.
2. Each block of the covering π + σ is the union of intersecting blocks of the coverings π and σ.

We emphasize a peculiarity that may arise during the operation ×. Let the zero partition be
the result of this operation in accordance with the rules of traditional algebra of coverings [10].
However, with formal application of the above method considering membership functions, blocks
of the zero partition may appear for which the values of the membership functions of states are
strictly less than 1. This indicates a singularity in the process of transforming the FFSA model of
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the system (e.g., during its determinization). If necessary, a possible recipe here is to pass (fully or
partially) to the NFSA model of the system by replacing the nonzero values of the corresponding
membership functions with 1.

Example 2. Consider X = {x1, x2, x3, x4, x5, x6} and coverings π = {(x1); (x3); (x2, x4);
(x2, x5, x6)}, σ = {(x1); (x2, x5); (x3, x4); (x4, x6)} with the membership functions of states for
the corresponding blocks μBπ,4(x2) = 0.5 and μBσ,3(x4) = 0.3; the other membership functions are
equal to 1. By applying the rule for the intersection of fuzzy sets to the blocks of the coverings
π and σ, we obtain the membership functions μBπ,1∩Bσ,1(x1) = μBπ,2∩Bσ,3(x3) = μBπ,3∩Bσ,2(x2) =
μBπ,3∩Bσ,4(x4) = μBπ,4∩Bσ,4(x6) = 1, μBπ,4∩Bσ,2(x5) = 0.5, and μBπ,3∩Bσ,3(x4) = 0.3. The member-
ship functions of states for the empty sets obtained by intersecting blocks of the partitions π and σ
are zero. Note that Bπ,3∩σ,2 ⊆ Bπ,4∩σ,2. Following the definition of a covering, it is necessary to
replace both of these blocks by one block Bπ,3∩σ,2 ∪Bπ,4∩σ,2 dominating them. Moreover, the fuzzy
set Bπ,3 ∩Bσ,4 dominates the fuzzy set Bπ,3 ∩Bσ,3. As a result, we have arrived at the partition
π × σ = {(x1); (x3); (x2, x5); (x4); (x6)}.

Now, let us find the sum of these coverings, π+σ. By uniting the intersecting blocks of coverings,
we obtain

μBπ,1∪Bσ,1(x1) = μBπ,2∪Bσ,3(x3) = μBπ,2∪Bσ,3(x4) = μBπ,4∪Bσ,2(x2)

= μBπ,3∪Bσ,2(x4) = μBπ,3∪Bσ,2(x5) = μBπ,3∪Bσ,3(x3) = μBπ,3∪Bσ,3(x4)

= μBπ,4∪Bσ,2(x2) = μBπ,4∪Bσ,2(x5) = μBπ,4∪Bσ,2(x6) = μBπ,4∪Bσ,3(x2)

= μBπ,4∪Bσ,3(x3) = μBπ,4∪Bσ,3(x4) = μBπ,4∪Bσ,3(x5) = μBπ,4∪Bσ,3(x6)

= μBπ,2∪Bσ,4(x2) = μBπ,4∪Bσ,4(x5) = μBπ,4∪Bσ,4(x6) = 1,

μBπ,3∪Bσ,3(x2) = 0.5, μBπ,4∪Bσ,4(x3) = 0.3.

When constructing the resulting covering, we take into account that Bπ,3 ∪Bσ,3 dominates
Bπ,2∪Bσ,3 and also Bπ,3∪Bσ,2⊆Bπ,4∪Bσ,4, Bπ,3∪Bσ,4⊆Bπ,4∪Bσ,4, andBπ,4∪Bσ,2⊆Bπ,4∪Bσ,4.
As a consequence, the dominating fuzzy sets Bπ,3 ∪Bσ,3 and Bπ,3 ∪Bπ,4 ∪Bσ,2 ∪Bσ,4 are chosen
as the independent blocks of the covering π + σ. The final covering is π + σ = {(x1); (x2, x3, x4);
(x2, x4, x5, x6)}, where the second block represents a fuzzy set since μBπ+σ,2(x2) = 0.5.

Let π and σ be certain coverings of a set X. For the convenience of further presentation, we
give a concise description only for the main constructs of the pair algebra of coverings (used in
this paper), i.e., the binary relation Δ, the concept of pair coverings, and the operator m. More
complete information on this issue can be found, e.g., in [10].

Coverings π and σ are said to satisfy the relation Δ, (π, σ) ∈ Δ, and form a pair if

x ≡ x′(π)⇒ δ(x, uk) ≡ δ(x′, uk)(σ) ∀uk ∈ U. (9)

Let x, x′ ∈ Bπ,j. According to [17], for each uk ∈ U, we can write δ(x, uk), δ(x
′, uk) ∈ Bk

σ,j , where
the vector of membership functions μBk

σ,j
is defined by

μBk
σ,j

= μB(π,j)M
k, Mk ∈M(U). (10)

For a given covering π, there may exist several coverings satisfying the relation (π, σ) ∈ Δ. In
particular, (π,1) ∈ Δ is valid for any covering π. We introduce the operator m that bijectively
associates the covering m(π) with a covering π as follows:

(π,m(π)) ∈ Δ, (π, σ) ∈ Δ⇒m(π) � σ.

The operator m(π) is computed by the following algorithm.
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Algorithm 2 (computation of the operator m(π)).

1. For each uk ∈ U and each j, 1 � j � ν, where ν is the number of blocks of a covering π, find
the subset Bk

σ,j using (10).

2. Write the set of non-empty subsets Q = {Bk
σ,j , 1 � k � m, 1 � j � ν}.

3. Form the covering m(π) from Q by uniting those subsets for which one is contained in another.
End.

Example 3. Consider an FFSA described by the matrices

M1=

⎛
⎜⎜⎜⎜⎜⎝
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠, M

2=

⎛
⎜⎜⎜⎜⎜⎝
0 0 0 0 0
0 0 0.7 0.3 0
0 0.4 0.6 0 0
0 0 0 0 0
1 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠, M

3=

⎛
⎜⎜⎜⎜⎜⎝
0 0 0 0 0
0 0 0 0 0
0 0.9 0 0 0.1
0 0 0 0 1
1 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠,

and set π = 0. It is required to compute σ = m(π). When executing step 1 of Algorithm 2, with
the first block μBπ,1

= (1 0 0 0 0) of the covering π taken as a basis, we obtain the vector mem-

bership function μB1
σ,1

= μBπ,1M
1 = (0 1 0 0 0) corresponding to the subset B1

σ,1 = {x2}. Next, the
vector membership functions μB2

σ,1
= μBπ,1M

2 = (0 0 0 0 0) and μB3
σ,1

= μBπ,1M
3 = (0 0 0 0 0), cor-

responding to the empty subsets B2
σ,1 and B3

σ,1, are found. For the remaining blocks of the
covering π, similar computations yield non-empty fuzzy subsets with the membership functions
μB3

σ,1
= (0 0 1 0 0), μB2

σ,2
= (0 0 0.7 0.3 0), μB3

σ,2
= (1 0.7 0 0 0), μB2

σ,3
= (0 0.4 0.6 0 0), μB3

σ,3
=

(0 0 0.9 0 0.1), μB3
σ,4

= (0 0 0 0 1), and μB3
σ,5

= (1 0 0 0 0). In accordance with step 2 of Algorithm 2,

Q = {B3
σ,5;B

1
σ,1;B

2
σ,3;B

2
σ,2;B

3
σ,3;B

3
σ,4} = {(x1); (x2); (x2, x3); (x3, x4); (x5)}. For step 3 of the al-

gorithm, note that B1
σ,1 ⊆ B2

σ,3 and B3
σ,4 ⊆ B3

σ,3. We replace the above fuzzy sets with the
dominating fuzzy ones B∗ = B1

σ,1 ∪B2
σ,3 and B∗∗ = B3

σ,4 ∪B3
σ,3 with the membership functions

μB∗ = (0 1 0.6 0 0) and μB∗∗ = (0 0 0.9 0 0.1), respectively. Finally, we arrive at the fuzzy cov-
ering σ = {B3

σ,5;B∗;B2
σ,3;B

∗∗} = {(x1); (x2, x3); (x3, x4); (x3, x5)} with the corresponding member-
ship functions.

Note that, in contrast to DFSAs, the relation m(0) �= 0 always holds for NFSAs or FFSAs.

5. DESIGN OF THE OBSERVER A0

For an arbitrary covering ϕ, by analogy with the constructs of the algebra of functions for
continuous-time dynamic systems [4], we introduce the concepts of δ-invariance,

(ϕ,ϕ) ∈ Δ,

and (λ, δ)-invariance,

(πλ × ϕ,ϕ) ∈ Δ, (11)

where the blocks of a fuzzy covering πλ are specified by the rows of the matrix L. Obviously, δ-in-
variance is a special case of (λ, δ)-invariance (for πλ = 1). The latter concept will be used to design
the observer A0. It has the following informational meaning [10]. Assume that at some discrete
time instant, there is complete information about the DES output or, equivalently, information
about the current DES state up to some block of a covering πλ, as well as additional information
about the current state up to some block of a covering ϕ. Then the DES state at the next discrete
time instant can surely be calculated up to some block of the covering ϕ.

A (λ, δ)-invariant covering such that

ϕ0 � ϕ, (12)
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where ϕ0 is a given covering, can be found using an algorithm similar to the one presented in [15];
by assumption, the operations and operators of the algebra of coverings are computed in accordance
with the rules of fuzzy logic introduced above.

Algorithm 3 (computation of a (λ, δ)-invariant covering ϕ).

1. Set i = 0 and specify ϕ0.
2. Compute the covering

ϕi+1 = ϕi +m(πλ × ϕ); (13)

if ϕi+1 = ϕi, then go to step 3; otherwise, assign i := i+ 1 and repeat step 2.
3. Assign ϕi+1 := ϕi. End.

The convergence of Algorithm 3 and the property of the resulting covering are established by
the following result.

Theorem 1 (convergence theorem). There exists a finite number i = imax such that the covering
ϕ = ϕi = ϕi+1 = ϕimax determined by (13) is the smallest one satisfying conditions (11) and (12).

Proof. For the case of partitions, it was provided in [9]. When using the algebra of coverings,
the proof remains the same [17].

We introduce the operation

< Li, μB(ϕ,j) >= (min(Li,1, μBϕ,j (x1)), . . . ,min(Li,n, μBϕ,j (xn))). (14)

The result of this operation defines the row vector of membership functions of DES states for the
block of the covering πλ × ϕ obtained by intersecting the ith and jth blocks of the coverings πλ
and ϕ, respectively. Then, in view of (10), we have

μBk
πλ×ϕi

=< Li, μB
ϕi
j

> Mk
s , (15)

where Bk
πλ×ϕi is the subset from step 2 of Algorithm 2 when computing the operator m(πλ × ϕi).

The relationship (15) is convenient to use when computing the fuzzy covering ϕi+1 by formula (13).

By setting ϕ0 = 0, we apply Algorithm 2 to find the covering ϕ. For each state x0,j of the
observer A0, we assign a block of the covering ϕ by using a representation in the form of a unit
vector of dimensions 1× n0 with the jth element equal to 1. Here, n0, n0 � n, is the number of
blocks of the covering ϕ, and the set X0 of the unit vectors has a dimension not exceeding that of
the state set of the original automaton A.

The equality

< Li, μBϕ,j >= 0 (16)

indicates that the ith DES output is incompatible with the jth state of the DFSA A0.

We will specify the transition function δ0 of the observer by the family of matrices Mk,i
0

(1 � k � m, 1 � i � l), each corresponding to a certain combination of values of the DES inputs
and outputs. Next, we find

μB+
ϕ ,j =< Li, μBϕ,j > Mk

s . (17)

If the inclusion

B+
ϕ,j ⊆ Bϕ,t (18)
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holds, the DES states from the block Bϕ,j of the covering ϕ under the output yi and input uk
are transferred to those belonging to the block Bϕ,t. Hence, the matrices Mk,i

0 can be found by
computing (17) and checking the inclusion (18) for various combinations of the DES inputs and
outputs: 1 � k � m, 1 � i � l. Such a check can be performed using the following algorithm. (The
variables j and t correspond to the states of the observer A0 before and after the transition.)

Algorithm 4 (computation of the matrices Mk,i
0 ).

1. Set k = 1.
2. Set i = 1.
3. Set Mk,i

0 = 0n0×n0 .
4. Set j = 1, t = 1.
5. If (16) holds, assign j := j + 1, t := 1, and repeat step 5.
6. Find the set B+

ϕ,j from the row vector of the membership functions computed by (17).
7. Check the inclusion (18). If it fails, go to step 9.

8. Write “1” for the element of the matrix Mk,i
0 (i, t) standing at the intersection of the jth row

and tth column. Go to step 10.
9. If t = n0, assign t := t+ 1 and return to step 7.
10. If j = n0, assign j := j + 1, t := 1 and return to step 5.
11. If i = l, assign i := i+ 1 and return to step 3.
12. If k = m, assign k := k + 1 and return to step 2. End.

The algorithm assumes execution of several nested loops for elementary actions on matrices;
the total number of loops does not exceed lmn20, which characterizes its computational complexity.
Steps 1–4 specify the initial values of the variables t, j, i, and k, which control the loop execution
sequence of Algorithm 4. Steps 9–12 serve to correct and control the limit values of these variables,
ensuring the convergence of the algorithm. Since all computations are off-line, the algorithm can
be implemented for real systems without significant computational resources, on a standard PC.
The main part of the algorithm (steps 5–8) is illustrated below.

Example 4. Let the DES dynamics during fault-free operation be described by the FFSA model
from Example 3. In addition, let the output function of the DES be specified by a fuzzy matrix L.
Suppose that a fault f1 : (x5 → x1)4,3 is possible in the system. As a consequence, the matrix M3

takes the form of M3
1 . Here are the newly introduced matrices for the DES with the fault:

L =

⎛
⎜⎝ 1 0.5 0 1 0

0 0.5 0 0 1
0 0 1 0 0

⎞
⎟⎠ , M3

1 =

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0
0 0 0 0 0
0 0 0.9 0 0.1
1 0 0 0 1
1 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎠ .

(The matrices M1 and M2 retain their previous form.)

For the FFSA model under consideration, we apply Algorithm 3 to find the (λ, δ)-invariant
covering for ϕ0 = 0. The operator m will be computed in accordance with Algorithm 2. By setting
i = 0 and using (13), we obtain

ϕ1 = 0+m(λ× 0) = m(0) = {B∗∗∗;B∗;B2
σ,2;B

∗∗} = {(x1, x5); (x2, x3); (x3, x4); (x3, x5)},
where μB∗∗∗ = (1 0 0 0 1). Continuing computations based on (13), one can show that
ϕ2 = ϕ1 +m(πλ × ϕ1) = ϕ1. Following step 3 of Algorithm 3, we set ϕ = ϕ1.

For the sake of convenience, we begin the illustration of Algorithm 4 by presenting some inter-
mediate results. The table below demonstrates the results of checking the inclusion (18) (steps 5–8
of the algorithm).
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The results of Algorithm 4 (steps 1–7)

Bϕ1 ∩Bπλ1 M1 M2 M3 Bϕ1 ∩Bπλ2 M1 M2 M3 Bϕ1 ∩Bπλ3 M1 M2 M3

B+
ϕ1 ⊆ Bϕ2 ∅ ∅ B+

ϕ1 ⊆ ∅ ∅ Bϕ1 B+
ϕ1 ⊆ ∅ ∅ ∅

Bϕ2 ∩Bπλ1 M1 M2 M3 Bϕ2 ∩Bπλ2 M1 M2 M3 Bϕ2 ∩Bπλ3 M1 M2 M3

B+
ϕ2 ⊆ ∅ Bϕ3 ∅ B+

ϕ2 ⊆ ∅ Bϕ3 ∅ B+
ϕ2 ⊆ ∅ Bϕ2 Bϕ4

Bϕ3 ∩Bπλ1 M1 M2 M3 Bϕ3 ∩Bπλ2 M1 M2 M3 Bϕ3 ∩Bπλ3 M1 M2 M3

B+
ϕ3 ⊆ ∅ ∅ Bϕ1 B+

ϕ3 ⊆ ∅ ∅ ∅ B+
ϕ3 ⊆ ∅ Bϕ2 Bϕ4

Bϕ4 ∩Bπλ1 M1 M2 M3 Bϕ4 ∩Bπλ2 M1 M2 M3 Bϕ4 ∩Bπλ3 M1 M2 M3

B+
ϕ4 ⊆ ∅ ∅ ∅ B+

ϕ4 ⊆ Bϕ2 ∅ Bϕ2 Bϕ1 B+
ϕ4 ⊆ ∅ Bϕ2 Bϕ4

Horizontally, this table is split into four parts, each corresponding to a certain covering block Bϕ,j

(the observer’s state x0,j), 1 � j � 4, existing before the transition. Each part of the table contains
two rows. The odd rows describe the arguments: combinations of the initial covering block Bϕ,j

with the blocks of the covering πλ (corresponding to the DES outputs) and with the matrices Mk
s

used in the computations (corresponding to the DES inputs). The even rows present the blocks
of the covering ϕ corresponding to the next states of the observer after the transition. Based on
this table, we consider the process of finding the rows of matrices describing the dynamics of the
observer A0. Note that steps 1–4 of the algorithm yield k = 1, i = 1, M1,1

0 = 04×4, j = 1, and t = 1.
Equality (16) fails, and (in accordance with step 5 of the algorithm) it is necessary to go to step 6.
Computations of step 6 and a check of the inclusion (18) (step 7) lead to step 9. The subsequent
return to step 7 and a check of the inclusion (18) confirm the latter’s validity for j = 1 and t = 2.
After executing step 8, the first row of the matrix M1,1

0 will contain 1 in the second position. By
continuing Algorithm 4 for the other values of the variable j, 2 � j � 4, one will easily verify that
the remaining rows of this matrix are 0. Thus, for a certain pair of inputs and outputs, the form
of all rows of the matrix Mk,i

0 is completely defined by the table. For example, the elements of the

third row of the matrix Mk,2
0 are 0 for all k ∈ {1, 2, 3}, while the elements of the fourth row of the

matrices M2,3
0 and M3,3

0 contain 1 in the second and fourth positions, respectively.

6. FORMATION OF THE CONTROL LAW

Consider the following terminal control problem for a DES: it is required to transfer the system
from an initial state x(0) ∈ X to a certain final state xr, xr ∈ X. Note that the solution of this
problem cannot be guaranteed based on a single reference trajectory due to an uncertain response
of the DES to the same input actions. In other words, one can speak of controlling the system states
only up to blocks of a certain covering of the set X. As a result, in practice, the existence of several
correct trajectories may be required, with the possibility of transition between them depending on
the DES response. The problem of forming correct alternative trajectories is closely related to the
specifics of a particular system and will not be considered in detail here.

If a fault fs is diagnosed in the DES, the mentioned covering is a covering ϕ [9]. Hence, the
original terminal control problem is replaced by that of transferring the system state from a block B0

ϕ

of the covering ϕ, x(0) ∈ B0
ϕ, to a block Br

ϕ of the covering ϕ, xr ∈ Br
ϕ. Next, it is necessary to form

the required trajectory in terms of blocks of the covering ϕ, representing a sequence of transitions:
B0

ϕ → B1
ϕ → · · · → Br

ϕ, where at least one state of the subsequent block is reachable from at least
one state of the previous block. Note that the specified sequence will be realized regardless of the
errors in DES transitions caused by the fault fs since the resulting distortions of its state lie within
the same block of the covering ϕ. Also, we emphasize that this sequence bijectively corresponds to
a certain sequence of transitions of the observer A0 : x

0
0 → x10 → · · · → xr0.

Following [9], we will associate the value of the generated new input u∗ with the current value
of the transition function δ0 of the observer or, equivalently, with the block Bϕ,t of the covering ϕ
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whose states are reachable from the states of the block Bϕ,j (see (17) and (18)). For example, if the
above chain of transitions contains a transition Bi

ϕ → Bi+1
ϕ , 1 � i � r − 1, then the block Bi

ϕ here
can be treated as the block Bϕ,j, and B

i+1
ϕ as Bϕ,t. Consequently, the new input u∗ is completely

defined by the desired next block of the covering ϕ in the chain of transitions.

Consider now the rule for forming the mapping g. This rule is based on analysis of the transition
function δ0 of the observer. The problem here is that for the same pair of combinations of the
DES output y and the observer’s state xi0 associated with the block Bi

ϕ of the covering ϕ, there
may exist several inputs implementing the required transition of the DES to the state x∗ ∈ X. To
eliminate the arising ambiguity, we choose an input ensuring the highest degree of confidence in
the transition of the system to the specified state x∗ in accordance with the criterion

J = max
u

μBi+1
ϕ

(x∗). (19)

Example 5. We return to the DES with the fault f1 from Examples 3 and 4. Let the terminal con-
trol problem consist in sequentially transferring this system from the initial state x(0) = x1 ∈ Bϕ,1

to the final state xr = x3 by realizing the chain of transitions x1 → x2 → x3. We associate this
chain with a sequence of blocks of the covering ϕ. Since x2 ∈ Bϕ,2, the only correct transition is
ensured by the DES input u1. This can be verified using the table as a basis for forming the map-
ping g. However, if the output y3 is formed instead, then the transition is implemented to the state
x3 rather than to the state x2. In other words, the originally specified trajectory (chain of DES
transitions) is violated, and a transition to another correct trajectory is needed.

If another DES output is formed (not y3), then the transition to the state x2 can be ensured. In
this case, according to the table, the input u2 will implement the next transition to the block Bϕ,3,
containing the state x3. The formation of the output y3 will then confirm the successful transition.

Let us illustrate the optimization approach based on the criterion (19). Suppose now that
x3 ∈ Bϕ,2, the DES output is y3, and while realizing the alternative trajectory x1 → x3 → x3, it is
required to preserve the same state (x∗ = x3) with the greatest confidence. According to the table,
the state can be preserved with the inputs u2 or u3. After a successful transition, we have x3 ∈ Bϕ,2

or x3 ∈ Bϕ,4, respectively. However, in the latter case, the value of the criterion J is greater than
in the former: J = μBϕ,4(x3) = 0.9 vs. J = μBϕ,2(x3) = 0.6. Therefore, the choice u3 is preferable.

7. AN ILLUSTRATIVE EXAMPLE

Consider the process of change management in an IT system [17, Table 1]. This process is one
of the most important for IT systems: it is responsible for managing the life cycle of all changes
and facilitates the implementation of useful changes with minimal interruption of IT services. The
agents of the process are:

1) the initiator (an IT department representative who performs the initial processing, assign-
ment, and control of changes);

2) the executor (an engineer who makes changes to configuration elements or coordinates the
contractor’s work on these changes);

3) the Advisory Change Committee (ACC, an advisory body that meets regularly to assess and
plan changes);

4) the process manager (an IT department representative who controls the change management
process and forms suggestions for its improvement).

In [14], the fuzzy finite state automaton model of a process was introduced, and a solution of
the fault diagnosis problem of the process was proposed. Omitting the detailed description of the
model itself, we present the list of the variables used. The following external events are considered
to be model inputs: u1 (work plan completion), u2 (plan approval by the ACC), u3 (transfer of the
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non-approved plan for revision), u4 (transfer of a task and a work plan to the executor), u5 (work
completion), and u6 (entering of the changes made in the IT system library). The following stages
of the regulations are considered to be model states: x1 (formation of a task and an implementation
plan), x2 (coordination of a task and a work plan by the ACC), x3 (coordination of a task and
a work plan by the process manager), x4 (carrying out works by the executor), x5 (check of the
carried out works by the process manager), and x6 (completed works). Available information
about some stages of the regulations is used as outputs. The model allows noncritical deviations
in the actions of the process agents from the original (reference) regulations. The initiator’s error
f1 : (x2 → x3)x1,u1 is considered. The fuzzy covering ϕ is specified by the membership functions
μB0

ϕ
= (1 0 0 0 0 0), μB1

ϕ
= (0 1 1 0 0 0), μB2

ϕ
= (0.1 0.1 0 0.8 0 0), μB3

ϕ
= (0.2 0.1 0 0 0.7 0), and

μB4
ϕ
= (0 0 0 0 0 1). Recall that the blocks of the covering correspond to the observer’s states x00,

x10, x
2
0, x

3
0, and x

4
0.

The reference trajectory has the form x1 → x2 → x3 → x4 → x5 → x6. This trajectory
corresponds to the following sequence of transitions between the blocks of the covering ϕ : B0

ϕ →
B1

ϕ → B1
ϕ → B2

ϕ → B3
ϕ → B4

ϕ, initiated by the sequence of inputs u1, u2, u4, u5, u6 and leading to
the sequence of outputs y1, y2, y3, y4, y2, y5 (see [14, Table 4]).

The trajectory x1 → x2 → x3 → x2 → x3 → x4 → x5 → x6 is also correct: the process
manager transfers the task and work plan for repeated coordination to the ACC. It corresponds to
the following sequence of transitions between the blocks of the covering Bϕ : B0

ϕ → B1
ϕ → B1

ϕ →
B1

ϕ → B1
ϕ → B2

ϕ → B3
ϕ → B4

ϕ, initiated by the sequence of inputs u1, u2, u4, u2, u4, u5, u6 and
leading to the sequence of outputs y1, y2, y3, y2, y3, y4, y2, y5 (see [14, Table 5]).

The trajectory x1 → x3 → x4 → x5 → x6 is incorrect, caused by an error of the process initia-
tor. It corresponds to the following sequence of transitions between the blocks of the covering ϕ:
B0

ϕ : B1
ϕ → B2

ϕ → B3
ϕ → B4

ϕ, initiated by the sequence of inputs u1, u2, u4, u5 and leading to the se-
quence of outputs y1, y3, y4, y2, y5 (see [14, Table 6]). If this error is detected, it is proposed to make
a transition to the reference trajectory, starting from the state x2, x2 ∈ B1

ϕ, using the input u4.

The real-time formation algorithm for the new input u∗ and the mapping g ensuring accom-
modation to the process initiator’s error can be obtained based on the results of this paper. It is
omitted here because of simplicity and page limits.

8. CONCLUSIONS

In this paper, the following results have been obtained when solving the general fault accommo-
dation problem for DESs.

1. The mathematical apparatus of the pair algebra of coverings previously proposed by the
authors [17] has been extended to the case of covering blocks specified by fuzzy sets. The pair
algebra of fuzzy coverings has been elaborated. The necessary computations of the operations and
operators of the algebra can be supported by existing applied software packages, e.g., MATLAB.

2. The concept of an observer as applied to an FFSA has been introduced. New mathematical
constructs of the pair algebra of fuzzy coverings have been used to develop an algorithm for designing
an FFSA observer (Algorithm 4).

3. An optimization approach has been proposed to find the new input u∗,mapping g, and input u
of the DES in order to ensure a high degree of implementability of the fault-tolerant control law.
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problem is presented, quality criteria for defense plans are introduced, and mathematical prop-
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1. INTRODUCTION

The world is undergoing major changes. Drones dominate on land and in the air, while un-
manned surface vessels and underwater vehicles pose a danger at sea. Autonomous systems are
capable of solving an increasing number of both military and civilian tasks without any human
participation. This is most noticeable on the battlefield, where unmanned vehicles have already
changed the nature of war and define new rules. Massed drone attacks on infrastructure and
logistics facilities represent a significant and urgent problem. It is becoming obvious that economi-
cally feasible protection against this threat requires interceptors capable of sequentially destroying
attacking drones one after another. An important role here is played by the choice of the best in-
terception order, which is a problem close in meaning to the “dynamic traveling salesman problem”
(DTSP) [1, 2] or Moving Targets TSP (MTTSP) [3, 4]. At present, there are no effective methods
for the exact solution of DTSP, and the problem itself is at the initial stages of investigation [5].
Modern formulations of DTSP concentrate on conditions of uncertainty in information about the
positions of targets and limited time windows for their observation [6, 7].

The traveling salesman problem and, as a consequence, many of its dynamic generalizations
are NP-complete [8], which means that there are no effective exact solution algorithms for them.
Building a defense requires decision-making under limited time, which necessitates the development
of methods for fast suboptimal planning. Algorithms of this kind were already considered by the
authors for the case of defending a stationary point in [9]; the goal of the present work is to generalize
them to the problem of defending a moving point. For this purpose, a generalized formulation of
the problem is proposed that includes both planning the order of visiting targets and constructing
an evasion maneuver from attackers threatening the protected moving point. It is proposed to
evaluate the quality of plans on the basis of vector criteria generalizing those from [10] for the
defense of a static point to the dynamic case. The motion of the moving defense object is planned
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on the basis of local rules similar to those used in [11], and the interception order of the attackers
is chosen by means of Monte Carlo tree search (MCTS) [12, 13].

MCTS is a combinatorial optimization method that became known after its successful appli-
cation in the AlphaGo project [12]. Classical MCTS applications assumed game formulations in
finite games, but the algorithm has also proven itself for combinatorial optimization in non-game
problems [14]. Monte Carlo tree search with PUCT estimates (Predictor + Upper Confidence
bounds for Trees) is usually applied together with a neural network and is used for its training.
However, MCTS is also capable of operating on the basis of local rules that can evaluate actions
instead of a neural network [9]. Such an implementation of the algorithm not only allows it to be
applied without preliminary training, but also makes it possible to use it for computing q-estimates
for reinforcement learning. Thus, the adaptation of Monte Carlo tree search not only provides a
ready-made algorithm for solving the planning problem, but also opens a path for effective training
of neural-network models capable of solving this problem.

2. MATHEMATICAL MODEL, PROBLEM STATEMENT, AND SOLUTION METHOD

This section discusses the formulation of the problem of protecting a moving target by an inter-
ceptor defender against an attack by multiple attackers, which generalizes the problem formulations
from [9, 10] to the case of a moving defense object.

2.1. Motion Model of the Protected Point, Attacking Targets, and Interceptor Defender

Suppose it is necessary to protect a moving target T , capable of moving with speed VT , from
an attack by n attackers that chase T with speed VA > VT . We assume that T must be defended
by an interceptor defender D, which can pursue the attackers with speed VD > VA. Motion occurs
in a plane; the target T and the defender D are located at the origin at the initial time, and the
attackers are on the boundary of a circle of radius R in a layer of thickness 2ΔR.

The initial positions of the attackers are specified by radius vectors r01, . . . , r
0
n, and their velocities

V1, . . . ,Vn are constantly directed toward T :

Vi = VA
rT − ri
|rT − ri| , (1)

where ri and rT are the current positions of the ith attacker and the target T . An attacker is
considered missed if at some time its coordinates coincide with the position of T .

The dynamics of the protected target T is described by the simple motion model

ẋT = VT cos(u),

ẏT = VT sin(u),
(2)

where xT and yT are the coordinates of T , and u ∈ [0, 2π] is the control of the direction of motion.

The velocity vector of the defender D is determined by the attacker that D is intercepting at
the given time:

VD = VD
ri − rD
|rD − ri| , (3)

where rD and ri are the positions of D and of the attacker whose interception D is moving toward.
An attacker is considered destroyed if at some time its coordinates coincide with the position of D.
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2.2. Concept of a Defense Plan, Its Quality Criteria, and Problem Statement

An interception plan π = [π1, . . . , πn] is a sequence of targets, where πi is the number of the
target that D visits in the ith turn. Let τ∗(π) be the execution time of π; then on [0, τ∗(π)] it is
required to construct a control u(t) of the motion of T according to (2). To simplify the problem,
it is proposed to specify the motion of the point T in discrete time with step Δt. We introduce the
following

Definition 1. A defense plan Π is a pair (π, ρ), where π is the sequence of target interceptions
by the defender D, and ρ = {rT (tk)}Kk=0 is the set of points that T occupies at times tk = kΔT .
Moreover, the following constraints are imposed on ρ:

|rT (tk+1)− rT (tk)| = VTΔt,

which express the reachability conditions for the points ρ; without loss of generality, we always
assume that rT (0) = rD(0) = (0, 0).

We introduce the loss vector L(Π) = (m0, . . . ,m5), where m0 is the number of missed targets,
and mi is the number of targets intercepted at a distance of at least Ri from T , where R1 < R2 <
· · · < R5. Then we formulate the problem.

Problem 1. Given the initial positions r01, . . . , r
0
n of the attacking targets, construct a defense

plan Π according to Definition 1 with the smallest possible loss vector L(Π), where comparison is
performed in lexicographic order, i.e.,

(m0, . . . ,m5) < (m′
0, . . . ,m

′
5)→ ∃k : ∀i < k : mi = m′

i ∧mk < m′
k.

In practice, finding an optimal plan Π is practically impossible, and it is required to find a
suboptimal Π with an acceptable L(Π). In [10], the following is proved

Theorem 1. For any initial arrangement of attackers, in the presence of a dynamic advantage
(VD > VA) of the defender over the attackers, for a stationary protected target there exists an
interception plan π that ensures interception of all attackers without misses.

Corollary 1. For any initial arrangement of attackers, in the presence of a dynamic advantage
(VD > VA) of the defender over the attackers, for a moving protected target there exists an inter-
ception plan π that ensures interception of all attackers without misses.

Proof. Indeed, since a dynamic target is able to remain stationary, its ability to move cannot
worsen the result of Theorem 1, and therefore there always exists a defense plan without missed
attackers.

Thus, a reasonable requirement for the sub-optimality of a defense plan is m0 = 0, i.e., the absence
of missed targets.

2.3. Positional Properties of Attackers and Local Decision Rules

Suppose that at time t the defender D and the protected target T occupy positions rI(t) and
rT (t), VT (t) is the velocity of T , and ri(t) are the radius vectors of the attackers. For further
discussion, the following quantities are required:

τi(t) =
VA|rT (t)− ri(t)|+VT (t)[rT (t)− ri(t)]

V 2
A − V 2

T

,

where τi(t) is the time required by the ith attacker to hit T , provided that T continues moving in
a straight line with velocity VT , and

θi(t) =
VI |rT (t)− ri(t)|+Vi(t)[rT (t)− ri(t)]

V 2
I − V 2

A

, (4)
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where θi(t) is the time required by the defender D to intercept the ith attacker, provided that the
latter moves in a straight line with velocity Vi determined according to (1) from the current values
of ri(t) and rT (t).

On the basis of τi(t) and θi(t), we introduce the following definitions.

Definition 2. The danger of the ith attacker is understood as the quantity

Ki(t) =
1

τi(t)
,

the reciprocal of the hit time τi(t).

Danger shows how strongly the attacker threatens T : the less time it needs to hit T , the higher its
danger.

Definition 3. The convenience of the ith attacker is understood as the quantity

Ui(t) =
1

θi(t)
,

the reciprocal of the interception time θi(t).

Convenience shows how easy it is for the defender to intercept the attacker: the less time required
for this, the higher its convenience.

Definition 4. The advantage over the ith attacker is understood as the quantity

Ai(t) = τi(t)− θi(t),

the difference between the hit time τi(t) and the interception time θi(t).

Advantage shows the time reserve for interception: the higher the advantage, the longer the decision
on assigning this target can be postponed.

When planning the motion of T , it is reasonable to primarily evade attackers that pose the
greatest threat in order to gain time for their interception by D. The degree of threat from the
ith attacker is estimated by its danger Ki(t); therefore, to find the velocity vector of the target, it
is logical to use the rule

VT (t) ∼
n∑

i=1

Ki(t)
n∑

j=1
Kj(t)

rT (t)− ri(t)

|ri(t)− rT (t)| , (5)

where the proportionality sign means that the quantity on the right determines the direction of
the velocity VT (t), while its magnitude coincides with VT . This rule corresponds to priority escape
from attackers with the greatest danger Ki(t). An important caveat should be made here: the use
of this rule deprives Corollary 1 of force, since now the protected target cannot stop moving, which
means that there may be initial conditions under which no interception plan without misses exists,
but such configurations are extremely rare.

In addition, the instantaneous characteristics of the attackers make it possible to formulate local
rules for the defender D:

PQ(i) =
Qi(t)

n∑
j=1

Qj(t)
, (6)

where instead of Qi(t) one substitutes the danger Ki(t) or the convenience Ui(t) of the ith target.
The quantities PQ(i) can be used both for deterministic assignment of attackers to the defender
by argmaxPQ(i) and for constructing a stochastic policy, where PQ(i) is treated as the probability
distribution of assignments.
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2.4. Concept of a Partial Plan and Properties
of the Planning Problem

When rule (5) is used for the motion of the target T , its trajectory is completely determined
by the initial positions and the interception plan π. For π = [π1 . . . πn], we introduce the sequence
of times t = [t1 . . . tn] required by D to service the first k attackers from π. Here, servicing an
attacker means either its successful interception or its hitting T before capture. Then the motion
of T up to time tk depends only on the first k elements of the plan π, which motivates the following
definitions.

Definition 5. A partial plan π = [π1, . . . , πk] is an ordered set of k � n distinct targets specifying
the order of their interception, to which the intermediate state S(π) corresponds. By S(π) we mean
the coordinates rT (tk), rD(tk), and rj(tk), where tk is the execution time of the partial plan π,
rj(tk) are the positions of those attackers that were not intercepted by D and have not yet hit T by
the time π is completed, together with the current loss vector L(π) = (m0(tk), . . . ,m5(tk), where
m0(tk) is the number of missed targets, and mi(tk) are the numbers of attackers intercepted in the
corresponding zone by time tk.

For a partial plan, we introduce the estimate l(π) = L(π)+Z(S), where L(π) is the current loss
vector of the plan π, and Z(S) = (0, z1, . . . , z5), where zi is the number of targets located in the
corresponding loss zone in the intermediate state S(π). Then the following lower-bound theorem
holds.

Theorem 2. The final loss vector L(π∗) for any continuation of the plan π is always no less
than l(π), i.e., L(π∗) � l(π), if π∗ is a continuation of π.

Proof. Indeed, since the speed VA > VT , the distance d = |ri(t)−rT (t)| between the ith attacker
and the target T decreases monotonically with increasing time t. Therefore, the loss vector L(π∗)
of any continuation of the partial plan π will include both the loss vector L(π) and the losses for not
yet intercepted attackers, which cannot be stopped at a distance greater than the current distance
between them and T .

Corollary 2. If for some partial plan π the loss estimate l(π) � L(π∗) exceeds the losses for some
complete plan π∗, then none of the continuations of π can be optimal.

Corollary 3. If for some partial plan π it is true that the loss estimates l(π′) of all its continua-
tions of fixed length len(π′) = k exceed the estimate of some complete plan π∗ (i.e., ∀π′ : len(π′) =
k → l(π′) � L(π∗)), then none of the continuations of π can be optimal.

These corollaries make it possible to reject obviously nonoptimal search directions when search-
ing for an optimal or suboptimal solution. Moreover, using the fact that the existence of a plan that
misses no attacker is known in advance, the vector l∗ = [0, n, 0, 0, 0], corresponding to the worst
estimate without misses, can be used as the baseline value of the inadmissible estimate l(π).

In addition, the interception plan π can be characterized by a set of local properties of its
intermediate states. We introduce the definitions.

Definition 6. The complexity of the plan π is understood as the maximum time

θ(π) = max
k=1...n

θ(tk)

of interception of an individual target within this plan. Here the quantities θ(tk) are understood in
the sense of (4) with respect to the attacker that was intercepted at time tk from the vector t(π).
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Definition 7. The reliability of the plan π is understood as the minimum advantage

A(π) = min
k=1...n

A(tk)

over the target from the plan π. Here A(tk) is understood in the sense of Definition 4 with respect
to the attacker that was intercepted at time tk from the vector t(π).

The reliability and complexity of a plan are its global properties, which can be used to study
the dependence of the loss function L(π) on the characteristics of π.

3. CONSTRUCTION OF AN INTERCEPTION PLAN
BY MONTE CARLO TREE SEARCH

This section discusses the algorithm for constructing suboptimal plans by the MCTS method.

3.1. Monte Carlo Tree Search Tree

We introduce the concept of a search tree.

Definition 8. A search tree Ξ is understood as a set of partial plans Π∗ equipped with an inci-
dence relation: π → π′, if π′ differs from π by adding exactly one target to the end of the plan. For
a partial plan π, the set C(π) = {π′ ∈ Π∗ : π → π′} of all continuations incident to it is called its
children. The root of the tree Ξ is the empty plan π0 = [].

The MCTS algorithm performs an intelligent search over the tree Ξ, which is guided by the
policy (6) and by the q-estimates of its nodes. Each plan π is marked with the number pπ of
continuations constructed for this plan and with the average estimate qπ achieved on them. Here,
the average q-estimate is understood as the average scalar estimate of the plans constructed from
this node (the loss vector L(π) is transformed into a scalar estimate using a linear function that
assigns the estimate −1.0 to the maximum possible losses and +1.0 to the minimum ones). The
basic loop of the algorithm consists of two procedures.

Algorithm 1. Tree descent

1. π ← π0.

2. While pπ > 0: π ← arg max
π′:π→π′ qπ′ +

PQ(π
′)
√
nπ

1 + nπ′
.

3. Return π.

For the found node π, a random continuation π∗ is constructed according to the local rule (6) and
the loss vector L(π∗) is computed, on the basis of which the q-estimate of the plan π is formulated
and then propagated up to the root.

Algorithm 2. Backpropagation of the estimate.

1. r ← Lq(L(π
∗)), where Lq(L(π

∗)) is the q-estimate of the loss vector L(π∗).
2. While π = [π1 . . . πk] is not π0: update pπ and qπ on the basis of r (the number of visits is

increased by one, and the average q-estimate is recalculated taking into account the addition of r),
π ← π′ = [π1 . . . πk−1].

Thus, this algorithm updates the statistics accumulated over the tree nodes taking into account the
new solution π∗, which was constructed from the tree node selected according to the tree descent
Algorithm 1. The general scheme of the algorithm is shown in Fig. 1; more details can be found
in [9].
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Fig. 1. Principal scheme of the Monte Carlo tree search algorithm. The algorithm consists of alter-
nating two phases: descent through the tree to a new node and backpropagation of the estimate of
this node back to the root.

3.2. Construction of Random Continuations

In the previous subsection, it was discussed that the MCTS algorithm relies on random contin-
uations of partial plans to obtain estimates of tree nodes. This subsection describes in detail the
methodology for constructing such continuations and the method for computing q-estimates.

Suppose it is required to evaluate a tree node with a partial plan π, to which the intermediate
state S(π) corresponds. A random continuation is constructed as a solution to the planning problem
from the state S(π) on the basis of the local rules (5) and (6), where rule (6) is used as a stochastic
policy for assigning the defender to intercept attackers.

Algorithm 3. Construction of a random continuation.

1. π∗ ← π.
2. While there are free targets (i.e., not intercepted and not missed): π∗ ← i, which is chosen

according to the probability distribution PQ(i|S) for the current intermediate state S(π∗).
Once a complete plan π∗ has been constructed according to this algorithm, the loss vector L(π∗) is
computed for it. Then L(π∗) is transformed into a scalar q-estimate in the range [−1, 1] using the
linear function Lq(L(π

∗)), which acts according to the rule

Lq([n, 0, 0, 0, 0, 0]) = −1,
Lq([0, 0, 0, 0, 0, n]) = 1,

i.e., assigns the estimate −1 to maximum losses and +1 to minimum losses. This estimate is then
used in the backpropagation Algorithm 2.

3.3. Pruning of Nonoptimal Nodes and Construction of the Final Plan

In addition, the results of the MCTS search algorithm can be substantially improved on the
basis of Theorem 2 and its corollaries. For this purpose, the algorithm stores at each step the
best complete plan πmax that was constructed during the evaluation of one of the tree nodes over
the entire running time, as well as its loss vector L(πmax). A tree node with a partial plan π
is considered nonoptimal if its partial state is nonoptimal with respect to L(πmax) according to
Corollary 2, or if all of its child nodes have been recognized as nonoptimal.

During tree descent in Algorithm 1, the choice is made exclusively among nodes that are not
nonoptimal. If a node is reached that must be recognized as nonoptimal, the algorithm returns
to its parent node and repeats the search process taking this additional information into account.
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When the computational limit is exhausted, the algorithm returns the best plan πmax that was
constructed during its entire running time.

4. EXPERIMENTAL RESULTS

The Monte Carlo tree search algorithm together with the heuristics for the motion of T and the
assignment of targets to D by target danger was used to construct defense plans against attacks
by 10 to 30 targets. In this case, the construction of effective defense plans on average requires
from 1 to 10 s of algorithm operation depending on the problem size. Examples of characteristic
defense plans are given in Figs. 2 and 3.
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Fig. 2. Defense plan against an attack by 10 attackers. The green line shows the trajectory of the
protected target, the blue line that of the interceptor defender, and the red lines those of the attackers.
The arrows indicate the direction of motion and the relative arrangement of the objects on equal-time
slices.
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Fig. 3. Defense plan against an attack by 12 attackers. The green line shows the trajectory of the
protected target, the blue line that of the interceptor defender, and the red lines those of the attackers.
The arrows indicate the direction of motion and the relative arrangement of the objects on equal-time
slices.
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Fig. 4. Distribution of interception points by proximity zones as a function of MCTS running time for
problems with n = 10 attackers.

Fig. 5. Distribution of interception points by proximity zones as a function of MCTS running time for
problems with n = 20 attackers.

Fig. 6. Distribution of interception points by proximity zones as a function of MCTS running time for
problems with n = 30 attackers.
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Fig. 7. Violation of the local danger and proximity rules in the optimal plan as a function of the
number of free targets in the intermediate state.

Fig. 8. Dependence of plan quality on their reliability and complexity.

The dependence of the quality of the interception plan on the algorithm running time for different
numbers of attackers is given in Figs. 4–6; the data for constructing these figures were collected on
a sample of 30 random initial positions with a given number of attackers. Thus, one can see the
characteristic times for constructing suboptimal plans for problems of the corresponding size.

In addition, studies were conducted on the quality of the local rules (3) in comparison with the
optimal plan, the results of which are given in Fig. 7. Here, the violation of a rule is understood as
an estimate that varies linearly from 0 to 1, where an estimate of 0 means that the choice of target
in the optimal rule is fully consistent with the heuristic, and 1 means fully inconsistent (i.e., the
optimal choice corresponds to the attacker that is least attractive from the heuristic viewpoint).
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Also, for completeness, we present the distribution of plans by quality depending on their global
properties of complexity and reliability, constructed for the set of all admissible plans for a position
with n = 8 attackers.

5. CONCLUSION

This work was devoted to the problem of protecting a dynamic target from an attack by multiple
attackers using an interceptor defender. The main results of the work can be briefly presented in
the following points.

1) The problem of protecting a dynamic target is an NP -hard problem, for which, however,
effective algorithms for constructing suboptimal solutions can be proposed.

2) The Monte Carlo tree search algorithm shows good results on input examples with numbers
of targets up to n = 30 in reasonable computational time.

3) As reference local rules for MCTS, it is logical to use heuristics based on danger and proximity,
defined according to the probability distribution 6.

The MCTS algorithm constructs a higher-quality heuristic on the basis of the initial heuristics
through intelligent additional search over variants. The distributions of visit numbers of child
nodes at the root of the tree can be interpreted as an improved local policy, which can then be used
for initial training of neural-network models, opening prospects for applying the results obtained
in this work to the construction of large neural-network models for this problem. On the other
hand, the possibility of effectively solving the defense problem without involving neural-network
training is valuable in itself, since neural-network approaches are not always more effective than
simple heuristic solvers [15, 16] in DTSP.
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